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PREFALfc 


During  the  recent  war  there  arose  on  both  sides  of  the  Atlan  iL-  among  research  workers 
the  fie  Id  of  underwater  explosions  the  feeling  that  some  of  the  problems  posed  by  the  conditions 
of  undersea  warfare  had  already  presented  themselves  In  the  past  and  that  various  attempts  bad 
been  made  to  solve  them.  Many  of  the  records,  however,  had  oeen  lost  or  effectively  hidden 
except  for  what  had  crept  Into  open  publications  and  consequent!/  a wnole  new  literature  had  to 
be  developed  at  considerable  cost  In  both  time  and  monev,  encompassing  both  old  and  new 
problems.  A corollary  of  this  experience  has  been  the  firm  conviction  that  this  new  literature 
should  not  suffer  a similar  fate.  The  idea  of  the  joint  publication  of  American  and  British 
research  in  the  field  of  underwater  explosions  took  form  in  the  latter  part  of  1946  and  the  Idea 
was  further  explored  with  the  Bureau  of  Ordnance  and  the  B .reau  of  Ships,  United  States  Navy 
Department  and  with  the  British  Admiralty.  The  Office  of  Naval  Research,  Navy  Department, 
In  Its  capacity  of  disseminator  of  scientific  information  undertook  to  sponsor  the  publication 
and  has  eventually  seen  the  project  through  to  its  present  f irm. 

The  Compendium  has  t'uee  major  purposes:  first,  io  give  c greater  availability  to  many 
papers  which  otherwise  w<u  t exist  in  a veiy  snm 1 1 n.  inner  of  copies,  ard  to  preserve  and 
revive  certain  rare  Items,  • ie  scarcity  of  which  was  d.t  to  wartime  sho.'ages  rather  than  to 
any  deficiencies  In  the  pape1  . tnemselves;  second,  to  present  a representative  summary  of 
original  source  mate  • to  display  the  scope  of  this  n.ateilal  *•  a manner  which  might 

make  it  of  more  ur,;  \i  , -<crest  to  schools  and  col.eges  as  a branch  of  applied  science;  and 
third,  to  stlmulal  ri,o;  ln  this  field  for  the  general  benefit  of  the  sciences  of  Naval  Archi- 

tecture and  Na'  j.l  t.rdnance  and  to  provide  those  wi  rking  in  these  fields  with  ready  reference 
material  on  r.etiy  of  the  important  problems  wh'  h they  must  face  ln  their  work. 

The  scheme  of  the  Compendium  is  as  follows’  All  of  the  papers  selected,  which  represent 
between  10  and  20  percent  of  the  total  quantity  of  material  known  to  exist,  have  been  divided 
into  t> .roe  volumes.  The  first  volume  is  devoted  to  the  primary  underwater  shock  wave,  the 
sec-  ,r.d  to  the  hydrodyramical  effects  falling  undrr  (’.compressible  theory  mcludingthecscU- 
la'  . ions  and  behaviour  of  the  gas  glooe  formed  • the  explosion  products,  and  the  third  to  the 
jffects  of  all  of  these  phenomena  on  structures  ; id  to  the  measurement  and  calculation  of  tlio 
' resulting  damage.  Three  papers  have  been  select?  with  the  object  of  summarising  the  knowledge 
:C  field  within  the  scope  of  the  Compeedti.  , these  papers,  which  are  placed  ln  the  first 
-rie,  serve  to  Introduce  the  subject  both  In  general  terms,  and  also  with  some  mathematical 

d util. 

The  allocation  of  the  original  papers  to  the  different  volumes  has,  in  a few  cases,  not  been 
obvious  and  the  editors  must  assume  full  responsibility  for  any  arbitrary  assignments  A far 
greater  responsibility  of  the  editors  has  lain  in  the  selection  of  the  papers  and  in  this,  various 
considerations  have  had  a voice. 

Many  of  the  older  paper,  have  beru  included  for  their  historical  interest.  Some  papers 
have  been  used  to  provide  suitable  introductory  or  background  material.  Most  of  the  other 
papers  have  been  included  inter!  andref  iesent  the  opinions  of  the  authors  at  the  time  of  writing. 
A few  of  the  papers  ht.vft  !»•  ?n  reworked  and  consist  of  new  materia!  incorporated  into  the  older 
original  papers,  or  , o:”.io;  of  a summary  of  severalprogress  reports  which  were  too  repetitive 
economical  !'tcli.*'cf-  without  conde  nsation.  Pap'  . x which  have  beer  rewritten  are  so  marked 
Witt  ihe  new  d'  affixed.  In  general,  selections  have  been  made  in  an  effort  'ogive  the  best 
review  cf  the  entire  t-object  in  order  to  convey  the  most,  and  the  best  information  within  the 
spar.,’  limitations  imposed  by  the  exigencies  of  put  iication,  and  within  the  scope  permitted  by 
considerations  of  security.  Both  these  features  prevent  this  compilation  from  being  exhaustive, 
and  the  latter  feature  prevenis  many  successful  workers  in  this  field  from  receiving  recog- 
nition .'.ere. 

Tie  editors  believe  that  this  Compendium  is  a new  venture  in  international  co-eperation 
and  hope  that  this  effort  may  pr  ove  useful  in  pointing  the  way  for  other  similar  join*  enterprises 
which  nuy  be  considered  desirable. 

It  is  our  desire  to  act  now  ledge  the  continued  interest  of  nr.  A.  T.  Waterman,  Deputy 
Chief,  Ofli  :c  of  Naval  Research,  Nat  y Department,  without  whose  help  these  volumes  could  not 


have  been  produced,  to  thank  Mr.  Martin  Jam  son  of  the  Technical  Iniormallon  Division,  Office 
of  Naval  Research,  and  his  capable  sbv.f  for  their  painstaking  and  careful  work  in  preparing  the 
material  fnr  reproduction,  We  also  acknowledge  the  guidance  afforded  by  the  Bt  itish  Undex 
Panel,  particularly  Dr  A.  R.  Bryant  and  Dr.  E.  N.  Eox  (a  termer  member),  the  assistance  of 
Mr.  T Avc.-,  of  the  Department  of  Research  Programmes  6 Planning  and  Miss  E-  Lord  of  the 
Department  of  Physical  Research  in  the  preparation  of  the  British  contribution,  and  to  thank 
Dr.  T.  L.  Brownyard  of  the  Bureau  of  Ordnance  Navy  Department  foi  his  help  in  some  of  the 
correspondence  and  in  some  of  the  problems  oi  security  clearance. 

G.  K.  Hartmann 

Chief.  Explosive  Research  Bcpr*v..».cr.* 
li.S.  Naval  Ordnance  Laboratory 


E.  C-.  Hill 

Department  of  Physical  u search 
Admiralty 
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DAMAGE  TQ  SH  ^ P*S  PlATcCi  BJVJJ^D^^nR  EjPLOS ! ONS 
S,  But f f »ort*. 

Jjly  1°34 

W******** 


SuiBMOr/ . 

'hi*  wptr  deal*  with  lh*  affect  of  on  explosive  wave  upon  u Circular  nU»e  in  »n  othurwhc 
rigid  wall  separating  wator  from  air,  it  Is  iitunt1  as  a Wrst  approximation  tr.  ■ -_»ir  p3ri«j  qf 
fr**  vibration  0f  the  o’ate  Ic  rr<i«  cc.nper'*  either  with  tM  duration  0f  the  wav*.  or  try  ^ If^e 
r oqu i rod  for  the  njvd  to  travel  a Jlttoi'ec  equal  to  the  olnmjti  r of  tho  plat...  in  those  clr*;.e«atincu» 
tho  off'.et  of  tne  «ve  Ik  t0  In-dart  Kinetic  on ergy  to  the  naterisl  of  the  plate  nml  to  tho  Surround inp 
water,  it  la  ccnsldortd  ti^t  t-  ls  energy  by  Dulnu  partially  torv»rtmJ  wo  sir-_ln  :nt-rgy  is  tnc  f-rttof 
producing  distortion  and  (If  large  enough)  rupture  of  the  pint*.  a foonulr  for  calculating  this 
energy  (rquation  29)  Is  given.  The  fornwle  Indicates  that  the  energy  is  proportional  to  the  power 
a/3  of  t>v  weight  o * the  charge  and  co  tt.e  Inverse  square  of  the  dl.-.tiirwe  from  the  cnsrgw.  T r*. so 
results  ere  In  ajremont  wltn  those  outairad  in  wa-tflftls.  An  attempt  Is  rvjdls  to  estimate  tr? 
offset  of  tm-  period  of  the  pipit  In  roletlc.i  to  tr«  du'atlon  of  the  »ave.  The  result  ix^ctc’d  Is 
tvt  m-  n*^  law  t>x«r:s  whtfu  x is  som',-'Kat  less  than  **/J  Out  must  tu  greater  thin  2/3.  « 

• emparison  with  th#  results  'attained  witn  cu*ywr-d l*.phr0g.?.  gauges  Sh«-c  tna*  c^vrjy  ««.• 

ostlrmteq  Is  about  do-ible  that  absorbed  by  the  jvigea. 

H iZui  i *?  iXfil  Olo'Ji  . 

Tne  expir  Inrnts  carried  out  by  means  of  tne  pie/o-eioci.-lc  gau;e  show  that  the  pressure  wav* 
tronami  UjO  through  watur  dun  to  the  de  tuna  tier-  v*  a nig*  ixplcswe  era  rot  r0ns  ist*  of  a very  rapid 
increase-  of  pressure  followed  by  a much  slower  fate  of  dcCRy  and  my  roughly  po  Imitated  by  an  equation 
of  the  type 


P 


a) 


In  which  p Is  the  instantaneous  pressure,  pq  lh»  «w*lr.iy«  piessure,  t tr*  time  and  n a constant  f nr  a 
crerqc  of  j’ven  weight  ano  nature,  Pgr  a point  ai  ui»t-iiicu  2 fr>i  s of  given  explosive  having 

weight  » the  records  Indicate  that 


Po  * 0.  m «•  a/w1^ 

Fgr  T.n.T.  If  we  put 


v » lw.oOP,  a • 7,<»oo 


<*> 


0) 


tr.s  pressure  being  measured  In  lus.  ner  square  inch.  w in  I'-s.  nrj  0 In  feet;  equation  (l)  will 
fit  the  records  as  rgjards  i»v«nia  ,>di)  and  energy  (J*£  but  will  give  naxlmivn  pressures 

tbo<it  201  higher  than  th“i  obS\.rvc3  values.  Since  In  the  follow  to*  notes  w-  (>'*  rcnr..r  niii  mainly 
with  manx.-nta,  the  ®Cu*c  constants  will  Dj  taken  and  if  I Is  the  moruntub  in  id.  second:,  crossing 
one  :quarj  i nch 


r« 


21) 


n) 


a D n 


Accorling  to  equation  (1)  mis  runentun  requlms  an  infinite  time  to  Dr  delivered  but 
actually  the  major  portion  Is  Jellvereo  in  a very  snarl  tiuv.  Thuh  ->91-  of  thu  lumr^-itur.i  w:  1 1 «iiS 
ins  1 1™ 


T 


so  that  if  h 


ir.ic  ins. , a 


Time,  r 


Cr.OOA  SCCO'dr 


For 


I 


I 

far  smlW  twr.ir-fl  tna  tiro  i'  less  so  that  It  may  or  sta*  <J  the  blow  GilNcred  by  toe  0 If  ct  t 

wave  to  an  truCtuic  1$  wnolly  spent  ir*  a tine  which  Is  It'SS  *h»n  0.01  sever'd. 

Be  h ovum,-  vl'  ijin  *>  late  t n faf^i  n / rxplosi^n  hp** , 

Lit  U,t  «ater  In  which  the  oxploslco  wave  is  g**.  •jf-stefl  be  *Mrorai.*n  from  air  t>v  a r jiJ 
Supooie  a circular  note  of  ramus  a to  Pc  cut  In  imi  mjii,  the  ap*riurv  being  rand.*  rtf  wen-r-ilgnt 
Dy  a tnln  pihto.  suppose  the  natural  purlod  of  osc  l Hot  i>n  v.f  tho  plate  to  v;  lung  ccm^sriKj  with 
trw  duration  of  tho  wave  and  *itn  ih.i  tlim.  taken  oy  *n  uxpl jslon  wave  to  travel  ncrwis  its  vjnwter. 

When  the  pressure  wave  Iniplnjea  upon  this  plate  each  •lenrnt  will  begin  to  move  Imrda  cut  in  sn 
dolrqj  w:il  sand  out  a secondary  ndvi-let  causing  roller  of  pretsurr  on  the  surrounding  ^lumcnts  so 
that  li.  determining  the  rot  Ion  the  plate  wn  nys?  take  Into  account  not  only  the  fnree  required  to 
accrlemte  the  plate  eluronti  but  also  ton  force  required  to  ba'aoct  the  relief  pressure  due  to  motion. 

if  u i,  the  valor  l ty  of  an  element  ds  ..f  tnr  plate  at  wn  Inatant  t then  tr.e  wavelet  thrown 
out  by  thl*  element  ewarta  a tullvf  pressure  a>  t st  at  distance  r from  da  and  at  a time  r/c 
later  tfwn  t.  In  W*U  rel6t;„n  fi  Is  the  density  or  th«  water  end  c the  velocity  of  p'^pogatlcn  In 
waUf'  H«>nte  I-  v it  tr<  bit  Into  velocity  of  the  oies*»n:  ds  after  tna  passage  of  thu  wev.i  tm 
.hole  relief  nun  contributed  «t  6 distunes  r is  fy  lb*  o"l/  sff»ct  o'  finlts  u.loclt/  of 
prupu^stlon  talnj  a etardatlon  of  delivery  cf  this  momentum  by  a t|i*  Thus  the  mown  turn  l 

delivered  to  any  element  of  tha  plat**  (a  partially  neutral iivd  by  the  relief  rwrofttua  cont rlbvlod  by 
all  et*r*rits  of  the  plate  and  me  residue  Is  sjwnt  In  Increasing  too  mofrtntum  yf  the  plntu  elcmerit. 

It  It  here  assumed  ^hat  forces  d»;p«nd|ng  on  dljplaccrent  have  not  had  ime  to  coro  Jn4p  pie/. 

if  the  plate  Is  vpry  thin  the  no^anum  required  for  \ne  olat*  elements  roy  be  nejlrcteo  so 
that  wa  have,  in  this  case 

. . J2.  ( f v ?S  ;;■! 

’ f j J r 

anu  this  Ml-*!  10ICI  far  ml  1 uloncnts.  now  the  **ljht  h and  jldj  of  (5)  Is  the  came  as  tne  expression 
for  the  electrical  poto.tlnl  at  a omit  on  a pUte  wnlcn  Ms  a charge  of  fur?, see  density  v and  in 
mis  c.istr  tr«  cond it  left  ln<  Usd  lu  (5)  I*  thit  the  Cfv'’on  moat  he  auCh  that  l-n  plate  Is  at  constant 
potential,  how  far  a circular  disc  It  Is  Known  that  .-.n  electric  Charge  distribution  must  be  o#  tho 

form  v • a.'  'Ta2  » x2  where  vg  Is  the  Charge  density  at  the  centre  v ti.e  charge  density  at  x 

f row.  the  cont!  c end  a the  ratflus  of  tr»o  plhto,  insert  5ng  this  In  (5)  find  using  tho  central 
element  vfl  * ^ ^ ko  that 


v 


7T  0V  * - X 


(6) 


Eqietlon  (6)  lndlcot«w  that  the  velocity  la  iwiMt  at  tha  centre  and  'ncreasc-s  Indefinitely  at  the 
edges.  Tr?  result  is  ■ consequerxe  of  neglecting  ail  forces  due  to  relatlv**  displnremnnc  and 
Indlcotox  how  water  would  flow  Into  a circular  aperture  previously  ctosed  py  o ><cry  weak  dlaphragn. 
it  alao  shows  that  when  tno  diaphragm  off?**  rsslsirt-,..e  to  distortion  the  j'eatent  str^bses  will  bo 
at  th-»  edges,  Thit  la  to  oe  exported  il*»*  i'yl»nr  iiMAuilui.i  cumin',  then  ict  as  effectively  at  tne 
edgus  ss  at  tno  centra. 


may,  i.swevei  „ ^rbiw*  ti!s  case  further  and  detnrmlne  th.  wlnetlc  oner-;y  of  tne  Inflowing 
w.ttor  l emnd !«tely  aftuf  tho  olo*r. 


Vhua  W a pressure  p is  op*'lit.*d  i‘cr  i short  tiro  t to  thi1  plnte,  tnc  worv  done  on  an  element 
da  of  »ho  plate  Is  pvrrfs  • v^lds,  cinru  p?  represents  an  Increment  5l  is  the  corresponding  Increaro 
of  kinot'c  enorgy  of  the  water  as&oclnied  wlin  tr.;*  nlate 


( i 

n 

VOS  - Hi 

1 1 5 p 

J ) H 

J a2  - 7 

0 

by  equation  (o] 

£ • 2 l;  aJfi  {1) 


) 


Msnc* 


The  results  o t tr.ls  section  sr***  i»«t  t.  • affect  o?  »n  explosive  u*ve  upon  e circular  aperture  In  « 
rig  id  well  |s>i t s-T T >-  closed  by  a *«ry  wtci*  dlathrepiti  i-.  to  produce  an  Inflow  o*  water  Into  ti.e 
aperture  whore  velocity  distribution  It  given  Cy  (4)  and  «hcs«  total  ^nsrjy  If.  given  by  IT).  Tne 
result  holds  whether  tne  water  is  reijenJuu  of,  Inr.anor^vi^V:  o'  not  *o  lonu  ;■  the  time  tASe*  by  a 
wave  to  '-ross  ti.e  t^e  aperture  is  so  short  that  fo«Ci*s  depending  upon  displacement  have  no  time 
to  ba  developed. 

Aperture  biocked  by  a £tJton, 

Suppose  next  that  tne  inflow  it  Touad  to  assc.«  a uniform  velocity  tnrouir-out  tne  apertu:« 
»ay  by  tna  Introduction  or  a ptstcr..  The  relief  ronentun  Is  now  given  by 


X.  , [ f 5i  . t (i) 

In  ! ( r n * 


where  * is  the  final  piston  velocity,  a the  radii;*  of  the  ap-*’tjre  and  tr*.  expression  holds  at  a 
point  distance  x from  the  centre.  £ (-)  is  tne  eli'ptic  li.tr-gral  of  tne  jeconl  k>no  and  has  ti-t 

value  ^ when  x • o and  the  vaIuo  i wh^n  x * a.  The  t-il^f  wefrentus  therefore  n}  tinisf^s  f^ori 
1,5?  to  1 as  we  proceed  from  tne  centre  outwards.  "his  .y>n-uni forr.lt y of  distribution  need  not, 
ngwaver,  prev.n*.  us  from  fgufrt’.nc.  tne  whole  relief  ironwntiy*  over  the  piston  to  tne  applied  "vyr«nttn 
a*  vne  (.iwuwtetior^l  rrsrcrt'^*  w-tt  o*  balanced.  Thus  neglecting  the  eoss  of  the  piston 


f a2i  • **  p vs  | k C (jj)  dv  * | p va* 
^ o 


80  that  the  final  velocity  v Is  given  by 


« r 1”  J. 

^ P* 

The  energy  t ot  the  in*  i',.lr.g  water  is  such  that 


jo  that  by  (*) 


t . ir*  jis 

IS  p 


i.BSl  \*  n/p 


Hxscel laneous  forms  of  restriction . 

If  r»cre  generally  assume  that  v is  restricted  to  the  form 


• ? 

It  is  Shown  lr.  try  \ry6nflljt  that 

& f » ;e 

1 = - Pa  v . + -■ 

77  0 l 3 Hi 


* ».  T * 1. 


_2*“  , ■ 

■ * * I 

(11) 

>575  " 

..  *l« 

11075  6 j 

1 

/ill 

TfnT TnH 

^ J 
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in  which 


4 


. i»  - 


H • 1,  R, 


. . 41,  H.  • i!i  etc. 

i ii2n 


Tfly*  Jf  <«•  Uv.e  a form  intcrix-dUte  l-^Ueen  those  dealt  wl ir»  ir  ku.w>  (J)  and  (3)  vii> 
v • 40  \ ♦ ^ j v»«  t i no 


, - SiX  pa  V . c . £C.  3 2 

75  tr  v 105  ° 


of  on  elininaUng  try  Cb  ilrel  velocity 


i ■ 1.868  i 2 a/p 


• ••(‘-I  ? * s ? 1 


la  such  that  v and  5*  « o at  x « a ,-lves 


» il32iS  p*  v , t • Ci.£ici5pa^  v 2 


£ « t.AOi  i 2 a/p 

f lr<l V the  forw 

v • % J ‘"*7] 

l a j 

•n'en  l»  such  tnsi  » cs<  = 1 »»'•«•  > J'v 


I - -lii-  pa/,,  t ■ 0.11015  pn  v * 

511. r 0 0 


t > 1.191  t 2 a/p  (10) 

a compRClaon  o^  equations  (9),  (1=0.  (if).  (20)  she mt  th.it  the  form  M*i«*ed  ly  the  plate  under 
the  action  cf  n Dio**  of  ji\en  nQment-jm  is  tot  of  great  conceque»r.»  In  regnro  to  the  energy  of  the 
inf  toeing  enter  after  tm?  blow  nod  «e  nr.y  the-reforo  take  for  this  energy 

l • 1 I*  nip  (21 ) 

The  formula  .'ssi/>?r  the  plot#  so  1 1cht  that  Its  o*n  mcmentiwftnO  kinetic  energy  are  negtigiole  »»■ 
comparison  with  tne  rrementun  and  kinetic  energy  of  the  associated 

*e  fi«*-v  proceed  to  detprnine  the  effect  of  the  moes>  o‘-'  the  plate. 


Hadi  /i  ration  d u e to  __  t«  t_r  it  a of  pi  at  i . 

te*-  the  plat*  nave  density  o a.'.d  thickness  t.  Then  assuming  first  piston  notion  the  (Aorantum 
of  trt  plate  istt  a20"t*  au  lr»et  qj&tion  (£)  must  te  reel  feted  Dy 


U— 1 

13"  ; 


The  hlnetic  energy  of  the  plate  14  j n a*  <yt  v *ra  the  eqodticn  of  ervrgy  «•!>■«* 


£ • i tt  a'  I — i-  pa  ♦ 

2 L 3 ' J 


(2J) 


the  ?'.rat  ten*  cohr^jpor.atnj  to  the  en-.rgy  of  me  1 r*rioM* i nQ  water  and  the  -..erond  to  that  cf  the  plate, 
in  term*  o'  the  aopl  i<*d  *yvn;>/a 

r (2*) 

The  ratio  i £ives  the  relative  prop  :rt  Ion  oi  energy  or  momentum  residing  In  lr»e  plate  and 

associated  water  r sportively. 


t,c*B 

■•'■lev  so  that  or  tnc  whole  energy  communicated  by  ;nt  cijw  only  161  resides  In  tne  notarial  nr  the 
plate. 

f 


if  we  lane  tne  fon  v • v ! t ♦ 

O { 71 


Ja  f 

A 


,0 


the  plate  moment m is 


1 - 

2 


Ok  " t Pj  yt  v. 


while  trw  plate  energy  is 


These  jive  in  place  of  (13) 


, . r at*.  ~ . 1 - 1 

^ /3  77  5 j 


[ . ..  ,1  f 30»  ■ . » at  1 . J (25) 

" " | 105^7  ' I at  j ‘o 


-.a-  In  place  of  (:■*) 


,2.  J * 1.266 G 
e = 1.J68  i-i1  — — - ft 

D (1  * 1.205(g)2 


(76) 


The  formjla  Correspond^)  to  (26)  for  the  motion 
r2  1 « 


v » v 


1 - 


6 X* 


, ,2.  1 ♦ 1.31) 

£ - 1.691  I-e  -—-—ft* 

^ (l  ♦ 1.068  —1  * 


and  for  mot  ion 


U?1 


V ■ V 1 • 


L 


, E ■ 2.181 


,2.  1 ■*  1.898 


58 

•°  d*  1.074  g)  2 


(2  8) 


If  .8  ;»■«  -Mat  is  prooaoi,  an  eillr tot  case  vll;-  (g  • l «ga!  tons  (2«),  (26),  (27),  ;v  ■> . fl|ve 

» 0.880,  0.8»0,  1,022,  1.248  ruptctively. 


These 


8 


- c - 


Theie  differences  are  -tot  very  considerable,  and  coiu-Idoring  the  tendency  of  tne  plate  to 
proaent  i.  convex  surface  to  t'**  Mew  (see  section  2)  In  tn.?  Alienee  of  fprc-is  of  restitution  i*.  Ii 
considcr-xi  that  the  'ptwtun*  equation  er.y  o%  taken  a;  fairly  representing  thu  energy  Bro'1u<efl  b,  tap 
oiOff . 


Wing  ojust  (?J)  an' i (a).  aid  i*.«Ci*ting  tn«  valwts  of  fi  for  water  and  cr  for  steel  vl z. 

L>Q  * or.?  i OS  our  Cubic  foot  &h 3 * 2.7  +*“  firvl  tnr  tlv*  b*n<M|r  H^riv  *ry._~  *n  h..  *►«  - - « •« 

of  a w«iy':t  w 1b.  of  T.N.T.  when  *rtin{i  o«  t «»••**  ulwti-  of  radius  a f?et  and  .niefcness  ; inches 
fixed  !.*.  c*  rigid  -*»11  o?  distonce  0 f«jvt  from  I ne  chirgo 

V l k 

E (ift  f*>dt  ids.)  « -U&ZJL-  fl  (29) 

0*  (l  ♦ 0.78  t/«) 

TMs  energy  Is  the  kinetic  energy  residing  partly  In  tne  plate  but  mainly  in  the  surrounding  water 
jmi  a*»*i  tr.«  n.*«asure  wave  ncs  oitro  a*ay.  Tne  efk-rgy  in  trw  wster  is  due  to  the  water  fallowing 
tip  the  plato  1r.  Ita  Inward  iwtlui  and  Is  derived  not  merely  from  that  portion  of  the  wave  which 
Impinges  on  the  plate  area  Put  .uso  from  surrounding  portions.  The  fact  thut  the  esta&l  Isf-c-nr  of 

tnl»  flc*  produce:  a rnijwf  prai  sure  over  tn*  wnole  cf  the  wall  is  sufficient  to  snow  trot  ♦his  is 
tho  case,  *c  need  not  therefore  bo  alarmed  if  it  turn*  cut  that  equation  (29)  givas  greater  energy 
insn  that  calculated  from  the  onergy  content  of  the  charge  redialing  outwaros  In  all  directions. 


Modification  due  to  finite  duration  of  blou. 

it  has  ooen  shown  previously  that  11  a wave  of  tne  form  t**  is  to  act  upon  a vibrating  system 
Of  natural  pur  iod  r the  iwlmim  deflection  oOtaineu  drones  upor.  ihr  value  of  mr.  P0r  a wave  ct 
given  jraribnium  trvr  greatest  deflection  is  obtained  whon  nr  Is  very  larga.  for  finite  values  cf  ntr 
the  relative  values  of  the  di-flection  are  given  d>  the  following  *ot'c 


2 n/m  r • 

O 

0.5 

l.C 

1.9 

2.0 

r.5 

wa-.  ;mum  • 
deflation 

2.000 

0 . 896 

O.  ->57 

0.640 

0.55-1 

0.185 

1 n /r.  r 

3.0 

3.6 

U.O 

i.u 

6.0 

3.0  i 

HiKirrur  = 

def  'f*cLion 

O.uiS 

0.395 

0.358 

0.310 

0.J70 

0.210 

since  the  Strain  energy  developed  In  the  system  Is  propor.  ional  t0  iht-  square  uf  tr-e  mjxlcjm 
deflection  this  table  ray  n«:  used  to  find  the  proportion  of  the  energy  given  py  (29)  wnl-*h  it  is 
possible  tc  convert  to  strain  energy  in  the  absence  of  dissipative  forces.  Thus  if  natural 
period  of  tna  olate  is  O.Olt  second  and  the  weight  o * the  shot  Is  300  ibs., 


7*00 
(3  0?) 


1/3  * 31"° 


3U  that  2 7T/m  ,■  = O.J.,  Hence  frem  tr.e  table  the  mortifying  fa;tor  is  (.\896)3  * c.h  ot  30* 
of  the  energy  given  :-y  (20)  wili  bt  converted  to  strain  energy  in  tn<?  pt^r-  :r  ti  !;*  < oat  ivc  forces 
cr?  ObSC't.  T.'t  rc-ol  difficult/  ill  applying  Inis  collection  is  »n  **ti:noti«,  ' natural  pti  : xj  of 
pinto.  If  thr;  pl.ite  is  to  fife  ultimately  stretched  oc-ycnd  its  •il‘*StiC  Ii.^it  trv»n  imvlplly  the 
rlote  behaves  a cl3*5^-3  ohtt  ♦nvii-.j  no  slope-  it  its  udjcO.  Tnis  condition  o'.-ni  inpo*es  tne 
.vixir-'n  it  tr.e  edge  ano  in  ^ddit:on  tne  loss  of  reli.f  pressure  V the  edges  - :ii  cause  c 

further  st-ess  tn  be  OevelOf^O  there.  it  is  pro&eDte  tn.  t u.  icr  • reovy  blow  tru»  emetic  Unit  -it 
.t-e  edgee  is  reached  at  »r.  early  stage  and  thereafter  tne  slate  will  rorc  oroD.it ly  Kenave  as  a 
Sire tCW  mentjr^.wr  ti**>  «-nsion  of  tn-s  me-rcran:  Dei. '3  of  Sr.-;  o-Orr  f the  r*in  tension  load  pet w.-r« 
elastic  1 ie.it  and  ort-ak.ng  point.  if  tn.>  plate  had  r0  *at  r i?2o  the  p^ried  would  thro  ot  given  d/ 

T E 2-6  a t'  cr'L  (»0' 

wherv,  •«  is  the  tonsiui  load  and  f or  it=cl  is  cr  th'-  orc-?r  22  tor.s  p*  r «5vnrc  inc-i. 


*»Hh  tM'  Jl ri  tSSu-Mng  n*  nfcr.inc  notion  of  t.»p  tyfH.*  of  L-quaticn  15)  <7  must  5C 

ftfiH.tC"*!  Dy  a ♦ . >&2$  p . A(oI>iaj  tr.-  formjM  to  a pl^to  o>  steel,  i «nc^  i r fnicknck^- 

\r«  1 Vft  in  /.«.  f:r.5  t»»*t  T • O.Oi?  !v.-»«*9  .irsC  fcr  ! »;cr  ?>  itc-S  irst-  tine  .c  still 

jr-st.-f,  wp  nsy  >tfcly  s."icluJe  th  .l  for  iN;£af\)tel/  l >rjj.  plsU-s  *hs  inftu-'iCfe  c*  duration 
„»*  If.i*  ►•Kpt.SJVC  «;Vv  is  -.‘My  j'iiM'.. 


Appondlx 
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Motion  of  Circular  Plata  wi  tA  Air-Hater 

b*c.kini*S'  

L* t the  plat*  L<t  of  radius  a sno  let  it  tx  situated  in  a rigid  wall..  Then  if  * Is  ih» 
ir.-^r?  velocity  of  any  elanant  di  o?  the  ^laie  in*  velocity  potential  at  any  point  at  distance  r 
from  dt  du'>  to  '.ho  notion  of  tut  pinte  it 

• yft  j * ds/f  (l) 

where  the  intejr;*r  Inn  la  carried  out  ove”  the  surface  of  the  ol-ite  <f  water  is  eanorpi.s  iDlw 
and  t »•  the  velocity  oe  prorogation  in  the  witcr  the-  value  of  v wnich  determines  £ at  a t i t 
should  0*  that  artier  nolda  at  a * im  t > ^ • It  will  C*  assumed,  nonevtr,  that  the  water  is 
iiicompr  jssJtiV. 

The  nre:syru  p at  r is  - p <£  so  that 


jgppoae  the  roiion  sym/tr  leal  about  tnc  centra  and  therefore  it  radius  x tt c 


! 1 * e*  7 a*  7 


Th*  prossun*  is  now 


The  dslenainaf  ion  of  the  pressor-/  d i $t  nout  ion  ovor  the  surface  of  the  plate  due  to  its  own  motion 

is  no*  roduceS  tv  the  3ei':nnin,ii ipr.  jf  the  integral  j j -■  p2?  wrvri-  r is  the  distance  of  a point 

on  ’.he  pi^tr  at  radius  x ip  -inptr-r  point  (at  radius  f say!  wnen  tr*.-  p.yssure  is  re-gjiiwj.  This 
integral  is  e^uinlent  to  determining  the  potential  SwC  to  © distrioytion  of  matter  wnose  density 

v«r|e3  a*  K*n. 


for  s rin.;  n#  unit  linear  d.“i«ty  and  of  rudius  x tte  ^yt»nt  ial  pt  radius  £ in  thu  plane  of 
the  ring  is  4 > . j J l .»  g > x and  u<  j £ j i f fi  < K whore  < ti)  is  the  elliptic 

Inlc.rat  of  th*  first  *in3  to  modulus  u.  xenco  If  inr  density  U proportional  to  x*°  t<>e  potential 
at  £ is 

~;e  ?n  . . . r>  , ] 

. j __  I 


1 •*  ;Jn ' J <£,,  (*/<=> 


- !n  , 


Vhv  \A%K.r  ^Hprosbicn  jiv.s  the  rat.  o'  Incrc*;.'  o'  the  »-*tor  *r-rqy 
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U<infl  th«  v*!,*  of  0n  in  (5)  we  find 
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.4  An  *''ort1.a  coefficient  defined  by  Equation  \y2] 
a Hadlus  of  a circular  plate 

B An  <nertla  coefficient  defined  by  Equation  [34a] 
c Speed  or  m a liquid 

£ Energy  delivered  to  the  plate 

£„  Total  energy  transmitted  across  unit  area  in  a shock  wave 
e.  Napierian  base,  2.1 16 

F,  Effective  force  on  the  plate.  Equation  (3ia] 
h Thickness  of  the  plate 
I Jpdt  or  impulse  per  unit  area 
M Effective  mass  of  the  olato.  Equation  [30] 

,*.? t Effective  mass  for  action  of  a baffle,  Equation  [34b] 

Mt  Effective  mass  of  liquid  following  the  plate  in  non-compreaaive  motion. 
Equation  [36] 

m Mass  per  unit  area  of  the  plate 

N Dynamic  response  factor  or  load  factor.  Equation  [89] 
p Pressure;  especially,  pressure  at  the  surface  of  the  liquid 
p.  Pressure  in  an  incident  pressure  wave,  in  open  water 
P„  Maximum  value  of  p< 

p.  Excess  of  pressure  above  p0  in  the  liquid 

p0  Tolal  hydrostatic  pressure,  including  atmospheric  pressure,  or.  the  face 
of  the  plate 

pc  Total  hydrostatic  pressure,  including  atmospheric  pressure,  on  the  back 
of  the  plate 

pm  Net  force  per  unit  area  on  the  plate  due  to  stresses 
g Equals  «/g  or  '2T,/nTVJ  Equation  (91] 

R Distance  from  center  of  a detonated  charge 
r Distance  along  a circular  plate  measured  from  Its  center 
s Distance  between  two  elements  of  ares 

Td  Diffraction  time  or  average  time  for  a sound  wave  to  travel  from  the  edge 
to  the  center 

Tm  Compliance  time  or  time  for  Bn  element  or  a structure  to  acquire  maximum 
velocity 

Tp  Damping  time  of  a plane  plate  acted  on  by  plana  waves,  equal  to  1 r./uc 

T,  Swing  time  or  time  for  a plate  or  other  structure  to  swing  out  tc  a 
maximum  deflection 

i Tims 

V Velocity  of  propagation  of  a cavitation  edge 
v velocity 

vc  Velocity  ol  the  center 
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Maximum  value  of  «, 

Maximum  vs’.u:;  rf  v 
Equal  to  pc/nm 

Deflection  of  the  plate  normal  to  Jt.s  lnltlul  plane;  2 refers  In 
analytical  work  t.o  an  element,  but  Jr,  deflection  formulas  to  the 
center,  where  it  replaces  zt 

ni  cni nremnnt  of  a nlane  baffle 

Value  of  2 at  the  center 

Value  of  z due  to  static  pressure 

Central  z at.  the  elastic  limit 

Normal  velocity  of  a liquid  surface 

Maximum  of  2 at  me  center,  before  unloading 

Value  of  z(  calculated  with  disregard  of  the  elastic  range 

Norma L velocity  of  a point  on  the  plate 

A constant  in  the  formula  for  an  exponential  pressure  wave,  pt  = pre 
2jr  times  frequency 
Density  of  a liquid 

Density  of  material  composing  the  plate 
Yield  stress 

Net  force  per  unit  area  on  the  plate  due  to  stresses  in  it  and  to 
hydrostatic  pressure  on  ila  two  faces 

Effective  force  due  to  4>.  Equation  [Jib) 


Note:-  In  all  cases,  the  word  "diaphragm"  may  be  substituted  for  the  word 
"Dlate." 
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TKF.  '-.FFEC'i  OF  A PRESSURE  WAVE  ON  A PLATE  OR  D1API1RAOM 

ABSTRACT 

A 8j»!.ttmm.lr  s' iw*y  of  the  phenomena  attending  the  impact  of  a pres- 
sure wave  upon  a plate,  usually  a shock  wave,  is  introduced  by  a discussion 
of  the  commonest  case,  followed  by  the  treatment  of  a number  of  special  top- 
ics: the  various  characteristic  times  that,  are  Involved;  cavitation  at  the 
intejface:  the  transition  to  non-compre??lve  action,  the  effect  of  a baffle; 

fol-muittS  i'oi  the  owing,  time  auu  the  deflection  of  a uj  aphragw ; the  fuctoi'o 
determining  damage;  and  the  departure  from  Hooke's  law  in  water. 

The  formulas  are  applied  with  fair  success  to  some  teat  data  from 
experiments  conducted  by  the  Bureau  of  Ships  end  the  David  Taylor  Model  Basin. 

Most  of  the  mathematical  treatment  is  set  down  in  an  appendix  tb 
the  report . 

INTRODUCTION 

In  ship  design  it  would  be  a great  edvantuge  if  effects  of  under- 
water explosions  on  the  struetu.o  could  be  calculated  analytically.  However, 
the  problem  thus  presented  Is  one  of  considerable  difficulty,  especially  Tor 
contact  explosions.  Even  in  the  case  of  the  shoe1.-:  wave  from  a dlBtant  explo- 
sion, and  wnen  the  structure  is  idealized  In  simple  form,  complications  arise 
because  the  motion  of  the  structure  reacts  beck  upon  the  water  and  thereby 
modifies  the  pr--  sure  field.  The  treatment  of  this  effect  involves  the  solu- 
tion of  prublemu  in  the  diffraction  of  waves.  Further  complications  may 
arise  from  the  occurrence  of  cavitation.  Cr.ly  one  ca3e  13  easily  treated 
analytically;  this  is  the  case  of  a plane  plate  or  diaphragm  of  infinite  lat- 
eral extent. 

The  problem  of  a diaphragm  loaded  by  a shock  wave  has  been  treated 
several  times  by  more  or  less  approximate  methods  (1)  (2)  (3)  (4)  4 in  hl3 
second  report,  on  the  subject,  Kirkwood  gave  a general  treatment  in  which  ade- 
quate al'owance  was  made  for  diffraction  (9)  (6)  (7)  (8),  tnd  In  a later  re- 
port the  effect  of  cavitation  was  discussed  (9). 

It  is  the  purpose  of  this  ’ r,  ort  to  collect  the  material  that  h83 
been  assembled  at  the  David  Tsylor  Model  Basin  for  attacking  problems  of  this 
kind  and  to  consider  its  application  to  a few  or  the  available  data.  The 
material  to  be  presented  consists  In  part  of  analytical  formulas  and  in  part 
of  conceptions  which  are  useful  in  thinking  about  the  action  of  shock  waves. 


Nu«bere  In  p&reutl>«t0(i  r^femncea  on  p*£8  62  oi  this  report. 
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The  target  will  usually  be  Idealized  In  the  form  of  a plate  or  diaphragm, 
ir-ltlsily  plane,  barked  bv  air  at  a pressure  equal  to  the  hydrostatic  pres- 
sure. Only  non-contact  explosions  are  considered  In  this  report. 

In  view  of  the  complexity  of  the  pnenomeaa,  the  analytical  result? 
wiil  flr3t  be  described  in  general  terms  for  the  case  that  is  most  common  in 
practice.  Some  of  the  Ideas  developed  in  this  discussion  will  be  made  the 
basis  for  the  classification  of  other  cases  that  may  arise,  after  a few  re- 
marks on  the  role  of  the  Bernoulli  effect,  the  analytical  methods  will  then 
be  described.  This  will  be  followed  by  the  discussion  of  other  cases  and  a 
more  detailed  treatment  of  certain  phases  of  the  damaging  process.  The  clos- 
ing sections  of  the  report  will  give  some  formulas  Tor  the  deflection  of  a 
diaphragm,  a discussion  of  the  features  of  the  pressure  wave  that  determine 
damage,  and  en  application  of  liie  formulas  to  some  of  the  available  data. 

Many  of  the  appropriate  analytical  methods  for  dealing  with  these 
problems  have  already  beer,  published  In  other  reports,  a number  of  which  are 
listed  In  pages  62  to  6b,  but  for  convenience  a rather  complete  and  syste- 
matic mathematical  treatment  Is  Included  as  an  appendix  to  this  report . 

PART  1 . DESCRIPTION  OP  A COMMOH  CASE  PRESENTED  FOR  ORIENTATION 

THE  WAVES  OF  PRESSURE  PRODUCED  BV  A NON-CONTACT  UNDERWATER  EXPLOSION 

When  a cnarge  is  detonated  under  water.  It  produce  effects  upon 
structures  submerged  In  the  water  only  by  producing  pressures  In  the  water. 

The  distribution  of  this  pressure  will  be  influenced  by  the  associated  motion 
of  the  water  - Indeed,  It  is  transmitted  by  such  motion  - and  motion  of  the 
structure  Itself  will  iu  turn  modify  the  pressure  In  the  water.  A complete 
description  of  the  action  by  the  water  or:  the  structure  can  be  given,  how- 
ever, In  terms  of  the  pressures  acting  upon  the  surfaces  of  that  structure. 

In  the  primary  pulse  of  pressure  produced  by  the  detonation,  the 
pressure  rises  almost  Instantly  to  a high  value  and  then  decreases.  The  rate 
of  decrease  diminishes,  however,  so  that  the  time  graph  of  the  pressure  pulse 
has  a long  "tall."  Thl3  Is  Illustrated  in  Figure  1,  which  has  reference  to  a 
JOC-pound  charge  of  TNT  50  feet  away,  and  In  Figure  2,  which  Is  reproduced 
from  an  oscillogram  given  by  a pressure  gage  at  a distance  of  ij  Inches  from 
a charge  of  l ounce  of  tetryl. 

The  high-pressure  part,  sometimes  called  the  A-phase  or  the  shock 
wave.  Is  of  such  short  duration  that  It  takes  the  form  of  a distinct  wave  of 
pressure  traveling  through  the  water  at  finite  speed,  in  the  tall  or  B-phase, 
on  the  other  hand,  the  relative  rate  of  change  of  pressure  la  much  slower, 
and  the  pressure  In  the  water  soon  comes  to  stand  In  a definite  relation  to 
the  simultaneous  motion  or  the  eluding  gas  globe.  The  appearance  ot  wave 
propagation  tnus  disappears  in  this  phase,  and  the  pressure  and  the  motlcn 
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Figure  1 - Approximate  Shnrlr.Wavo 
Pressure  In  the  Water  at  5C  Peet 
from  300  Pounds  of  TNT 


intnA  0 — Aaat  VIaam«  C1.au4  *> <■ 

• -Q  — • — oVwsA  U.u  UMUnil^  VIIO 

Pressure  In  the  Water  at  17  Inches 
from  a Charge  of  1 Ounce  of  Tetryl 


ThA  ordinate  ropracanta  the  praeeur©  In  opan  vntar 
*e  It  would  bo  rocordwd  by  * 90  mtl ) mm  to  cauoc 
no  npprocUblo  ■odlflcoti^  of  tbo  prtasuro  fiwid. 


Tho  prwaaurw  rlati  alnost  iQetAntauaoualy  to 
a peak  valua  of  3400  pounUa  par  aquara  inch. 


come  to  be  related  almost  In  the  way  In  which  they  would  be  related  If  the 
water  were  Incompressible . Any  effects  that  may  be  produced  by  the  tall  of 
the  pressure  wave  constitute  those  effects  which  are  sometimes  ascribed,  not 
to  the  pressure  wave,  but  to  the  expansion  of  the  gas  globe. 

During  subsequent  recompressions  of  the  gas  globe,  secondary  pulses 
of  pressure  are  emitted.  The  character  of  these  is  not  yet  certain.  The 
theory  cf  an  oscillating  spherical  gas  globe  indicates  that  the  time  graph  of 
the  Dre8sure  in  the  secondary  pulses  Bhould  be  roughly  symmetrical  abort  the 
point  of  peak  pressure,  without  any  shock  front,  and  should  be  weaker  and 
much  broader  than  the  initial  shock  wave.  See  Reference  (10). 


PRIMARY  SHOCK  WAVE  AND  AN  AIR-BACKED  PLATE: 
A TYPICAL  SEQUENCE  OP  EVENTS 


The  analytical  resultB  will  now  be  described  for  the  case  of  a 
shock  wave  falling  upon  one  of  the  plates  of  a ship's  shell,  or  for  a corre- 
sponding test  on  model  scale.  The  wave  will  be  assumed  to  fall  noreaijy  upon 
the  plate,  and  both  wave  and  plate  will  be  assumed  to  be  sensibly  plane.  The 
action  can  be  divided  Into  two  distinct  phases,  which  will  he  discussed  In 
order. 


Primary  Shock  Phase 

In  the  cases  considered  here,  the  time  required  for  an  elastic  wave 
to  traverse  the  thlckne&a  of  the  plate  is  so  short  that  it  hov  h«  neglected; 
the  plate  can  be  treated,  therefore,  as  a two-dimensional  structure  with  a 
certain  mass  m per  unit  area. 

Rpf  r>T*P  1 1 iO  Korrl  Tin  1 n<»  r>/*  Min  n»nl  «»*»  - - ’ - - * ; • 


In  the  plate  will  be  in  equilibrium  with  the  difference  between  the  hydro- 
static pressure  In  front  of  the  plate  9r.d  the  pressure  on  the  hack  face. 
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Figure  3 - Illustration  of  a Plane  Wave 
Incident  Normally  upon  a Plane  Plate 
of  Infinite  Lateral  Extent 


When  the  shock  wave  arrives,  there- 
fore, each  element  of  the  plate  will 
start  moving  ns  If  it  were  part  of 
an  Infinite  plate  acted  upon  by  a 
pltne  wove  of  infinite  lateral  ex- 
tent, us  Is  suggested  by  Figure  V 
and  fo*1  a short  time  the  simple  the- 
ory of  the  one-dimenslonal  case  will 
be  applicable. 


9%  la  tbe  incident  nr«  pressure.  *»  is  the  nans  per 
i*ilt  are*  of  the  jAete,  edd  c In  the  dleplaceaeat  or 
x 03  plate.  Toe  preBcure  f co  the  plate  in  the  dif- 
ference between  tbe  incident  pressure,  doubled  by 
reflection)  and  a relief  tore  proportional  to  tbe 
velocity  * of  t<*  plate. 


Ki-  xii’Ht  witr  •ixicreurcm*  01 
pressure  p,  due  to  the  Incident  wave 
Is  doubled  by  reflection;  then,  a3 
the  plate  accelerates,  a relief  ef- 
fect occurs  and  the  pressure  rapidly 
falls. 

Let  it  be  assumed  that  hydrostatic  pressure  on  the  face  of  the 
plate  is  balanced  by  an  equal  pressure  on  its  back  surface.  Then  the  approx- 
imate equation  or  motion  for  each  element  of  the  plate  during  the  Initial 
phase  is 


m 


where  * Is  the  displacement  of  the  element  In  a direction  perpendicular  to 
the  face  of  the  plate,  « is  the  density  of  water  in  dynamical  unitB,  c the 
speed  of  sound  in  It,  and  their  product  is  the  specific  impedance  of  the  wa- 
ter. The  lt?cldent  pressure  p,  is  a function  of  the  time  t . See  Equation 
[TO?]  in  the  Appendix,  in  which  p is  here  equal  to  0.  The  right-hand  member 
of  Equation  [1]  represents  the  load  pressure  on  the  plate;  the  term  In  dz/dt 
represents  the  relief  effect  due  to  the  motion  cf  the  plate. 

The  A-phnse  of  the  primary  t-ulse  can  be  represented  approximately 
by 

Pi  rzi 


•.here  p„  and  a are  constants  and  the  time  t is  measured  from  the  Instant  of 
onset  of  the  wave.  If  varies  in  this  manner  and  the  plate  starts  with  z * 
0,  dt/i t » 0 at  time  t * 0,  it  is  found  from  Equation  [1]  that 
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so  that  the  load  pressure  on  the  plare  is 
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Figure  4 - Parameters  Relating  to  the  Tneldence 
of  an  Exponential  Have  on  a Flate 
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where  e Is  the  Napierian  base;  see  TKB  Report.  4h0  OO),  page  25. 

Froia  this  equation  It  Is  found  that  the  load  pressure  vanishes  at 
the  time  ' 


t « Tm 


1_  Inx  — £ c_ 
a am 


[5a,  b] 


where  In  denotes  the  natural  logarithm.  At  thin  tlaie  the  Incident  pressure 
as  given  by  Equation  [2],  which  would  be  the  actual  treasure  In  the  water  if 
the  plate  were  not  present,  has  decreased  to 

p,  “ Pmx  [6] 


and  the  velocity  of  the  plate  attained  Its  maximum  value  of  magnitude 

i 

[7] 

n pC  1,1 

See  TMR  Reporr  4?9  {n  ),  page  7. 

In  Figure  4 there  are  shown  plots  of  aTKor  In  x/{x  - ^ ),  and  of 
the  factor  x 1 * * or  pev„/2p„,  S3  functions  of  *. 

The  pux'timeter  x denned  by  Equation  |5b]  can  be  interpreted  ad  the 
ratio  of  two  tine  constant g , as  follows : 
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Itere  Tu  is  the  time  constant  of  the  incident  wave.  Tp  is  called  by  Kirkwood 
the  damping  tint*  of  the  plate;  if  the  plate,  in  contact  with  the  water,  is 
given  an  impulsive  velocity  and  then  left  to  itself,  its  velocity  decreases 
in  the  ratio  l/«  » 1/2. 718  In  the  time  Tp.  provided  no  forces  act  other  than 
those  called  into  existence  by  the  motion  of  the  plate  against  the  jtp'  ,•>.  Tp 
may  be  visualized  as  the  time  required  for  a sound  wave  to  traverse  8 \> ick- 
ness  of  water  having  the  same  mas3  as  tne  plate. 

The  time  Tm  might  De  defined  more  generally,  for  any  type  of  pres- 
sure wave,  as  the  lime  required  for  the  plate  to  attain  its  maxlmup  forward 
velocity.  It  cay  be  called  the  csmpliattei  tim*  for  the  plate  under  the  ac- 
tion of  the  wave. 

In  the  case  of  tne  exponential  wave,  if  Tm  « rp,  * ■ 1 and  T.  = Tm  « 
T„.  Thus  the  compliance  time  Is  the  ssme  as  the  damping  time  for  a -...vs  of 
equal  time  constant.  If  T„  * Tr,  the  compliance  lime  Tm  lies  between  the 
damping  time  Tp  and  the  time  constant  of  the  save  Tx.  Thus  for  a very  light 
plate,  Tp  < Tm  < T„;  In  this  case  the  positive  action  of  the  wave  on  *he 
plate  ceases  while  the  wave  is  still  strong.  If  Tp  is  much  smaller  than  Tm, 
so  that  x is  much  larger  than  unity,  t.he  naxlmum  velocity  vm  approaches  Zpjpc 
'.V  twice  tne  particle  velocity  in  the  incident  wavs.  For  a relatively  heavy 
piste,  cr.  the  other  hand,  T,  > Tm  > Tw.  As  the  plate  is  made  still  heavier, 
both  T,  and  Tm  Increase  without  limit. 

As  an  example,  for  the  shock  wave  at  50  feet  from  300  pounds  of  TNT 
exploded  in  sea  water,  ?m  and  a are  of  the  order  of  2"K»C  pounds  per  square 
inch  and  130C  second'1,  resDectively . Thus  Tw  ■>  1/1300  second.  The  values 
of  the  compllorce  time  Tm  for  such  a wave  falling  on  steel  plates  of  several 
thicknesses  are  shown  in  Table  1,  together  with  the  ve1ues  of  x and  rf  the 
damping  time  Tp  of  the  plates  against  sea  water. 

TABLE  1 


— 
Thickness 
of  plate 
inches 

X 

mlllifcconds 

Tm 

milliseconds 

10 

0.6 

1.29 

0.96 

0.28 

3 

2.0 

0.39 

0.53 

0.50 

l 

v 0 

0.12? 

0,28 

0.70 

0.3 

20 

0.030 

0.121 

0.85 

j 0.1 

60 

0.0129 

0.052 
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Figure  5 - Curves  Illustrating  the  Incidence  of  a Shock  Wave 
on  a Plate  when  Cavitation  Poes  Not  Occur 

Td©  curves  tie  62‘ftvu  for  tha  fro*  300  pound®  of  TUT  falling  upon  &n  olv-btcked  1-ioch  st«el 
plat©  50  font  awnjr.  Tm  is  th®  conpllanc©  tloo,  at  wlilcb  tb®  rlat-a  ba«>  acquired  mxlws 
velocity  f la  the  tine  constant  of  tbr>  w*v-3  or  l/t,  in  tbo  forarula,  pi  - pm *~ai. 

In  the  last  column  of  Table  1 is  shown  the  value  of  or  the 

ratio  of  the  incident  pressure  at  the  time  t « Tm  to  the  maximum  incident 

pTv  SSui'c . 

In  many  model  tests  conditions  occur  that  are  comparable  in  terms 
of  similitude  to  the  wave  from  300  pounds  failing  on  a 1-inch  plate.  Curves 
for  thlB  case,  with  the  plate  st  50  feat  from  the  charge,  as  calculated  from 
the  one-dimensional  theory,  are  shown  in  Figure  5. 

The  use  of  the  one-dimensional  forraulao  implies  the  tacit  assump- 
tion that  during  the  time  T„  diffraction  effect?  may  be  neglected.  This  is 
Justified  provided  the  plate  is  sufficiently  large  in  lateral  dimensions. 
Consideration  of  this  condition  ieada  to  the  introduction  of  a third  charac- 
teristic time,  which  may  be  called  the  diffraction  time,  Tt.  This  can  tie  de- 
fined with  sufficient  precision  for  practical  purposes  as  the  time  required 
for  a sound  wave  in  the  water  to  travel  from  the  center  of  the  plate  to  the 
edge.  Thus  for  a circular  plate  of  radius  a,  Td  - a/c,  where  c is  the  3peed 
of  sound  in  water. 

Diffraction  can  be  regarded  as  a process  acting  to  s^ualicc  the 
pressuro  laterally,  or  In  directions  perpendicular  to  the  direction  of  prop- 
agation of  a wave.  Decauce  of  this  process,  a wave  that  has  passeu  through 
an  opening  In  a screen  spreads  laterally,  contrary  i„  t;.c  !-»»  of  tne  recti- 
linear propagation  of  waves,  Similarly,  when  a wa;s  of  pressure  falls  on  a 


22 


8 


diaphragm  mounted  in  a heavy  ring,  be- 
cause  the  forward  motion  of  the  dia- 
phragm relieves  the  pressure  over  the 
diaphragm,  a process  of  equalization  of 
pressure  in  the  water  sets  in  and  acts 
to  lower  the  pressure  in  front  of  the 
ring  end  to  raise  it  in  front  of  the 
diaphragm,  as  illustrated  in  Figure  6. 

Since,  however,  effects  of 
moderate  magnitude  are  propagated 
through  water  only  at  the  speed  of 
sound,  the  equalization  requires  time 
fo”  its  completion.  Thus,  during  an 
interval  much  shorter  than  the  diffrac- 
tion time,  after  a shock  wave  has 
struck  a plate,  lateral  equalization 
of  pressure  between  the  water  in  front 
of  the  plate  and  that  beyond  its  edge,  or  even  between  different  parts  of  the 
plate,  will  not  have  had  time  to  progress  very  far.  Curing  this  short  time 
each  pert,  of  the  plate  will  respond  to  the  Incident  wave  more  or  less  inde- 
pendently, according  to  the  laws  that  hold  for  the  one-dimensional  action  cf 
shock  waves  on  plates. 

In  the  example  just  described.  If  the  plate  is  10  feet  across,  the 
diffraction  time  T4  is  one  millisecond.  This  exceeds  the  compliance  time  T„ 
by  a good  margin  for  plates  up  to  a thickness  or  1 or  H inches,  as  is  evident 
from  Table  1,  so  that  the  one-dimenslonai  formulas  should  give  good  results. 
On  a plate  10  Inches  thick,  however,  diffraction  from  the  edge  would  produce 
a large  effect. 

It  has  been  assumed  In  the  foregoing  discussion  that  appreciable 
stress  fox-ces  are  r.ct  called  into  play  by  the  small  displacement  of  the  plate 
that  occurs  during  the  time  Tm.  This  is  usually  true  in  practical  cases.  In 
the  example  Just  described,  for  instance,  the  maximum  velocity  acquired  by  a 
1-lnch  plate  is,  from  Equation  (7). 

v,  « 2 5.5’**®=-  5’0  In/sec 

Even  in  a millisecond,  therefore,  the  plate  will  have  become  displaced  by 
less  than  half  of  its  thickness,  Stress  forces,  if  appreciable,  would  have 
the  effect  of  reducing  the  maximum  velocity. 

Phenomena  in  the  second  phase  of  the  action,  r.o*  to  be  discuvsed, 
will  depend  upon  whether  cavitation  does  or  does  not  occur. 
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Figure  t - Diagram  to  Illustrate 
Dif traction  of  a Pressure  Wave 

8y  aoviug  Vorward,  the  diephrega  ralleveD  tb* 
pressure,  end  equtlltttion  of  the  preaavro  by 
diffraction  then  occur*  in  the  direction  of 
the  arrows  F. 
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No  Cavltntlon:  The  Tension  Phase 

It1  the  wqf«r  remains  ip  contact 
with  the  plate,  9*  In  Figure  7.  tension 
develops  In  It,  and  this  tension  tends  to 
arrest  the  motion  of  the  plate. 

In  the  one-dimensional  case, 
the  plate  Is  thus  brought  to  rest  in  the 
end,  and  its  total  displacement  is  Just 
twice  the  displacement  produced  In  free 
water  by  the  passage  of  the  Incident  wave; 
see  TMB  Report  480  (10),  page  25-  This 
case  is  illustrated  In  Figure  5-  If  the 
plate  is  limited  in  e.xtent,  nowever, 
forming  part  of  a larger  structure  of 
some  sort,  the  influence  of  diffraction 
will  usually  be  such  that  the  plate  retain?  part  of  the  velocity  that  it  ac- 
quired during  the  primary  shock  phase,  if  the  shock  wave  is  of  very  brief 
duration,  the  plate  may  come  almost  to  rest  and  then  be  accelerated  again  as 
the  diffracted  pressure  is  propagated  in  from  the  edge. 

The  analysts  Indicates  that  the  residual  velocity  left  in  the  plate 
should  be  of  the  order  of  the  velocity  that  would  be  calculated  by  non- 
conpresslve  tneory  with  allowance  for  loading  of  the  plate  b,v  the  water:  this 
is  verified  in  a special  case  in  the  Appendix.  If  there  is  open  water  beyond 
the  edge  of  the  plate,  the  calculation  should  be  made  for  a pressure  equal  to 
the  incident  pressure;  in  this  case,  although  the  pressure  is  doubled  at 
first  by  reflection,  the  doubling  quickly  fades  away  as  diffracted  wave3  ar- 
rive from  beyond  the  edge  of  the  plate.  If  the  plate  Is  mounted  in  a large 
rigid  baffle,  however,  the  doubling  persists  and  the  ron-compressive  calcula- 
tion should  be  made  with  twice  tne  incident  pressure. 

The  plate  will  then  continue  moving  until  it  is  arrested  by  forces 
due  to  other  parts  of  the  structure.  During  the  process  of  arrest,  the  ki- 
netic energy  lr.  the  plate  and  in  the  adjacent  water  becomes  converted  into 
other  forma,  perhaps  partly  or  wholly  into  plastic  work.  The  time  required 
for  the  final  arrest  of  the  plate  constitutes  a fourth  characteristic  time, 
which  may  be  called  the  t-wing  timt  of  the  plate,  denoted  by  T,.  Here  the 
3wlng  time  under  water-loading  is  involved.  In  the  case  of  ships  or  compare- 

blfi  ITiidd  8 SVfl  fl£f  t"t  1 JJ  iji.iql  1 v many  Irmarpr*  thc.fi  "illT*?  t iOH  Of 

the  A-phass  of  the  pressure  wave. 

Some  formulas  that  may  be  used  in  making  rough  estimates  of  swing 

,,  , „ - „ . ( r r-  > , ■ /*,-  ) I.  - 1.1. 

Viiiict  vuu  uc  i uufiu  as  rui'iiiuioo  ; uy  j lu  [uuj  uu  ya&uo  -tj  anu  •*'t . 
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Figure  7 - Schematic  Illustration 
of  the  Deflection  of  a Plate 
without  Cavitation 
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Cavitation  si.  the  Flate . 

The  Pree-Fllght  Phase 

It  has  repeatedly  heen  ob- 
served that  cavitation  occurs  near  the 
interface  between  water  and  a solid, 
when  tension  develops  in  the  water  be- 
hind a reflected  shook  wave.  See,  for 
example,  Figure  13.  If  cavitation 
were  to  occur  at  the  interface  and 
there  only,  as  In  Figure  8,  Just  as 
the  increment  of  pressure  due  to  the 
wave  sank  to  zero,  the  plate  would 
leave  the  water  at  the  time  Tm  with 
the  velocity  given  by  Equation  [7]; 
see  Figure  5-  In  reality,  cavitation 
cannot  occur  until  the  pressure  sinks 
at  least  to  the  vapor  pressure  of  the 
liquid,  and  It  may  not  begin  until  a lower  pressure  is  reached.  Hence  in 
practice  a short  phase  of  negative  acceleration  would  intervene  and  the  plate 
would  leave  the  water,  with  a velocity  somewhat  less  than  vm;  for  example,  r.,. 
the  time  T'  In  Figure  5.  Many  initial  velocities  agreeing  with  this  deduc- 
tion from  theory  have  been  observed  at  the  Taylor  Model  Has in,  A streak  pho- 
tograph illustrating  the  sudden  acquisition  of  velocity  by  a plate  is  repro- 
duced in  Figure  9. 


Figure  8 - Schematic  Illustration  of 
Deflection  of  a Plate  with  Cavitation 
Only  at  the  Plate 

Tbs  broi:  an  cur* j represents  tbs  front  of  the 
reflected  shock  mi. 


Tim*  in  millissconds 


Figure  9 - A Streak  Photograph  Showing  Impulsive  Acceleration 
of  a Diaphragm  by  a Shock  Have 

Tips  eUowke*  z-tz  rtidr  frem  b spots,  one  on  the  carter  fll'  the  rf^phragm,  two  others  half  way 

to  the  edge,  and  two  an  the  supporting  ria.  Thn  line  of  view  was  at  30  ue4i to  the  tV* 

diaphragm,  The  streaks  wore  ne.de  ft-o®  lsft  to  right.  The  sudden  bead  tarslnating  the  straight  portion 
cf  each  atrewc  indicates  an  impulclve  acquisition  of  velocity  by  the  diaphragm. 
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The  plate  will  then  swing  away  from  the  water;  ace  Figure  8.  It 
may  swing  fraoiy  until  it  is  arrested  by  the  combined  action  of  the  elastic 
or  plastic  stresses  in  the  plate  and  of  any  difference  in  pressure  that,  may 
exist  between  its  two  sides.  The  kinetic  energy  to  be  absorbed  in  thle  pro- 
sees  will  be  only  that  of  the  plate  itself;  and  the  awing  time  will  be  that 
of  the  plate  without  water-loading. 

The  motion  of  the  water  surface  during  this  time  must  also  be  con- 
sidered. According  to  the  results  of  analysis,  the  velocity  of  the  surface 
should  decrease,  but  it  should  not  entirely  disappear,  bocause  of  diffraction 
effects;  see  the  discussion  in  the  Appendix.  Purtherm-re,  if  a considerable 
part  of  the  shock  wave  urrlvea  after  the  depar*“re  of  the  plate,  this  will 
cause  further  acceleration  of  the  water.  It  ie  possible,  therefore,  that  the 
plate  may  be  overtaken  by  spray  projected  from  the  water  surface,  and  it  will 
certainly  be  overtaken  eventually  by  the  water  surface  itself;  the  motion  of 
the  plate  may  thus  be  prolonged,  with  a corresponding  increase  In  the  plastic 
work  (3). 

If  the  plate  is  held  at  its  edges,  the  outer  parts  of  the  plate 
must  be  Jerked  to  rest  by  the  support  almost  lnmedlately,  while  the  central 
part  continues  moving.  Such  motion  has  been  observed  in  10-lnch  diaphragms 
at  the  Taylor  Model  Basin.  Cavitation  occurring  over  the  outer  parts  of  the 
diaphragm  must,  therefore,  be  short-lived;  here  the  water  must  overtake  the 
plate  almost  immediately. 

As  an  alternative  to  the  / / 

simple  process  Just  described,  the  j j 

cavitation  might  begin  in  the  wa-  / j 

ter  Itself,  ir.  the  fora  of  bubbles,  / , I 

so  that  for  a time  there  would  con-  j \ I .V; 

tinue  to  be  a layer  of  unbroken  wa-  J ] I 

! „*•  I i 

ter  next  to  the  plate,  as  in  Figure  > t l;.-; 

10a.  Or,  as  a special  caBe.it  \ ' 

might-  begin  at  the  place  and  pro-  \ \ 

ceed  at  once  to  spread  out  into  the  ^ \ 

water,  as  in  Figure  10b.  Tills  pos-  \ \ 

sibillty  has  been  explored  in  gen- 

Figure  10*  - K1U.  Bulk  C»t-  Figur*  10b  - With  Bulk 
gr&l  terms  ( c),  find  Its  pr&Colcll  itetioa  frt  i>o«e  Distance  In  Cavitation  Extending 
application  nas  been  ai8CUSBeu  in  >ront  of  the  Plate  Outward  fro*  me  flat# 

WB  Report  511  (13)  and  lndepend-  flgavtt  _ IUu8tr?tion  of  DeflectIon 

ently  by  Kirkwood  (9).  of  a Plate 

If  the  cavitation  process  _ . , _ 

1 The  bi  uk«u  cur?«  repreeerto  the  froi»t  of  the 

is  of  this  character,  the  motion  of  refiscusi  shock  ■»»«. 
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U’e  diaphragm  will  be  Influenced  cum  Inuaily  by  the  presence  of  water  in  con- 
tact with  it.  Analytical  treatment  Is  e .sy  In  tie  one-dimensional  case,  pro- 
vided tlie  artificial  assumption  Is  made  that  cavitation  occurs  at  a fixed  anc 
known  breaking-pressure;  but  the  three-dimensional  case  presents  considerable 
difficulty.  For  thl3  reason,  only  cavitation  at  the  face  of  the  plate  will 
be  dealt  with  In  the  present  report.  The  final  deflection  of  the  plate  may 
not  be  greatly  Influenced  by  the  exact  mode  in  which  cavitation  occurs. 

PART  2.  THU  VARIOUS  TYFES  OF  ACTION  BY  A SHOCK  WAV" 

THE  FOUR  CHARACTERISTIC  TIMES  } J 

In  the  foregoing  discussion  of  a typical  sequence  of  events,  the  j 

relative  magnitudes  of  four  characteristic  times  have  played  a determining  i 

role.  These  times  may  be  listed  together  as  follows:  ! 

\ 

1 . The  time  constant  or  approximate  time  of  duration  of  the  shock  wave,  I 

T-.;  this  Is  equal  to  i/«,for  an  exponential  wave  characterized  by  the  expres-  J 

-«i 

slon  p = p„«  ; j 

2.  The  compliance  time  Tm  of  the  structure,  or  the  time  required  for 

the  shock  wave  to  set  the  structure  In  motion  at  maximum  velocity;  j 

J.  The  diffraction  t‘me  Td,  or  the  time  required  for  a wave  to  travel 
i from  the  center  of  the  structure  to  its  edge;  ! 

U,  The  swing  time  T,  of  the  structure,  or  the  time  required  for  it  to  ■ 

undergo  maximum  deflection  and  come  to  rest.  1 

An  attempt  to  picture  the  significance  of  these  four  times  In  u typical  case  ; 

Is  made  In  Figure  11.  i 


i 

i 


! 


I 

a 

t 

i 

t 

! 


Figure  n - illustration  of  the  Significance 
of  Time  Factors  for  3 Plaphragm 

T"  * ha  time  cew***  fit  of  «*  Qhrvf-l/  tiivs 

Tff  is  the  diffraction  tine, 

Tm  is  thr  ciccipl i*nr?  ti::e, 

7 , io  *vha  9*lng  time,  and 
c is  the  bpeed  of  sound  in  water. 
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In  the  case  of  a complicate:;  structure  fluch  ss  the  Bide  of  a ship, 
several  different  diffraction  times  and  awing  times  may  be  distinguished,  ac- 
cording to  the  dimensions  of  the  part  of  the  structure  that  is  under  consid- 
eration. Thus  there  will  be  a diffraction  time  ar.d  a swing  time  for  the 
motion  of  the  segment  of  a plats  between  two  adjacent  stiffeners.  end  longer 
times  for  the  motion  of  the  stiffened  plate  as  restrained  by  bulkheads  or 
belt  frames. 

The  characteristic  times  are  useful  in  classifying  the  various 
casoB  that  may  arise.  There  are  two  simple  cases  which  are  particularly  use- 
ful to  bear  in  mind  as  background  in  considering  more  complicated  situa- 
tions. These  two  cases  will  be  discussed  in  some  detail. 


THE  CASE  OP  LOCAL  ACTIOS 

The  typical  situation  contemplated  in  the  preceding  discussion  hbs 
distinguished  oy  the  condition  that 

Tm«Td,  « T,  [&»,  b] 


where  the  symbol  « means  "is  much  less  than."  In  other  words,  the  compliance 
time  is  several  times  shorter  than  either  the  diffraction  time  or  the  awing 
time.  The  diaphragm  acquires  maximum  velocity  and  cavitation  sets  in  before 
diffraction  from  the  edge  has  bad  time  to  Influence  the  motion  appreciably, 
and  also  before  the  stresses  in  the  diaphragm  have  produced  appreciable  ef- 
fect;. The  action  in  such  cases  is  essentially  a local  one,  since,  in  large 
measure,  each  element  of  the  target  is  set  in  motion  by  the  wave  independent- 
ly of  owner  elements. 

Thin  case  can  occur  only  provided  the  time  constant  of  the  wave, 

Tm,  ie  not  too  long.  It  is  sufficient,  for  example,  if  Td  and  Tw<k  T,, 
that  is,  if  the  action  of  the  wave  is  completed  in  a time  much  shorter  than 
either  the  diffraction  time  or  the  swing  time. 

An  especially  important  feature  of  the  ccse  cf  local  action  is  that 
in  this  case  the  conception  of  conveyance  by  waves  Is  valid  for  both  energy 
ar.d  momentum.  Any  part  of  the  target  can  receive  at  most  only  so  much  energy 
as  is  brought  up  to  that  part  by  the  incident  wave;  and  part  of  t'ni3  incident 
energy  will  usually  be  reflected  back  into  the  water.  The  momentum  brought 
up  to  each  part-  of  the  target,  also,  must  be  either  taken  up  by  the  target  or 
reflected,  since  momentum  1 s r.  vector  quantity,  however,  the  laws  of  its  re- 
flection are  more  complicated  than  are  those  for  the  reflection  or  energy; 
the  momentum  delivered  to  the  target  may  be  greater  than  that  brought  up  by 
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NON-COMPREPSiVE  ACTION  ON  A TARGET 

At  the  opposite  extreme  from  local  action  lies  the  case  of  <..proxi- 
mately  non-compress lve  action.*  The  condition  for  this  is  that  no  gr'st 
change  shall  occur  in  the  incident  pressure  during  an  interval  comparable 
vriiri  the  diffraction  time,  that  Is,  that 

Tw  » Td 

where  the  symbol  » means  “'is  much  greater  tlian,"  When  this  condition  holds, 
the  pressures  become  readjusted  by  diffraction  with  such  relative  rapidity 
over  t.he  face  of  the  target  that  local  effects  due  to  compressibility  of  the 
water  are  largely  Ironed  out  and  the  action  on  the  target  becomes  essentially 
the  same  as  It  wculd  be  if  the  water  were  incompressible.  Viewed  in  the 
lhi-gn.  the  pressure  field  results  from  a compreBBional  wave  propagated  up  to 
the  target,  but  its  local  effects  are  about  the  came  as  those  due  to  an  equal 

pressure  ileld  at  the  target  resulting  from  or- 
dinary hydraulic  action. 

An  important  feature  of  non-oompressive 
action,  and  one  that  distinguishes  it  sharply 
from  the  typical  local  action  of  waves,  is  that 
the  energy  given  to  the  target  may  greatly  ex- 
ceed the  energy  that  would  fall  upon  it  accord- 
ing to  the  lavs  of  wove  propagation.  In  non- 
compressivc  action  energy  J«  propagated  through 
movirg  water  by  the  pressure  Just  as  it  is  in  a 
hydraulic  press. 

An  excellent  example  is  presented  by  a 
H.illlar  pressure  gage  (14)  subjected  to  the 
Bhock  wave  from  a charge  of  several  hundred 
pounds.  The  face  of  the  gage,  H-H  In  Figure 
12,  is  perhaps  4 inches  across,  so  that  the 
diffraction  time  Tf  may  bo  1/50  millisecond, 
whereas  the  time  constant  of  the  wave  is  of  the 
order  of  a millisecond.  Thus  non-compress lve 
theory  should  give  a good  “"count  of  the  effect 
of  a shock  wave  on  a Hilliar  gage.  The  energy 
acquired  by  the  piston  of  the  gage  may  greatly 
exceed  that  which  is  propagated  in  the  shock 
wave  across  an  area  equal  to  that  of  the  face 
of  the  piston.  The  motion  of  the  piston  set3 


Flgux-e  12  - Illustration  of 
a Killiar  Pressure  Gage 

The  at**!  piston  A ia  projected  up- 
wards Lj  tho  preboure  duo  to  the 
shock  wave,  thereby  busier  lag  the 
copper  cylinder  C ag&inct  the  trj* 
of  the  gage.  Tbla  dl  agree  io  copied 
froa  r-.fcure  34  in  liefer  ence  vl4)* 


Thin  is  action  conditioned  by  flex,  as  of  incompressible  fluid. 
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up  8 local  flow  lii  tho  adjacent,  water  which.  In  tion  with  the  pressure, 

acta  like  a funnel  to  collect,  energy  from  a broa^  o n i of  the  Incident  wave. 

The  non-compreaslve  case  also  posscssei  .•  still  wider  significance. 
There  exlstb  a continual  tendency  for  the  effects  of  any  pressure  wsve  to 
undergo  changes  in  the  direction  of  non-compresslve  action.  Any  sudden  im- 
pulse of  pressure  produces  an  increment  of  motion  in  the  structure  according 
to  the  laws  of  local  action;  but  within  a time  of  the  order  of  the  diffrac- 
tion time,  diffracted  .;aves  act  so  as  to  convert  this  motion  at  leact  roughly 
into  the  motion  mat  would  nave  oeen  produced  Dy  tne  same  pressure  iaipuioo 
acting  in  lncomprsssiblo  water,  except,  of  course,  as  the  motion  may  have 
been  further  altered  by  forces  arising  within  the  structure.  ThlB  drift  to- 
ward the  non-compreaslve  type  of  motion  has  already  been  mentioned  in  the 
discussion  of  the  tender,  phase  on  page  9, 

A variety  of  other  cases  can  be  Imagined,  characterised  by  various 
relations  among  tne  four  time  constants,  In  considering  such  cases,  the  fol- 
lowing general  rules,  already  illustrated  in  the  discussion,  will  often  en- 
able a step  to  be  taken  toward  a solution: 

1 . During  an  initial  interval  much  shorter  than  the  diffraction  time 
Td,  the  formulas  pertaining  to  plane  waves  will  be  applicable.  In  special 
cases,  when  T,>x  Td,  this  Intel vcl  may  cover  the  whole  of  the  action  on  the 
target 

2.  During  an  initial  interval  much  shorter  than  the  swing  time  Tr , the 
elements  of  the  target  will  be  accelerated  Independently. 

3.  Por  a plate  or  diaphragm,  the  ecjuatlcn  of  motion  will  be  approxi- 
mately as  given  in  Equation  [1]  during  an  initial  interval  that  is  much 
shorter  than  either  the  diffraction  time  Td  or  the  swing  time  T, . 


CONDITIONS  UNDEH  WHICH  CAVITATION  KM  OOCUH 

In  the  consideration  of  cavitation  It  may  be  conducive  to  clarity 
if  j distinction  is  made  between  cavitation  due  to  elastic  overshoot  and  cav- 
ii-.tlon  due  to  fl  ulu  Inertia. 

Cavitation  due  to  inertia  is  8 familiar  phenomenon  In  the  non- 
eompresBlve  motion  of  water.  On  the  back  of  a propeller  blade,  for  example, 
cavitation  occurs  because  the  inertia  of  the  water  prevents  it  from  following 
the  blade. 

Cavitation  between  0 shock  wave  and  a plate,  as  discussed  in  a pre- 
vious section,  arises  in  a different  manner  and  is  closely  associated  with 
me  tunouiCi e,  mo  i'u.u,  . ,'.‘v  ,',u ,c , v„ecthcr  ulth  vhc  water  1..  contact 

with  It,  is  accelerated  so  rapidly  that  the  water  farther  away  Is  unable  tc 
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share  fully  In  the  motion.  The 
water  thus  becomes  expanded  and 
Its  energy  of  compression  is 
converted  Into  the  kinetic  ener- 
gy of  the  plate;  the  process  of 
expansion  progresses  to  the 
point  where  tension  begins  to 
develop  ir.  the  watei , and  esvl  - 
tatlon  results.  The  water  and 
plate  behave  much  like  a spring 
loaded  with  a mass.  If  the 

Lubblea  Produced' by  a Shock  Wave  spring  Is  compressed  and  then 

In  Water  near  a Luci'.e  Window  released,  the  motion  overshoots 

TL*  «"  S’*  £»"*•““  the  position  of  equilibrium,  and 

the  Initial  stale  of  compression 

thereby  comes  to  be  replaced  momec  arlly  by  one  of  tension.  A picture  of 
what  appears  to  bo  cavitation  due  to  elastic  overshoot,  in  front  of  a luclte 
window  struck  by  tho  shock  wave  from  a 3mall  charge,  la  shown  In  Figure  13. 

Undar  ordinary  circumstances,  a necessary  condition  for  the  occur- 
rence of  cavitation  due  to  elastic  oversnoot  appears  to  l>e  that  the  compli- 
ance Ilona  of  the  structure,  or  time  required  for  It-  t.o  attain  a maximum 
velocity  under  the  action  of  t"e  wave,  shall  be  less  than  tne  diffraction 
time : 

Tm  < Td 

If  this  condition  1.8  not  satisfied,  inflow  of  water  from  regions  beyond  the 
edge  of  the  structure  Is  likely  to  equalize  the  pressures  and  so  to  prevent 
the  occurrence  of  tension  in  the  water. 


ecale  as  on  full  scale,  at  lsast  If  the  hydrostatic  pressure  in  the  same  in 
the  two  cases.  For,  If  all  linear  dimensions  Including  those  of  the  charge 
are  altered  l:i  a given  ratio,  all  characteristic  times  will  be  changed  In  the 
same  ratio;  In  Equation  (5a,  bl,  for  example,  i/a  and  w»  will  be  changed  in 
the  ratio  of  the  linear  dimensions  and  x i3  unchanged.  Thus  the  ratio  of  Tm 
to  T4  ie  not  altered  by  the  change  of  scale. 

Large  hydrostatic  pressure  may  ed  to  prevent  the  occur- 

rence of  cavitation,  The  pressure  due  to  the  incident  wave,  s»  mudlfled  by 
reflection  and  the  motion  of  the  target,  is  superposed  upon  the  hydrostatic 
pressure  p0,  and.  If  j>,  IB  sufficiently  great,  the  resultant  pressure  may 
never  sink  to  the  pressure  at  which  cavitation  occurs. 
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tinea  it  is  the  excess  of  pressure  above  p„  that  accelerates  the 
plate,  the  total  pressure  in  the  water  at  the  plate  will  hr 

d’* 

p " + m IF 

In  the  case  of  the  exponential  wave  represented  by  Equation  [2),  md2z/dti  Is 
given  by  Equation  fk],  In  this  case,  by  equating  dr/d'.  to  zero,  the  minimum 
value  of  p Is  found  to  occur  at.  the  time  i = 2 Tm,  where  Tm  is  giver,  by  Equs- 

--Oil  i 'J'a  j , aliU  uo  ucivc  Ui  iC  i7t3f>  ij.  VviuO 

I » i 

Pmlr,  “ Pi  - 2P„*  1 "*  no] 


Thus,  if  cavitation  occurs  when  the  pressure  sinks  to  r certain  breaking- 
pressure  pb,  which  cannot  exceed  the  vapor  pressure  and  may  be  negative,  then 
cavitation  can  occur  only  if  pmln  < p6  or 
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2pm*  > Po~  P„ 

l + Z 

Here  it  can  be  shown  that  the  factor  2ii-<  has  a maximum  value  of 
2/eJ  » 0.2?  at  t » 1 and  decreases  toward  zero  as  j+Oor  *+®, 

The  maximum  depths  at  which  cavitation  can  occur,  as  calculated 
from  this  formula,  come  out  too  large  to  be  of  interest.  The  shock  wave  from 
300  pounds  of  TNT,  for  example,  falling  on  an  air-backed  steel  plate  1 inch 
thick  at  a distance  of  SO  feei,,  could  cause  cavitation  at  zero  pressure  down 
to  a depth  of  700  feet  below  usd  surface . 

Both  in  the  action  of  shock  waves  on  ships  and  in  comparable  model 
tests  the  necessary  conditions  for  the  occurrence  of  cavitation  cue  to  elastic 
overshoot  at.  a pressure  not  far  from  zero  appear  to  be  met,  and  observations 
cr.  the  Initial  velocities  of  diaphragms  at  the  Taylor  Model  Basin  indicate 
that  it  does  occur. 

For  a Hli'liar  gage,  on  the  other  hand,  the  compliance  time,  cr  the 
time  in  which  the  piston  would  atlrin  maximum  velocity  if  It  were  not  stopped 
by  anything,  is  much  longer  than  the  diffraction  time.  Thus  cavitation  is 
not  to  be  expected  or.  the  face  of  the  piston. 

A more  detailed  discussion  cf  the  phenomena  accompanying  cavitation 
near  a plate  or  diaphragm  will  be  given  later  In  this  report,  on  pages  38 
t-0  • 

THE  BERNOULLI  PRESSURE  AND  THE  DEVIATION  FROM  HOOKE'S  LAW 
( At  this  point  it-  may  be  worth  while  to  digress  Slightly  for  a mo- 

ment and  consider  one  or  two  minor  matters.  The  question  is  often  asked, 
whether  the  expression  for  the  pressure  caused  by  the  impact  of  a plane  wave 
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upon  a rigid  wall  ougnt.  not  to  include  a term  of  magnitude  pv2  or  pv2/ 2.  The 
answer  furnished  by  analysis  is  In  the  negative. 

Even  the  exact  theory  of  Hiemann  for  the  propagation  of  plane  waves 
of  finite  amplitude  leads  to  no  direct  contribution  from  the  particle  veloc- 
ity v to  the  pressure  on  a rigid  wall.  The  pressure  should  be  a little  more 
than  twice  the  Incident  pressure,  but  the  excess  Is  due  entirely  to  depar- 
tures from  Hooke's  law  of  elasticity;  see  the  Appendix.  It  can  be  said  that 
the  entire  increase  In  pressure  arises  from  the  arrest  of  ths  particle  mo- 


further  increase  corresponding  to  pv 2 should,  therefor 


be  expected. 


As  an  example,  when  water  Is  compressed  adiabatieslly  from  7.ero 
pressure  und  a temperature  of  20  degrees  Centigrade,  Its  pressure,  up  to 
10,000  pounds  per  square  Inch,  Is  approximately  given  by  the  formula 


P-  309000  t (l  + ^gg)  lb/ln£  [11] 

where  s Is  the  fractional  compression  cr  the  decrease  in  volume  divided  by 
the  original  volume;  see  the  Appendix,  Equation  [ l 34 ] . The  term  p/75000  rep- 
resents the  departure  from  Hooke's  law.  Because  of  this  term,  the  pressure 
on  c rigid  wall  due  to  the  incidence  of  a wave  of  pressure  of  magnitude  pt 
pounds  per  square  Inch  Is  raised  from  2p;  to 


2p>  i1  + 150000) 

See  the  Appendix,  Equation  [185].  For  an  Incident  wave  having  a pressure  or 
5000  pounds  per  square  inch,  the  increase  is  5 per  cent. 

In  the  reflection  of  spherical  waves,  also,  the  usual  linear  theory 
leads  to  the  conclusion  that  the  pressure  against  a rigid  wall  13  simply 
doubled;  the  afterflow  velocity*  gives  rise  to  no  additional  term  In  the 
pressure. 

The  familiar  Bernoulli  term  in  the  pressure  formula  thus  puts  ir. 
its  appearance  only  when  (a)  the  pressure  field  is  two-  or  three-dimensional, 
and  (b)  terms  of  the  second  order  in  the  velocity  ore  Included.  A small  pi- 
tot tube,  for  example,  turned  with  its  mouth  toward  t.os  oncoming  wave,  will 
register  a pressure  equal  to  p + pv */?  where  p is  the  pressure  and  v is  the 
particle  velocity  causad  ty  tha  wave  in  unbroken  water,  whereas  with  its 
mouth  turned  at  right  angles  to  the  direction  of  propagation  it  registers 
Just  the  pressure  p.  The  motion  around  the  tube  is  three-dimensional;  and 
the  increase  In  pressure  is  of  order  v2.  similarly,  the  pressure  at  the 
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front  stagnation  point,  or  point  of  zero  velocity,  on  any  small  rig,.d  ob- 
stacle in  the  path  of  the  waves  should  be  p + pvz/Z-,  likewise,  the  pressure 
on  the  piston  of  a Hllliar  gag6  ( 1 4 ) should  be  approximately  p - pv?‘/Z,  where 
v,  is  the  velocity  of  the  piston. 

The  Bernoulli  effect  as  represented  by  the  term  pv1  in  such  expres- 
sions will  thus  in  some  cases  play  a part  in  modifying  the  pressure  field  In 
front  of  a target.  Analysis  furnishes  no  reason,  however,  to  expect  addi- 
tional effects  on  the  target  ^rom  P "kinetic  wave"  following  the  shock  wave. 
The  pressure  field  in  the  nater  constitutes  the  mechanism  by  which  the  water 
is  set  moving  outward  and  then  presently  arrested;  the  pressure  field  Is 
physically  inseparable  from  the  motion,  and  its  effects  on  the  target  include 
all  effects  th  t might  be  ascribed  to  the  aetion  of  the  moving  water. 

At  any  fixed  distance  from  the  center  of  the  explosion,  the  pres- 
sure in  open  water  should  fall  continually  as  the  gs3  globe  expands,  and  it 
appears  from  analytical  results  that  the  same  should  be  true  of  the  pressure 
on  the  targat.  Thus  no  upward  surge  of  pressure  is  to  be  expected  "as  the 
moving  water  reaches  the  target";  the  idea  of  a water  projectile  propelled 
by  the  gas  globe  and  subsequently  impinging  upon  the  target  i3  inappropriate 
and  misleading. 

PART  3.  THEORY  OF  A PUKE  TARGET 

The  discussion  has  been  kept  in  general  terms  up  to  this  point,  and 
few  exact  formulas  have  been  given,  fleneral  analytical  results  are  difficult 
to  obtain,  and  numerical  integration  has  scarcely  seemed  worth  while  hitherto 
because  of  incomplete  knowledge  of  the  relevant  fundamental  data. 

There  Is  one  three-dimensional  case,  however,  in  which  exact-  ana- 
lytical formulas  are  readily  written  down.  This  is  the  case  in  which  every- 
thing of  interest  happens  in  the  neighborhood  of  a plane  surface,  which  may 
be  supposed  to  extend  laterally  to  Infinity.  This  case  will  now  be  taken  up 
for  discussion  in  some  detail.  For  generality,  the  fluid  present  will  not  be 
restricted  to  water. 

PRESSURE  ON  AH  INFINITE  PUNE 

When  waves  fall  upon  the  initially  plane  face  of  a target  of  effec- 
tively infinite  lateral  extent,  an  expression  is  easily  obtained  for  the  rs - 
suiting  l-ressure  at  any  point  on  the  face.  The  waves  may  be  plane,  spherical 
or  of  any  other  type.  It  must  be  assumed,  however,  that  they  are  of  suffi- 
ciently small  amplitude  so  that  the  m d Inary  linear  theory  of  acoustics  is 
applicable,  and  that  the  displacement  of  the  water  or  other  fluid  at  points 
on  the  plane  13  smdll.  The  first  condition  should  be  sufficiently  well  satis- 
fied at  pressures  up  to  10,000  pounds  per  square  Inch  in  water. 
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The  expression  for  the  pressure  can  he  constructed  by  using  the 
prlnc'pjr  r.F  superposition. 

The  waves  are  first-  imagined  to  be  reflected  from  the  surface  of 
the  target  as  if  It  were  rigid.  This  gives  a resultant,  wave  field  In  which, 
at  the  surface,  the  iiiC  l'jcnt  pressure  is  doubled,  while  the  particle  velocity 
has  no  component  normal  to  the  surface. 

A correction  Is  then  added  to  allow  for  the  motion  of  the  surface. 
This  correction  is  obtained  bv  assuming  t.he  Mristonro  m the  surface  of  a 
suitable  distribution  of  3imple  point-  sources  emitting  waves  of  pressure. 
Because  the  surface  is  plane,  each  of  these  waves  affects  the  normal  compo- 
nent of  the  partlcls  '/ilneity  only  at  the  element  that  emits  the  wave.  For 
this  reason  the  str<  ngth  of  the  point  sources  is  easily  adjusted  so  as  to 
satisfy  the  necessary  boundary  condition,  which  is  that  the  surface  and  the 
adjacent  fluid  must  have  a common  component  of  velocity  normal  to  the  sur- 
face Tt  la  found  that  tt*.  pressure  emitted  by  each  element  of  the  surfaie 
must  be  proportional  to  Its  normal  component  of  acceleration. 

The  contributions  made  by  the  emitted  waves  to  the  pressure  at  any 
given  point  in  the  fluid  will  be  retarded  in  time  because  of  the  time  re- 
quired for  the  waves  to  travel  from  their  point  of  origin.  The  following  ex- 
pression Is  obtained  for  the  pressure  at  any  point  Q on  the  surface  at  time 

where  p0  Is  the  total  hydrostatic  pressure, 1 ncluding  atmospheric  pressure, 

p.  is  the  incident  pressure  at  the  point  Q and  at  the  time  i, 

F is  the  density  of  the  fiuid, 
e Is  the  speed  of  sound  in  the  fluid, 

dS  Is  an  element,  of  area  on  the  face  of  the  target, 

z is  che  component  of  displacement  of  dS  In  a direction  perpendicular 
to  the  Initial  position  of  the  target,  measured  positively  away  from 
the  fluid,  and 

» Is  the  distance  of  dS  from  Q. 

z denote-.  d2z/dti,  and  the  subscript  t s/e  means  that  each  element 
dS  Is  to  be  multiplied  bv  the  value  of  Its  acceleration  z not  at  the 
time  t but  at  the  time  t - a/c. 

The  integration  extends  over  the  entire  face  Gee  the  Appendix,  liquation 
[100],  and  Figure  14. 

The  factor  it  in  Equation  [15]  may  be  regarded  as  a reflection  ef- 
fect arising  from  the  mere  presence  oi  the  target.  The  term  containing  the 
integral  represents  a relief  of  pressure,  as  explained  by  Butterworth  (1  !,  t-r 


I 


an  emission  of  negative  pressure  caused 
by  acceleration  of  the  face  of  the  tar- 
get. Positive  pressure  lu  emitted,  how- 
ever, by  any  element  at  which  i'  Is  nega- 
tive. The  release  or  emission  effect  is 
propagated  from  one  point  to  another  in 
the  fluid  at  the  speed  of  sound. 

The  surface  on  which  the  pres- 
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be  ths  surface  of  a solid  body.  Nothing 
would  be  altered,  however,  If  the  sur- 
face were,  wholly  or  In  part,  merely  a 
geometrical  plane  drawn  In  the  fluid;  In 
Equation  [13]  x will  then  be  merely  the 
displacement  of  the  fluid  Itself  perpen- 


uiOuiar  cu  the  sun  ace. 


Tnis  extension 


Figure  14  - Diagram  illustrating 
the  Theory  of  the  Incidence  of  a 
Wave  of  Pressure  upon  a Nearly 
Plane  Moving  Surface 

rine  pressure  Pi  due  to  incident  «»ves  causes 
a net  pressure  p on  the  surface;  • denotes 
the  distance  of  an  elonent  of  area  fres  * 

point  q on  tK*  --j-fftflc,  it  Thlch  Mw  -idviov-o- 

neat  of  tho  surface  is  s . 


of  the  Interpretation  will  be  useful 
later. 

The  theory  of  the  relief  pressure  as  described  hero  constitutes  the 
mathematical  theory,  for  a plane  surface,  of  the  process  of  diffraction  or 
equalization  of  pressure  which  was  described  in  general  terms  on  page  J. 

MOTION  OF  AN  INITIALLY  PLANE  PLATE  OR  DIAPHRAGM 
OP  UNLIMITED  LATERAL  EXTENT 

So  long  as  the  plate  or  diaphragm  remains  approximately  plane.  Its 
equation  of  motion  can  now  be  written  in  the  form 

, * 

m jTT  " P„  + <t>  [14] 


where  to  is  its  mass  per  unit  area,  * is  Its  displacement  at  any  point  perpen- 
dicular to  the  plane  occupied  Initially  by  its  face,  is  the  total  Incre- 
ment of  pressure  caused,  directly  or  indirectly,  by  incident  waves,  and 

* “ Po  - Pc  + P»  t 1 5i 

where  p0  Is  the  total  hydrostatic  pressure,  pj  is  the  pressure  on  the  back  of 
the  plate  and  pr  Is  the  net  force  per  unit  area  in  the  direction  or  t due  to 
streeue8  in  the  plate.  Motion  parallel  to  the  Initial  plane  la  assumed  to  be 
negligible  so  far  as  Inertial  effeci.B  are  concerned.  Here  w,  x,  p,  end  4>  may- 
all  vary  over  th°  plate.  Inserting  the  value  of  « p - p0  from  Equation 
[15] 
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d£=  - 2p,  + *“  _x  ~ 
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It  is  readily  shown  that?  If  the  plate  remains  accurately  plane, 
this  equation  reduces  to  the-  familiar  one-dimenblonal  equation:  see  the 
Appendix.  The  relief  term,  or  the  term  containing  the  Integral  in  Equation 
("to],  becomes  the  last  or  damping  term  In  Equation  [1].  Of,  If  plane  waves 
are  Incident  at  an  angle  $,  and  if  <£  « 0,  so  that  the  elements  of  tne  plate 
move  Independently,  Equation  (i6]  becomes,  ac  shown  by  Taylor  (41, 


d'r  pc  dz 

mJtT  ax  6 i t 


2j>, 
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The  general  equation  13  thus  seen  to  be  consistent  with  others  that  can  be 

obtained  more  simply.  The  case  of  spher- 
| leal  waves  has  been  considered  by  Fox 

05). 


PLATE  OR  DIAPHRAGM  OF  FINITE 
SURROUNDED  BY  A PLANE  EAFFLE 


KTENT 


In  tests,  a plate  or  diaphragm 
Is  commonly  mounted  in  a support  that  ap- 
proximates a rigid  baffle;  such  a mount- 
ing constitutes  a first  approximation  to 
the  mounting  of  a plate  in  the  side  of  a 
ship.  In  some  casus  It  may  be  necessary 
to  allow  for  motion  of  the  support. 

If  only  part  of  the  structure 
Just  considered  consists  of  a movable 
plate  or  diaphragm,  while  the  remainder 
forms  a fixed  plane  baffle,  the  Integral 
in  Equations  [1J]  or  [ 1 6 ] need  be  ex- 
Or,  more  generally,  as  is  Illustrated  in 
Figure  ip,  if  the  baffle  is  itself  movable  as  a whoie  but  remains  plane,  the 
equation  for  the  motion  of  any  point  of  the  plate  can  be  put  into  the  form, 


Figure  15  - Diagram  Illustrating 
Incidence  of  a Wave  on  a Plato 
Mounted  In  a Movable  Baffle 

Th»  utfpltcrbfln*  of  the  battle,  aaauaed 
piano,  is  «*;  the  displnceawit  cf  *uy 
point  of  the  piste  Is  *. 


tended  only  over  the  movable  part. 


dt' 


„ , , dtj,  p f 1 /d2*  d^*A 

- 2p,  -b  T v5t»  - dS 


[18] 


platr 


where  zr  la  the  displacement  of  the  baffle,  all  quantities  are  taken  at  time 
t except  the  values  of  the  integrand,  and  the  Integral  extends  only  over  the 
plate;  see  the  Appendix,  Equation  ( 1 09 J - 

Comparison  of  the  last,  equation  with  Equation  [16]  shows  that  the 
principal  effect  of  motion  of  the  baffle  ,1c  to  relieve  the  load  pressure  or. 
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tne  diaphragm  to  the  extent  of  pc  times  the  velocity  of  the  baffle,  or  to  In- 
crease the  pressure  to  this  extent  If  the  baffle  is  moving  toward  the  side  of 
Incidence.  The  factor  pc  Is  the  ssnic  as  the  ratio  of  the  preaaure  to  the 
particle  velocity  In  a plane  wave,  or  about  70  pounds  per  square  Inch  for 
each  foot  per  second  of  velocity.  If  the  velocity  of  the  baffle  Is  variable, 
however,  the  release  effect  Is  modified  by  the  presence  of  the  term  In 
d2z4/d*2. 

Other  useful  forms  of  the  equation  are  possible.  In  the  case  of  n 
circular  plate  of  radius  a,  for  example,  with  everything  symmetrical  about 
the  axis  of  the  circle,  Equation  f 1 6 ] as  applied  to  the  central  element  of 
the  plate  can  be  written  ir.  the  alternative  form 

mi  » 2p,  + $ - - ■£*•}  - *k(t  - - ft  f *,.r  dr  [19] 

He^-e  thr>  first  three  tens  refer  to  quantities  at  the  center  anu  at  time  i, 
and  In  the  Integral  s has  been  replaced  by  r,  the  distance  from  the  center  of 
the  plate;  also,  because  of  the  symmetry,  it  is  possible  to  write  dS  *=  2jt rdr. 
The  part  of  the  release  integral  that  contains  dizt/dtl  has  been  transformed 
as  in  Equation  [105]  of  the  Appendix.  For  generality.  It  has  been  assumed 
here  that  only  the  part  of  the  baffle  lying  between  r - r,  and  r * r2  is  mov- 
able, while  the  remainder  3s  at  rest;  r4(f  ! is  the  velocity  of  the  movable 
part  at  time  t. 

If  Lhe  entire  baffle  is  movable,  the  equation  becomes 

, , _a 

mi  - 2p{  + $ - pci4(t  - j)  - pf'z,.  z dr  [20] 
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FINITE  PLATE  OR  DIAPHRAGM  WITH  NO  BAFFLE 

For  a plate  or  diaphragm  'orming  one  side  of  an  air-filled  box,  an 
approximate  equation  of  motion  may  be  obtained  from  the  last  equation  by  the 
following  argument.  Equation  [16]  should  hold  even  if  part  of  the  "plate"  is 
reduced  to  a mere  imaginary  plane  u'-;wn  through  the  fluid;  see  Figure  1 6 . 
Then,  in  the  Integral,  at  elements  dS  located  on  the  imaginary  plane,  dtt/dtl 
refers  to  the  acceleration  of  the  fluid.  These  values  of  dit/dt>  are  not 
known  accurately  because  the  pressure  in  the  fluid  Is  modified  in  an  unknown 
manner  by  the  presence  of  the  plate.  For  an  approximate  result,  however,  we 
may  resort  to  the  assumption  that  is  commonly  employed  with  success  in  phe- 
nomena of  optical  diffraction. 

Let  it  be  sssiited  that  the  disturbance  in  the  fruia  beyond  the  edge 
of  the  plate  Is  the  same  as  It  would  be  if  the  plate  were  not  there.  Then, 
if  the  incident  wave  is  plane  and  falls  normally  or.  the  plate,  d2z/dt‘  is 
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Figure  16  - An  Air-Backed 
Diaphragm  Forming  One 
Side  of  a Box 


Tli*  prwaeure  due  to  incident  x eves 
is  f-.  The  biokan  lines  represent, 
a continuation  of  the  plena  of  the 
dlephraf*  into  tbe  water. 


uniform  over  the  plane  beyond  the  edge,  as  it 
would  be  if  a plane  haffle  were  present,  hence 
Equation  [ 1 8]  can  he  used  in  place  of  Equation 
[lb].  Here  dz./ti t is  now  merely  the  particle  ve- 
locity in  the  incident  wave  or  so  that  the 

term  containing  this  velocity  becomes  -p,.  Thus 
Equation  [i8]  becomes,  for  the  motion  of  any  ele- 
ment of  the  plate. 


‘UF 


P,  + 4 ~ 


plot? 


_L 

pc  8t  I, . 


or,  if  the  Incident  wave  varies  slowly  enough, 
approximately, 


d*t  _ _ . . _ _P_  ( dS 

rft*  " -■'l  * 2 ir  J » 

plat*  c 
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In  the  special  case  of  axial  Byauriatry,  again,  a simpler  alternative 
equation  useful-  If  the  plate  Is  a circle  0f  radius  a and  if  everything 
la  symmetrical  about  its  axis,  then  similar  changes  in  Equation  [109]  of  the 
Appendix  give,  for  the  motion  of  the  central  element  only,  the  approximate 
equation 


njpr  - 2r,(f>  -F,(t  - f)+  <t>  ~pj  (Jjf)  zdr  [2J] 

0 1 c 

in  which  d*x/dt2  on  the  left  and  J^U)  and  d>  refer  to  time  f,  while  p;U-  ale) 
is  the  value  of  at  time  t - a/c , r denotes  distance  from  the  center  of  the 
plate,  and  dS  has  been  replaced  by  ?wrdr. 

Thus  the  diffractive  release  of  pressure  around  the  eage  of  the 
plate  has  the  effect  of  diminishing  or  even  eliminating  the  doubling  of  the 
incident  pressure  that  results  from  reflection. 

If  the  plate  is  mounted  in  a supporting  ring  with  a plane  face, 
this  ring  can  be  treated  In  the  equations  as  if  it  formed  part  of  the  plate. 

MOTION  OF  THE  FREE  SURFACE  OF  A LIQUID 

Equation  [l6]  can  be  applied  also  to  trie  motion  of  the  free  surface 
of  a liquid.  This  can  be  done  by  setting  m - 0,  replacing  4>  by  pQ  - p,  where 
pQ  is  the  hydrostatic  pressure  at  the  levei  of  the  surface  and  p is  the  ex- 
ternal pressure  on  the  surface  Itself,  ana  interpreting  z as  the  displacement 
of  the  surface.  Atmospheric  pressure  is  Included  nere  in  y0 , which  may  dif- 
fer from  p because  of  an  accelerating  pressure-gradient  in  the  liquid. 
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The  resulting  equation  can  be  written  In  the  form 


p iS 

2»r  J)SPf, . j.  * 


2j\  + P0-P 


[2*»] 


In  this  form  the  equation  holds,  indeed,  quite  generally.  Tor  any  liquid  sur- 
face that  is  nearly  plane  and  affectively  unlimited  in  lateral  extent,  even 
when  the  surface  is  partly  or  wholly  in  contact  with  a solid  body.  See  Ap- 
pendix, Equation  (103).  The  equation  fixes  the  acceleration  of  the  surface 
at  each  point  in  terms  of  previous  accelerations  at  all  points  and  the  vari- 
ous pressures. 

furthermore,  with  similar  changes.  Equation  (i8)  can  ue  applied  to 
the  motion  of  the  liquid  surface  as  exposed  in  a hole  in  a movable  plane  baf- 
fle lying  on  the  surface. 

It  may  be  noted  that  tiie  liquid  surface  does  not  exhibit  the  scae 
kind  of  resilience  that  Is  characteristic  of  ordinary  elastic  bodies.  ThUB  a 
rubber  ball  dropped  onto  the  floor  bounces  back.  If  the  surface  of  a liquid 
similarly  Impinges  upon  a rigid  obstacle,  however,  there  is  no  rebound.  Dur- 
ing the  Impact  the  surface  undergoes  momentary  negative  accelerations  of 
large  magnitude,  and  Equation  (24)  shows  that  these  accelerations  must  be  ac- 
companied by  a positive  pressure  acting  on  the  surface,  and  also,  therefore, 
on  the  obstacle,  however,  on  the  assumption  that  only  a limited  part  of  the 
surface  was  in  motion,  the  integral  in  Equation  (24)  ultimately  fades  out 
without  changing  sign,  and  the  corresponding  part  of  p must,  therefore,  do 
the  same.  Since  negative  valueB  of  p do  not  occur,  there  is  no  tendency  for 
the  liquid  surface  to  leave  the  ooscacte. 

Elastic  rebound  such  as  that  of  the  rubber  ball  is  exhibited  only 
by  bodies,  solid  or  liquid,  whose  dimension  perpendicular  to  the  surface  of 
contact  13  effectively  finite. 


IMFULSE  PER  UNIT  AREA  DUE  TO  THE  WAVES 


Before  considering  solutions  of  the  equations  of  motion,  the  fol- 
lowing interesting  conclusion  concerning  the  Impulse  may  be  noted. 

.Suppose  that  the  plate,  after  having  been  at  rest  until  a certain 
instant,  moves  in  any  manner  and  then  comes  permanently  to  rest  again.  If 
it  is  surrounded  by  a baffle  that  also  moves,  let  the  baffle  likewise  come 


to  rest.  Let  I denote  the  total  impulse  per  unit  nrec-  c?”"10'1  by  the  incident 
waves  or  fpudt,  where  pK  is  the  excess  of  pressure  above  hydrostatic  pressure 
and  the  integral  extends  over  all  time.  Then,  for  s plate  in  a wide  plane 
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i - ? (p  dt 
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where  p,  Is  the  incident  excess  of  pressure  above  hydrostatic  prcsaurc,  or, 
if  there  is  no  baffle,  approximately 

/ = /?<(<£  (26] 
here  Jp^dt  represents  the  Incident  impulse  per  unit  area. 

To  obtain  this  result,  It  is  only  necessary  to  multiply  the  equa- 
tion of  motion  of  the  plate  by  dt  and  integrate.  From  Equation  (lb] 

I = **  ffniTrv  - d)dt 

- * t Ut  / 


When  the  value  of  d^z/dt"  is  substituted  here  from  the  equation  of  motion, 
the  double  integral  In  d£  and  dS  vanishes,  as  is  seen  at  ones  upon  inverting 
the  order  of  integration.  For  example 


J~*J  Vit®/,.  • « 


- 0 


since  every  point  on  the  plate  begins  and  eventually  caus  in  a 3tate  of  rest. 
Thu3,  from  Equation  [16]  or  ( 1 8 j , I = 2 /p,  dt,  as  stated.  Or,  if  Equation 
[21  ) is  used,  since  J(dpi/(H)dt  “dp,  - 0,  I ~ JPidt,  at  least  apnroxlmately, 
in  the  absence  of  a baffle 

Similar  treatment,  of  Equation  [2b]  gives  for  the  sun.  ace  of  the 
liquid,  whether  free  or  not, 

/ (P  ' P0)dt  = 2jPidt  [27] 

for  the  total  Impulse  in  excess  of  hydrostatic  pressure  due  to  external 
forces,  on  unit  area  of  the  surface,  provided  the  surfs  e is  at  rest  except 
during  a certain  finite  interval  of  time. 

The  effect  of  the  relief  pressure,  and  hence  the  effect  of  diffrac- 
tion, thus  vanishes  In  the  end  if  the  motion  of  the  surface  is  limited  In 
time. 

It  must  be  assumed  also,  however,  that  the  motion  is  such  as  to 
make  the  integrals  containing  d5  converge. 


THE  PROPORTIONALLY  CONSTRAINED  PLATE  OR  DIAPHRAGM 

Equations  [l6],  [lg],  and  [21]  to  [2b]  are  of  the  integrouifferon- 
tlal  type,  and  they  are  difficult  to  solve  because  i is  s function  both  of 
the  time  and  of  position  an  the  plate.  For  this  reason  Interest  attaches  to 
the  solutions  of  the  following  artificially  simplified  problem,  which  car.  i>- 
handled  more  readily. 

Let  it  be  assumed  timt  all  parts  of  the  plot*,  execute  proportional, 
motions.  Then  * can  be  written  in  tho  form 
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*“  *c<t> /<*,«)  [?fi) 

whore  zc  is  the  deflection  of  a certain  point  on 
the  plate,  which  .nay  be  thought  of  as  its  center, 
ar.d  is  a function  of  the  time  £ alone,  while 
f(x,y)  is  a shape  factor  represented  by  a fixed 
function  of  the  cartesian  coordinates  x,y  specify- 
ing position  on  the  plate;  see  Figure  17.  The 
natural  small  oscillations  01  a plate  are  actual 
examples  of  proportional  motion. 

After  introducing  this  assumption  into 
Equation  (16].  the  equation  can  be  reduced  to  an  Figure  17  - Illustration 

ordinary  inr*grodifferential  equation  in  t and  £ of  Proportional  Motion  of 

by  integrating  over  the  plate.  The  most  useful  * ^ate  °r  DlaP,,ra®" 

re  ,Ult  1 S Obtained  if  the  equation  is  multiplied  proportional  to  the  dlapUce»eot 
through  by  J',x,y)  before  integrating,  namely;  01  * cbo"“  b*sr  or  =«>»«•• 


Af 


2F,+» 


, ,,  dS 


[29] 


where 


M dS  [ jo) 

Fi  “ #=j0/(*,y)dS  [31a,  b] 

In  the  first  integral  * is  the  distance  between  the  elements  of  area  dS  and 
dS  , wnich  could  be  replaced  by  dxdy  and  dr'dy',  respectively,  it  must  be 
assumed  that  f{x,y ) vanishes  fast  enough  toward  infinity  to  make  the  lnte- 
grsls  converge. 

The  quantity  M represents  an  effective  mass  of  the  plate,  while  F, 
and  t represent  effective  forces;  the  last.  term  in  Equation  [?9]  represents 
an  eifective  force  due  to  release  of  pressure  by  the  motion,  The  center  of 
the  plate  moves  as  would  n mass  M -under  a force  equal  to  th-  right-hand  mem- 
ber of  Equation  [29? . Furthermore,  the  kinetic  energy  of  the  plate  is  actu- 
ally equal  to  M(die/dt)x/2\  see  Equation  [115]  in  the  Appendix. 

The  proportional  motion  of  the  plate  may  be  supposed  to  be  guaran- 
teed through  the  action  of  suitable  internal  constraints  which  do  no  work  on 
the  Whole,  so  that  the  energy  balance  Is  not  affected.  These  constraints 
contribute  nothing  to  $,  as  is  shown  in  the  Apn“nriiy 

Equation  [29]  is  applicable  either  to  an  infinite  plate  or  to  a 
plate  mounted  In  an  infinite  fixed  plane  baffle;  in  the  letter  case  the 


42 


28 


integrals  extend  only  ov,-  , plate.  The  equation  should  also  hold  roughly 

when  there  Is  r:o  baffle  i-  i'.  1 provided  2 F,  is  replaced  hy  F, . 

If  the  baffle  Is  movable,  It  la  more  convenient  to  replace  Equation 

[2ti]  by 


* = + *eU) 


(32] 


where  x,  Is  the  displacement  of  the  baffle.  Thus  ze  refers,  as  before,  to 
the  relative  displace’*?!!*’-  h*t.wf»#»n  n!nt«  pnri  baffle.  II’  this  exortsslon  for  z 
is  introduced  into  Equation  [18],  and  If  the  equation  Is  then  multiplied 
through  by  f(x.y)  and  Integrated  over  th*  plate,  the  result  Is 


M 4tt  “ 2F,  + * - pcB 


dzj 

dt 


- " d% 
d.i 


where 


- (fU.v)dS  f (-.-%)  f(x'.y') 
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B - ff(x,y)dS,  M/,-fmf(x,y)dS 


i34a,  b] 


Here  B represents  an  equivalent  area  of  the  plate  o-  '.  Mt  an  equivalent  mass, 
both  defined  with  respect,  to  interaction  with  the  baffle. 

Comparison  of  Equations  [33]  and  [29]  shows  that  the  relative  mo- 
tion of  Plate  and  baffle  Is  affected  by  the  motion  of  the  baffle  in  the  same 
way  as  If,  with  the  bait  le  fixed,  the  effective  driving  force  ZF,  + <P  were 
replaced  by 

2F,  + *-pcB^-Mb^ 


Thus  forward  velocity  of  the  baffle  effective!,,  decreases  'he  load  pressure. 
If  the  motion  of  the  baffle  Is  accelerate 1,  the  relative  acceleration  of  the 
plate  Is  further  decreased  in  proportion  to  the  acceleration  of  the  baffle. 

The  absolute  motion  of  the  plate  is  then  the  sum  of  its  relative 
motion  ancl  the  motion  of  the  baffle. 

A more  convenient  form  of  the  integral  in  Equations  [29)  and  [33] 

Is  given  in  Equation  (Il6j  of  the  Appendix. 

Unfortunately,  the  actual  metiers  of  plates  or  diaphragms  under  the 
action  of  shock  waves  probably  show  little  resemblance  to  any  type  oi  pro- 
portional motion.  This  is  brought  out  clearly  by  many  observations  which 
have  been  made  at  the  Taylor  Model  Basin;  these  will  be  described  in  other 
reports.  The  study  of  proportional  motion  must  find  its  justification  In  its 
mathematical  simplicity  and  in  the  hope  that  certain  of  its  features  as 


revealed  by  analysts  will  "ind  their  counterpart  In  the  behavior  of  actual 
structures, 
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The  Non-Compressivo  Case 

j?or  a proportionally  constralr  1 plate,  in  a rigid  plane  ! Tie,  a 
definite  treatment  can  be  given  of  the  non-compresslve  case  that  was  dis- 
cussed previouely  In  general  terms,  in  the  Appendix,  Equations  [1261  and 
[127],  the  following  statement  is  proved: 

At.  cry  time  when  the  acceleration  has  been  sensibly  uniform,  at 
least  during  the  immediately  preceding  interval  of  length  C/c,  where  l)  la  tne 
maximum  diameter  of  the  plate.  Equation  [29]  reduces  temporarily  to  the  ordi- 
nary differential  equation, 

(M  4-  Mt) “ 2ft  + ♦ [35] 


Mt  - £ / / (*,¥)  ds//(x',  y')  ~ 


here  M,  may  be  regarded  as  the  effective  mass  of  the  liquid  that 
Is  following  the  plate;  It  represents  the  sane  loading  of  the  plate  by  the 
liquid  that  would  occur  Jf  the  liquid  were  Incompressible.  The  kinetic  en- 
ergy of  the  liquid  that  follows  the  plate  is  Af,(d*c/dt)*/2;  see  the  Appendix. 
Thus,  whan  the  acceleration  varies  sufficiently  slowly,  the  release  effect 
produces  the  loading  by  the  liquid  as  calculated  from  non-comnresBive  theory. 

Ail  analogous  result  for  an  unconstrained  plate  is  difficult  to  ob- 
ta’n,  but  It  may  be  Inferred  that  even  In  this  case  there  will  be  some  degree 
of  approach  to  the  motion  na  calculated  for  incompressible  liquid  wnenever 
the  acceleration  of  the  plate  satisfies  the  condition  Just  stated,  a rough 
estimate  of  the  accelerations  to  be  expected  In  such  cases  can  probably  be 
made  by  assuming  some  plausible  typo  or  proportional  constraint  and  using 
Equations  [35]  and  [36]. 
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Some  Simple  Types  of  iroportional  Constraint 

Several  forme  of  proportionally  constrained  motion  were.  In  effect, 
treated  by  Butterworth  (1).  His  formulas  do  not  contain  the  factor  2 that 
arises  from  the  reflection  of  the  wave,  and  the  retardation  in  time  in  omitted 
after  a brief  mention  of  it;  hence  Ms  remits  arc  in  reality  those  that  would 
he  produced  in  Incompressible  water  by  a pulse  of  pressure  having  the  same 
form  as  the  incident  wave. 
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If  the  plate  moves  like  a piston,  the  shape  factor  in  Equation  [2S] 
becomes  /(*.*)  ■=  ' . If  the  plate  is  circular  and  of  reding  a.  it  Is  found, 
as  In  Equation  [128b]  In  the  Appendix,  that 


**-1 


[371 


Furthermore,  if  r*  or  p, . respectively,  is  uniform  over  the  plate.  It  is  ob- 
vious from  Equations  [30],  [31a],  and  [3l*a,  b]  that 


M /i  «»*v»  , 
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Piston-like  motion  involves,  however,  a discontinuity  at  the  edge. 

A simple  type  in  which  there  i8  no  discontinuity  is  the  paraboloidal 

form. 


f(z,y) 


;-2  , 

s'*  - * = ~ 7*) 


140a,  bj 


where  r denotes  distance  from  the  center  and  r • o represents  the  fixed  rim, 
A spherical  shape  scarcely  different  so  long  as  the  curvature  remains 
small.  In  this  case,  as  in  Equation  [128a]  of  the  Appendix, 

ilf,  “ 0.813  pa1  [hi  ) 

and  if  tit  or  f,,  respectively,  is  uniform,  Equations  [30],  [31a]  and  [3l>a,  b] 
give 

M = ytsa*,  F(  - % «2p,  Iu<‘a,  h] 

Aft  - jM,  B - TP  tro2  [bja,  b] 

see  Appendix,  Equations  [120]  and  [121]. 

Approximately  spherical  or  paraboloidal  shapes  are  produced  by 
3tatlc  pressure,  but  under  explosive  loading  more  pointed  shapes  appear  to 
commoner;  see  Figure  ifl. 

The  results  just  cited  suggest  that  in  general  the  formula 

M,  — 0.8  £2-  M ('iuj 


Pigure  18  - Typical  Profiles  of  a Diaphragm  Deflected  by  a Non-Contact 
Underwater  Explosion  (Left)  or  by  StBtlc  Pressure  (Right) 
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m r.-j  bj  a good  approximation;  for  the  paraboloidal  notion,  P.8  Is  replaced  by 
O.76,  and  for  the  piston  motion,  by  O.rth. 

A third  type  of  Borne  interest  18 

/'*.*)  “ (‘  _ "t)  * = *,(1  - “»)  8 l1^8.  *>] 

for  wt.ich,  as  In  Equation  [132]  of  the  Appendix, 

M,  «*  m2/>a’  [b6] 

and,  if  Pi  is  uniform,  Equation  [3l£j  gives 

Fi  ~ f (l  “ 71)  ^ rdr  -•  2na 2p,  (47] 

V 

This  form  of  /(*,  y)  represents  the  distribution  of  velocities  with  which,  ac- 
cording to  ncn-compresslve  theory,  liquid  should  begin  to  issue  from  a circu- 
lar hole  because  of  a auaaen 
application  of  pressure;  see 
the  Appendix,  and  Reference 
(1).  Here  the  liquid  surface 
is  assiimed  to  be  plane  initial- 
ly. The  average  velocity  5s 
2dzc/dt.  As  the  motion  con- 
tinues. however,  second-order 
effects  become  appreciable  and 
the  usual  vena  contracts  de- 
velops; at  the  edge  It  will 
begin  forming  tranedlately. 

The  distribution  of 
velocity  over  the  plate  13  il- 
lustrated for  the  three  types 
of  motion  In  Figure  19- 

lii  all  three  csscc- 
£ rigid  baffle  beyond  the  plate 
or  hole  has  been  assumed.  If 
the  plate  merely  forms  one  side 
of  an  air-filled  caisson  or  box, 
the  estimation-  of  Afj  is  more 
difficult.  Prom  the  consideration  of  a solvable  caBe  in  the  Appendix  it  ap- 
pears that  the  absence  of  a baffle  might  reduce  M,  for  the  paraboloidal  dia* 
phragis  by  a factor  of  about  2,  and  for  a diaphragm  moving  like  a piston  by  a 
factor  nearer  3. 


Figure  19  - Distribution  of  Velocities  In 
Three  Types  of  Proportional  Motion, 
for  a Circular  Diaphragm 

di/  dt  lp  tho  velocity  ptrpmdl ;ul*r  to  '.to  Initial  plan* 
at  a ha  5«tj«nrv,  r froa  tfc*  cantr.r  of  tvi*  dlaphrafa  liaowr 
radius  is  Th?  valooitj  ia  s&nau  la  ®moh  oaaa  on  an 
arbitrary  acaia* 
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It  may  b*  nofrd  that  fot  the  circular  piston  and  fur  the  psrabo- 
lotdal  fora  the  lr.tagrodifferentiai  equation  can  he  replaced  without  groat 
error  by  a more  easily  hamiiea  difference-differential  equation;  for  example, 
Equation  (29'-  is  replaced  by 


<r*£  . , d*,-  J 1 ZF>  + 

-dpt**!?-  *'.•« " *«■'- d M 


ot  Equation  [33]  ty 


* TTt  + * ^ + ^ 


J. 

T' 


2F,  + » 

M 


here  , . ..  denotes  the  value  of  at  time  t - T,  where  T is  a retardation 
tine  of  ti.e  order  of  the  diffraction  time  T.  while  all  other  quantities  re- 
fer to  time  t . If  thinning  of  the  diaphragm  is  neglected,  k and  b are  con- 
stants; see  Equation  [I2y]  in  the  Appendix. 

An  equation  rather  similar  to  Equation  [ *8 ] but  containing  an  in- 
tegral was  used  by  Klikwond  in  developing  a theory  of  damage  in  the  absence 
of  cavitation  (6)  (7)  (8).  Kls  equation  was  obtained  for  the  central  ele- 
ment of  the  diaphragm  on  the  assumption  of  a paraboloidal  form,  without  the 
provision  of  any  mechanism  for  the  maintenance  of  this  form.  In  the  theory 
an  developed  in  the  present  report,  the  fo  -m  5s  assumed  to  be  maintained  by 
suitable  constraints  and  an  equation  of  motion  for  the  entire  diaphragm  is 
obtained.  The  results  in  practical  cases  differ  little,  however,  and  it  is 
doubtful  whether  either  type  of  theory  represents  the  taction  of  an  actual 
diaphragm  very  closely. 


THE  REDUCTION  PRINCIPLE 

It  has  already  Been  noted  that  under  suitable  circumstances  suf- 
ficiently accurate  results  can  be  obtained  from  non-compresslve  theory,  ir> 
which  the  compressibility  of  tie  liquid  is  ignored.  Thie  is  in  reality  a 
special  case  of  a more  general  principle.  The  action  of  a wave  tends  con- 
tinually to  change  into  or  reduce  to  the  type  of  action  r.nnt  is  characteris- 
tic of  incompressible  liquid,  For  convenience,  this  principle  is  called  In 

At  I - --  . ■ — . C A U — aA  4 am  « aa  A m #1  4 n 1 A 

ViSiO  1 t wilV  1 ovuvuxyn  pi 

Consider,  for  example,  a flat-topped  wave  form  in  which  the  pres- 
sure rises  dlscontlnuouBly  to  a value  p,  and  then  remains  at  this  value  for 
a considerable  time,  Tnc  discontinuous  wave  front  is  propagated  p&ji,  an  ob- 
stacle in  strictly  rectilinear  fashion,  leaving  a perfect  shadow  behind  the 
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obstacle.  Alter  the  front  has  passed,  however,  lateral  equr.liEStien  of 
pressure  sets  in  and  produces  the  phenomena  known  collectively  as  diffrac- 
tion. Pressure  builds  up  in  the  shadow;  and  ail  modifications  of  the  pres- 
sure field  that  may  have  been  caused  by  reflection  in  front  of  the  obstacle 
fade  out.  The  final  result  is  a uniform  pressure  of  magnitude  pl  all  around 
the  obstacle,  such  as  would  be  inferred  from  the  ordinary  hydrostatic,  non- 
compresslve  theory.  The  time  required  for  approximate  equalization  of  the 
cressurs  is  roughly  equal  to  the  diffraction  time  for  the  obstacle  or  to 
Its  radius  divided  by  the  speed  of  sound  in  the  liquid. 

Any  sudden  increment  of  pressure,  positive  or  negative,  behaves  in 
a similar  manner,  At  first,  lt.s  effects  exhibit  the  characteristics  of  wave 
action;  then  the  effect  changes  in  eontl nuoue  fashion  until  it  reduces  to  the 
effect  that  would  have  been  produced  in  incompressible  liquid  by  the  3ame  In- 
crement cf  pressure. 

Furthermore,  any  pressure  can  he  regarded  as  a succession  of 


small  increments.  Thus  the  usual  conclusion  Is  reached  that  waves  much 
shorter  than  the  diameter  of  an  obstacle  will  behave  in  a manner  strongly 


resembling  rectilinear  propagation,  whereas  waves  that  are  much  longer  will 


2d  more  nearly  like  a static  pressure. 
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The  non-compressive  case  previously 
occur  so  slowly  thst  ion  1? 


practically  complete  all  of  the  time. 

The  reduction  principle  is  difficult  to  formulate  mathematically  in 
tne  general  case,  but  an  exact  expression  ox'  it  is  easily  obtained  for  a 
propor  tionaLly  cotutrainsd  plate.  In  this  case  the  chief  content  of  the 
principle,  33  deduced  in  the  Appendix,  is  the  following.  .Suppose  that  the 
plate  has  been  at  rest  for  a time  exceeding  D/c  where  D Is  its  greatest  di- 
ameter. Suppose  also  t.hat  thinning  of  the  piate  may  be  neglected,  30  that  M 
and  M t ma;  be  treated  as  constants.  Then,  during  any  subsequent  interval  of 
time  equal  to  D/c,  both  acceleration  and  velocity  take  on  at  least  once  the 
non-compressive  values  aa  calculated  for  the  time  i at  the  end  of  that  In- 
terval, namely,  from  Equation  [35), 


d2  r 
dt1 


+ 9 dlc 
M +Af,  ’ dt 


fl<,C  J.  A'.  J# 


M + M, 


[50a,  b] 


*f.  x«  the  mass  due  to  loading  by  the  liquid  as  given  by  Equation  [36], 

r . . 

ft  snn  the  derivatives  of  te  stand  for  values  at  Ume  l,  and  jr.uc  exueixus 
from  the  beginning  of  the  seller,  up  to  that  time. 

From  this  statement  it  is  fairly  clear,  after  u little  reflection, 
that,  if  3F,  + <t  i3  constant,  d2zjdl't  must  cseillate  about  the  non- 
compressive  value  as  given  by  Equation  [50a]  and  gradually  settle  down 


to  this  value;  whereas,  If  2F,  + • continually  increases  with  the  time, 
d2i„/dtt  must  exceed  the  non-compresslve  value,  while  if  2F\  + $ decreases, 
d'tjdt * ■au.it  be  somewhat  smaller  than  the  non-compressive  value.  Analogous 
statements  hold  for  dtt/dt. 

IMPULSIVE  EFFECTS 

The  following  two  special  cases  are  of  Interest,  partly  because  of 
the  light  they  throw  upon  the  qualitative  aspects  of  the  action. 

Steady  Pressure  Suddenly  Applied 

After  a plate  or  diaphragm  has  been  at  rest  and  free  from  wave  ac- 
tion for  a long  time,  let  a wave  of  constant  pressure  suddenly  begin  to  fall 
upon  it.  During  the  quiescent  period,  $ - 0 lr«  Equation  1 1 6 J m order  to 
keep  d**/dt*  » 0,  and  for  a short  time  thereafter  & will  be  small,  iti  the 
neighborhood  of  say  point  of  ths  plate,  furthermore,  the  incident  wave  will 
approximate  to  a plane  wave  incident  at  a certain  angle.  For  a short  time 
after  its  arrival,  therefore,  the  equation  appropriate  to  plane  waves.  Equa- 
tion (17).  can  be  used.  Each  element  will  begin  moving  according  to  this 
equation  Independently  of  all  others,  and  every  element  will  execute  the  same 
motion,  but  with  a certain  displacement  in  time  if  the  incidence  1b  oblique, 

The  plane-wave  equation  will  hold  until  waves  of  relief  pressure 
arrive,  coming  from  elements  of  the  plate  whose  motion  differs  in  other  ways 
than  merely  by  a time  difference  due  to  oblique  incidence.  Thereafter  the 
action  becomes  more  complicated  and  Equation  lib)  must  be  used.  In  many 
practical  case3,  however,  the  action  of  a shock  wave  is  almost  entirely  com- 
pleted before  the  simpler  Equation  [V?)  begins  to  fail  noticeably. 

If  the  plate  Is  proportionally  eomtraintd,  further  light  can  be 
thrown  upon  Its  later  motion.  In  this  case,  for  a plate  mounted  In  a rigid 
baffls,  if  ♦ « 0,  Equation  (2d)  becomes  initially 


-4  =■  /[/(*,  yfdS 


and  represents  an  effective  area;  see  the  Appendix,  Equations  (140)  and  (141), 
ThlB  is  the  analog  for  the  plate  as  a whole  of  Equation  fill  for  the  individ- 
ual elements.  If  the  muss  per  unit  area  m 1?  uniform,  A = M/m,  where  M is 
the  effective  mas?  "«  defined  In  Equation  (30).  If  the  plate  also  moves  ra- 
rabololdally,  as  represented  by  Equations  (40a,  b),  A * 7roV3,  of  a third  or 
the  actual  area. 
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As  the  elapsed  time  approaches  the  diffraction  time.  Equation  (51] 
fai’s  and  the  complete  Equation  [29]  must-  be  used.  As  ooon  as  the  tine  con- 
siderably exceeds  the  diffraction  time,  however,  a simple  description  of  the 
me  cion  again  becomes  possible.  The  motion  then  approximates  rapidly  to  the  : 

motion  that  would  have  occurred  if  the  water  had  been  incompressible.  lMs  ! 

conclusion  may  be  inferred  with  sufficient  cogency  from  the  reduction  princi- 
ple Just  described.  J 

From  this  principle,  and,  in  particular,  from  Equation  (50a],  it  ! 

is  sufficiently  clear  that  the  acceleration  of  the  plate  will  take  on  the  1 

non-compre3Sive  value  as  stated  in  Equation  (35]  within  a time  leas  thar  D/e,  j 

and  will  oscillate  thereafter  about  this  value  with  a rapidly  diminishing  an-  j 

plitude  of  oscillation.  The  initial  acceleration,  which  is  2F,/M  from  Equa- 
tion [51],  is  relatively  high  because  the  effective  mass  ie  at  first  tnat  of  i 

the  diaphragm  alone,  but  as  the  loading  by  the  liquid  takes  effect  the  accel-  j 

eration  decreases  toward  the  non-compressive  value.  Because  of  the  high  ini-  1 

flcl  acceleration,  however,  the  velocity  remains  permanently  somewhat  in  ! 

excess  of  the  non-compressive  velocity.  < 

The  transition  from  one  type  of  motion  to  cne  other  is  easily  fol-  i 

lowed  in  detail  if  the  accurate  lntegrodlfferentlal  equation  is  replaced  oy  j 

the  approximately  equivalent  difference-differential  equation,  Equation  [46] . 

This  equation  is  readily  solved  in  simple  cases,  provided  thinning  of  the  dia-  j 

phragm  is  neglected,  so  that  it  and  o are  constants.  j 

In  the  case  under  discussion,  z,  - 0 and  ie  t 0 up  to  a certain  in- 
stant, which  may  be  taken  as  t ■=  0,  end  thereafter  $ * 0 and  cff/M  is  equal 
to  a constant.  An  example  of  the  results  obtained  from  Equation  (48]  for 
this  case  is  shown  in  Figure  20.  The  curves  represent  the  central  accelera- 
tion *e  and  velocity  i,  of  the  diaphragm  as  functions  of  the  time  t;  the  non-  ! 

compressive  values  as  given  by  Equations  [f-Oa]  and  (50b]  are  shown  by  straight  i 

lines.  The  unit  of  tim-r  is  taken  to  be  the  diffraction  time,  or  Tt  » a/e,  i 

where  < i3  the  speed  of  sound  in  the  adjacent  liquid  and  a Is  the  radius  of  ! 

the  diaphragm,  assumed  circular;  and  the  incident  pressure  is  assumed  to  have  i 

such  a value  that  the  initial  acceleration,  2Fi/M,  is  unity,  with  a constant  j 

Incident  pressure  of  different  magnitude,  all  ordinates  would  be  changed  in  ! 

proportion  to  the  pressure.  The  figure  refers  to  the  special  case  in  which  i 

pa/m  - 12.5  and  hence  M,  *■  9-7  M\  then  13.4  and  b ■ 9 • 34 . > 

The  rigure  would  be  applicable,  for  example,  to  a 10-ir.ch  steel  ; 

diaphragm  of  thickness  0.05  inch,  acted  on  by  r.  steep-fronted  wave  in  which 
the  pressure  behind  the  front  is  uniformly  1700  pounds  per  square  Inch.  Then 
ze  is  in  Inches,  and  the  unit  of  time  is  Td  = 5/59  «.  O.C85  millisecond. 

■me  figure  confirms  the  statements  just  made  as  to  the  approach  to 
non-compressive  values,  which  la  very  rapid  In  the  case  represented.  The 
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Figure  21  - Curves  for  a Diaphragm  Loaded  Impulsively 

f or  furf.Mr  *xplenat4.Gr.f  esc  fcuU  tiw  00™  undar  figure  20. 
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Thus  the  Initial  velocity  soon  becomes  reduced  in  the  ratio  Af/(jW  + Af.)  as  the 
loading  hy  the  liquid  comes  into  play. 

The  corresponding  curves  for  the  velocity  dzc/dt  and  for  xc  aa  ob- 
tained fro"  the  approximate  difference-differential  equation,  for  v0  » 1 and 
pa/m-  12. 5,  are  shows  in  Figure  21 ; the  horizontal  line  represents  vf.  The 
curves  and  linos  happen  to  be  exact  copies  of  those  in  Figure  20.  The  rapid 
approach  to  the  r.on-oompresaive  velocity  is  again  evident. 

Solutions  for  either  of  these  two  simple  cases  could  be  utilized  tc 
construct  by  addition  the  general  solution  of  Equation  [48],  provided  * is 
know  us  veil  as  Fi.  Thu  case  first  discussed  corresponds  to  Heaviside's 
unit  function. 


MOTION  OP  A PLATE  OR  ijTAPHJIAOM  CONSTRAINED  ONLY  AT  CHE  —i- 

Tne  accurate  treatment  of  a plate  that  Is  not  constrained  as  to 
shape  present?  a very  difficult  problem  even  on  the  hydrodynamic  side,  apart 
from  all  the  difficulties  that  arise  from  the  varying  slaatlc  and  plastic 
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behavior  of  the  material  of  the  plate.  All  complications  due  to  the  material 
of  the  plate  have  been  hidden  In  the  present  treatment  under  the  symbol  <t  or 
♦ and  no  detailed  consideration  of  them  will  he  attempted  In  this  report. 

In  the  absence  of  exact  solutions,  aemlquantltative  results  of  some 
utility  may  be  obtained  by  assuming  a convenient  or  plausible  typo  of  propor- 
tional constraint  and  applying  the  corresponding  results  or  analysis.  A 
principle  equivalent  to  the  reduction  principle  way  be  expected  to  hold,  al- 
thouf  a3  has  been  3tai.eu,  it  is  not  easy  to  prove  or  even  to  formulate  in 
the  general  case.  The  velocities  generated  by  a short  impulse  of  pressure, 
for  example,  should  be  relatively  large  at  first,  but  they  should  decrease, 
within  a time  less  than  the  diffraction  time,  approximately  to  the  velocities 
that  would  have  been  generated  if  the  water  had  been  incompressible. 
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CAVITATION  AT  A FLATS  OR  DIAPHRAGM 

The  analysis  la  readily  extended  to  cover  the  occurrence  or  cavita- 
tion at  the  Interface  between  a liquid  and  a plate  or  diaphragm  that  remains 

approximately  plane,  provided  suffi- 
ciently simple  assumptions  are  made 
concerning  the  laws  of  cavitation.  Let 
it  he  assumed  that  cavitation  sets  in 
wherever  the  pressure  at  the  interface 
sinks  below  a fixed  breaking-pressure 
p,,  and  let  sll  complications  due  to 
surface  tension  or  to  the  projection  of 
3prey  from  the  free  surface  of  the  liq- 
uid be  ignored.  The  cavitated  region 
will  thus  be  assumed  to  have  a sharp 
bounding  edge  on  the  diaphragm,  as  Il- 
lustrated in  Figure  22.  The  results 
obtained  on  these  assumptions  will  be 
described  here,  with  reference  for  fur- 
ther detRll3  to  the  Appendix;  they 
should  find  at  j-snat  qualitative  appli- 
cation to  actual  cavitation  at  an  in- 
terface, unaccompanied  by  cavitation  In 
che  midst  of  the  liquid. 

In  practical  casos  the  cavitation  should  usually  begin,  if  at  all, 
iltisi  phase  of  the  motion,  end  at.  b central  point  where  the  in- 
cidence of  the  waves  Is  nearly  normal.  I- or  this  phase  therefore,  the  formu- 
las for  the  free  plate  should  hold  approximately,  as  discussed  on  page  4. 
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Figure  22  - Illustration  of  the 
Edge  of  a Cuvltated  Area 

In  the  ' i?ur»  the  eoge  in  advancing  at 

speed  V over  tb*  fee*  of  tbe  dl-rhrage.  In  the 
right-hand  figure  it  i3  receding)  at  the  edge, 
the  tangent  to  the  liquid  cwfeco  makes  an  anglii 
# uith  the  tangent  to  tbs  dlf.pl*rag»,  and.  as  the 
edge  passes,  each  point  of  the  liquid  surface 
changes  its  noreal  velocity  trom  ij  w the 
aor-iei  v»w;t.v  of  the  plate. 
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There  remain  then,  for  di  amission,  the  process  by  which  the  region  of  cavita- 
tion spreads  over  the  plate,  the  subsequent  motion  of  the  free  liquid  surface, 
and  the  final  process  by  which  the  cavitation  Is  destroyed. 

After  cavitation  has  begun,  the  edge  of  the  cavltated  region  will 
advance  ever  the  plate  for  a time  as  a break! ng-edge.  enlarging  the  area  of 
cavitation;  then  It  will  halt  and  eventually  return  as  a closing-edge;  see 
Figure  22.  It  must  begin  its  advance  from  the  initial  point  at  infinite 
speed;  and  it  may  happen  that  the  cavitation  spreads  Instantaneously  ovei  8 
finite  area.  Similarly  the  cavitation  may  disappear  simultaneously  over  a 
certain  area,  in  which  case  the  closing-edge  may  be  supposed  to  move  at  an 
Infinite  speed.  In  other  esses  the  edge  will  move  at  a finite  speod. 

The  process  at  the  edge  turns  out  to  be  distinctly  different  ac- 
cording as  U , the  velocity  of  Its  propagation  In  a direction  perpendicular 
to  itself,  is  less  or  greater  than  c,  the  speed  of  Bound  In  the  liquid. 

If  V < c,  it  apDefsr8  that  no  discontinuities  of  pressure  or  par- 
ticle velocity  can  occur  at-  the  edge  of  the  cavltated  region,  and  U la  mere- 
ly the  velocity  with  which  the  liquid  next  to  the  edge  Is  streaming  over  the 
place.  This  velocity.  In  turn,  la  determined  Jointly  by  the  incident  wave 
and  by  all  of  the  diffracted  waves  emitted  by  various  partB  of  tne  plate, 
and  no  simple  statement  In  regard  to  it a value  can  be  made. 

If  V m c,  on  the  other  hand,  the  propagation  of  the  edge  Is  essen- 
tially a local  phenomenon,  and  mathematical  treatment  1b  easy.  For  effects 
can  be  propagated  through  the  liquid  only  at  the  speed  e,  and  no  such  ef- 
fects coming  from  points  behind  the  moving  edge  can  overtake  it;  thus  Its 
behavior  must  be  determined  solely  by  conditions  Just  ahead  of  ?t,  and  these 
In  turn  cannot  be  affected  by  the  approach  of  the  edge.  For  the  same  reason, 
the  analytics!  results  are  not  limited  now  to  small  displacements  of  the 
plate.  Impulsive  effects  also  become  possible. 

ror  ft  breaking-edgn  moving  in  this  manner.. 


where  Bp/Bt  la  tne  rate  of  change  of  the  pressure  In  tne  liquid  ahead  of  the 
*dge.  as  determined  by  the  incident  pressure  wave  and  the  motion  of  the  plate, 
and  Bp/Bn  is  the  gradient,  of  this  pressure  over  t.he  plate  In  k direction  nor- 
mal i,u  the  edge,  sea  liquation  [147]  In  the  A;ww»ndijr.  Here,  necessarily, 

Bp/Bt  < 0.  Thus  the  edge  of  the  cavltated  area  will  advance  toward  the  un- 
broken side  at  the  speed  Ui  c provided  - Bp/Bt  i c Bp/Bn. 
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As  the  edge  advanoes,  the  particle  velocity  of  the  liquid  In  a di- 
rection normal  to  the  plate  changes  impulsively  by 


a i 


r.s  \i 

lj7> 


155] 


whore  p , is  the  pressure  In  the  cavltRted  region, assumed  uniform;  see  Equa- 
tion [I4y]  in  the  Appendix.  Or,  If  U la  infinite,  as  In  the  instantaneous 
occurrence  of  cavitation  over  a finite  area. 


Ai~-E*irS-  156) 

pc 

as  in  one-dlmenslonal  motion.  Tf  pt  ■ pe , or  If  U * c,  di  ■-  0.  Otherwise 
di  & 0,  since  the  liquid  catinct  p6nctrat6  the  plate;  this  agrees  with  the 
fact  that  p,  4 P,. 

The  analogous  formula  for  a closing-edge  is 


V 


15?] 


where  i,  and  t,  are  normal  velocities  of  liquid  surface  and  plate  Just  ahead 
of  tne  edge  in  the  oav'ltatsd  area,  end  S ic  the  angle  at  which  the  edge  meets 
the  plate;  see  Equation  [152]  In  the  Appendix,  and  Figure  22.  Thus  U k c on- 
ly If  i,  - i,  £ e tan  S,  As  an  exceptional  case,  It  appears  that  the  liquid 
surface  might  roll  onto  the  surface  like  a rug  being  rolled  onto  the  floor, 
with  *,  m iT  and  i « 0 at-  the  edge  of  contact.  If  i,  > i,,  the  pressure  in 
the  liquid  adjacent  to  the  plate  rises  impulsively,  as  the  edge  passes,  from 
p«  to  pc  ♦ dp  where 

dp  - *>«(*,  - *,)(l  - jjr'l  2 [58] 


or,  if  U » «>,  bb  ’-.here  closure  of  cavitation  occurs  simultaneously  over  a 
certain  tires , 

dP  ’-1  - *„)  [591 

3ce  Equation  [15l]  in  the  Appendix.  Equation  [59]  is  familiar  in  one- 
dimensional  water-haamer  theory. 

Before  and  after  the  paseege  of  the  edge,  each  element  of  the  liq- 
uid surface  will  follow  one  of  the  differential  equations  already  written 
down ; in  the  cavltsted  region  thiB  will  be  Equation  [24]  or 

_p,  (id?*) 

2 IT  v\dt7'c-i  * 


2p.  + Po~P' 


(60] 
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In  which  p,  represents  the  actual  pressure  p 0:1  the  surface.  At  the  same 
time,  elements  in  contact  with  the  plate  will  b*  moving  according  to  some 
other  equation  such  as  Equation  [16).  The  symbol  (dsz/dti) , . i m any  equa- 
tion may  be  taken  to  refer  always  to  the  acceleration  of  an  elemont  of  the 
liquid  surface,  whether  free  or  In  contact  with  the  plate. 


The  impuiBe 

II  la  noteworthy  that  the  total  impulse  on  any  point  of  the  plate 
should  not  be  affected  by  the  occurrence  of  cavitation.  For  the  pressure  on 
the  plate  le  always  the  same  as  that  on  the  liquid  surface,  according  to  the 
assumptions  that  have  been  made.  Hence,  from  Equation  (24],  the  total  Im- 
pulse per  unit  area  on  the  plate  due  to  the  waves,  up  to  a time  at  which  the 
plate  has  ceme  to  rest  and  all  effects  of  diffraction  hove  ceased,  la 

/ - J (p  - - 2jj).  dt  (6i  j 

where  p.  Is  the  pressure  in  the  incident  wave.  The  Integral  ol  the  left-hand 
member  of  Equation  (24]  .with  respect  tc  the  time  vanishes  In  the  end,  since 
dz/dt  begins  and  ends  at  zero.  The  Intervention  of  cavitation  has  no  effect 
upon  Equal. on  [6l]. 


A Proportionally  Constrained  Plate 

The  problem  becomes  much  simplified  and  can  be  treated  completely 
If  the  very  arbitrary  mathematical  assumption  Is  made  that  both  plate  and 
liquid  surface  move  proportionally  and  In  the  same  manner,  30  that  their  dis- 
placements are  both  represented  by  quatlor.s  of  the  typo  of  Equation  [28]  but 
with  different  values  of  se(t)  during  the  cavitation  phase,  cavitation  then 
appears  and  disappears  simultaneously  at  all  points  >f  the  piate.  Successive 
phases  of  such  motion  are  illustrated  In  Figure  23. 


Figure  23  -Illustration  of  Cavitation 
According  to  the  Assumption  of 
Proportional  Constraint 
The  left-hand  figure  shows  the  Initially  flat,  tile- 
phragaj  In  the  eidd-le,  cavitfitlm  has  occurred,  but 
both  dl&r^'JUA  and  liquid  surface  are  eesu«ol  tz  be 
J oi creed  ii  U.e  same  {-report!  anal  rennerj  right,  the 
cavitation  has  disappeared  simultaneously  over  the 
wntlre  diaphragm. 
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With  this  assumption,  the  tendency  for  the  motion  to  approximate 
ultimately  to  the  non-compress Ive  type  can  be  formulated  mathematically.  At 
the  instant  of  cavitation,  an  Impulsive  decrease  may  occur  In  the  velocity  of 
the  liquid  surface,  but  this  Is  not  of  much  significance.  For  It  may  be  In- 
ferred from  the  reduction  principle  ua  developed  In  the  Appendix  that,  within 
a time  of  the  order  of  the  diffraction  time  T%,  after  the  onset  of  cavitation 
at  a certain  time  t1(  the  velocity  of  the  center  of  the  liquid  surface  will 
approximate  to  the  value 


" *«  < XT  / (2F‘  + *•>  d£  [6?] 

Here  F and  are  given  by  Equations  [3ia]  and  (36],  respectively; 

♦.  “ jf  (Po  - Vc ) f (*.  V)  dxdy  [ 6? ) 

where  p.  is  the  total  hydrostatic  pressure  in  the  liquid  at  the  level  of  the 
point  *,  v on  the  cavltated  surface,  yc  is  the  pressure  In  the  cavity,  and 
the  Integral  extends  over  the  entire  surface  of  the  liquid  under  tne  place; 
and, finally,  i,‘  stands  for  the  velocity  of  the  combined  plate-llquld  surface 
at  a time  that  proeedes  the  onset  of  cavitation  by  an  interval  of  the  order 
of  tho  diffraction  tine;  see  Equation  (158)  lr.  the  Appendix. 

The  value  of  ic  give r.  by  Equation  [62]  dirfers  from  the  value  given 
by  non-compresslve  theory  only  In  that  the  Initial  velocity  it’  Is  not  taken 
at  the  instant  of  cavitatiqn.  If  cavitation  occurs  very  soon  after  the  ar- 
rival of  the  pressure  wave,  ic’  is  practically  the  same  a3  the  value  of  ie 
Just  before  the  arrival  of  the  wave. 

Similarly,  after  closure  of  the  cavitation  at  a time  t2,  the  veloc- 
ity of  the  combined  llquld-plate  surface  soon  becomes 


Af  + M j 


M 

tr+ir, 


M + M, 


f{2F(  + *)dt  [6k] 


where  M,  f and  f\  are  as  In  Equation  U9j»  *tp  is  the  velocity  of  the  piste 
just  before  impact,  and  i',  is  the  velocity  of  the  liquid  surface  at  a time 
that  precedes  tj  by  an  Interval  of  the  order  of  the  diffraction  time.  See 
the  Appendix,  Equations  [l6l]  and  ( 1 62 ] , where  an  explicit  expression  for 


Is  given. 

This  is  again  nearly  the  non-compressl ve  result.  The  last  term  in 
Equation  1 64 1 represents  the  change  In  velocity  of  the  liquid-loaded  plate 
that  Is  caused  by  the  applied  forces.  Jf  were  replaced  by  the  velocity 
of  the  liquid  surface  at  the  moment  of  impact,  the  first  two  terms  would 


represent  the  resultant  velocity  es  given  by  the  ucusl  formula  ror  en  inelas- 
tic Impact  between  messes  M and  Af,. 

If  the  liquid  surface  Is  not  constrained  in  shape,  «s  In  resllty  It 
la  not,  expressions)  comparable  to  these  are  herd  to  obtain  It  •ryee-s,  how- 
ever, that  at  least  the  order  of  magnitude  of  the  effects  to  be  expected  may 
be  ascertained  in  a giver,  case  by  assuming  e reasonable  form  of  proportional 
constraint  for  both  plate  and  liquid  aurface  and  employing  Equations  [fie)  and 
[64],  The  equations  win  hold  »o  long  --  r.o  further  sho.t-iivjd  lu-votiure 
waves  arrive  to  cause  temporary  departures  trom  *•»>«  ncn-cowprcuriva  motion. 

In  using  the  equations  It  may  be  possible  to  fix  the  valua  of 
or only  within  certain  limits,  but  thiB  may  b6  sufficient  for  practical 
purposes. 

PAST  4.  DAMAGE  TO  A DIAPHRAGM 
A FEW  SWING  TIMES 

It  is  often  desired,  to  estimate  the  owing  time  of  a piate  or  dia- 
phragm. A rough  estimate  can  be  based  upon  the  f.  ,iula  for  the  following 
special  case;  see  the  Appendix,  Equation  [173]- 

Consider  a circular  diaphragm  of  radius  a and  uniform  thickness, 
held  rigidly  at  the  edge,  and  thin  enough  so  that  bending  resistance  cat,  be 
neglected.  Assume  thet  the  clootie  range  is  negligible,  that  the  yield 
stress  has  the  constant  value  a,  that  the  diaphragm,  initially  fist,  remains 
symmetrical  and  paraboloidal  in  form  during  its  motion,  end  t.htt  thinning  may 
he  neglected.  Then  the  swing  time,  or  time  for  the  diaphragm  to  swing  iree- 
ly  through  a short  distance  from  the  flat  position  and  come  to  rest  at  its 
maximum  deflection.  If  there  13  gas  at  equal  pressure  on  both  sides,  is 

T‘~Wt)/¥  1651 

where  pi  is  the  density  of  the  material.  If  the  density  is  0,283  pounds  per 
cubic  inch,  as  for  3tcel,  sc  that  in  dynamical  units  pd  = 0.283/386,  if  a »• 
60,000  pounds  per  square  inch,  which  may  be  a reasonable  nominal  estimate  for 
mild  steel  under  high  strain  rate,  and  if  o is  in  inches  end  T,  in  milli- 
seconds, 

T.  = ']A~=  0.06l  a [66] 

r O 

If  the  diaphragm  is  mounted  in  a rigid  baffle  with  liquid  of  den- 
sity on  one  side,  the  hydrostatic  pressure  in  the  liquid  being  the  same 
as  the  pressure  of  the  gas  on  the  opposite  face,  then  the  swing  time  is  in- 
creased, as  a result  of  loading  by  the  liquid,  to 
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[67] 


where  A is  the  thickness  of  the  diaphragm.  For  the  same  3teel  and  for  water 
thi-  becomes 


T - h.o6loA  + 0.100  f milliseconds  [68] 

#► 

proviaea  a m'.u  k are  ..saed  in  the  same  Tf  there  is  liquid  on  both 

sides  of  the  diaphragm  and  of  the  baff’e.  having  a density  p , on  one  side  and 
f>2  on  the  other,  p,  is  to  be  replaced  in  Equation  [67]  by  p,  + p2. 

If  the  diaphragm  is  mounted  in  one  side  of  a gas-filled  box  only 
slightly  larger  in  diameter,  the  coefficient  0.78  in  Equation  l 67 ] ia  changed 
to  something  like  0.4,  and  0.100  in  Equation  [68]  to  roughly  0.05. 

The  effect  of  the  elastic  range  is  discussed  in  the  Appendix. 


DEFLECTION  FORMULAS  FOR  A UIAPHkAcH 

From  a survey  of  tho  preceding  analytical  results  it  appears  that 
only  limited  progress  has  been  made  as  yet  toward  an  exact  treatment  of  the 
nydrodynamieal  side  of  the  problem  that  le  presented  by  the  impact  of  a shock 
wave  upon  a diaphragm.  The  situation  is  somewhat  better  as  regards  the  be- 
havior of  the  diaphragm  Itself,  although  even  here  complexities  2nd  nrr.cr- 
taintle3  are  encountered  because  or  work  hardening,  increase  of  3tres3  at 
high  strain  rate  and’ thinning  of  the  diaphragm.  It  Is  not  the  purpose  of 
this  report  to  attempt  an  accurate  theory  of  the  plastic  deformation  of  a 
diaphragm.  Simplified  assumptions  os  to  its  behavior  will  dc  adopted  in 
order  to  obtain  a few  approximate  formulas  pooaesslng  2 limited  usefulness. 

Let  the  yield  stress  a be  constant.  For  steel  this  is  more  nearly 
true  at  high  strain  rates  than  at  low  rates.  Lot  both  the  elastic  range  and 
the  thircung  be  neglected.  Actually,  the  thinning  may  extend  to  1/3  or  even 
2/5;  but  ■ ,s  effect  is  at  least  in  the  opposite  direction  to  that  of  work 
hardening.  With  these  assumptions  the  fundamental  equation  for  plastic  de- 
flection can  be  written  in  the  simple  form, 

E « o'nAA  [69] 

whera  E is  the  net  energy  delivered  to  the  diaphragm,  h is  its  thickness  and 
AA  is  its  increase  in  area  due  to  plastic  flow. 

For  a circular  diaphragm  deflected  lr.to  a spherical  form,  AA  - nr'1 
in  terras  of  the  central  deflection  z;  this  formula  is  almost  correct  also  for 
the  paraboloidal  form.  For  a circular  cone,*  AA  = nz2/Z.  Profiles  for  these 


* Smpai  between  apharlcal  and  conical  are  often  produced  by  underwater  explosion;  they  are  nearly 
lypsrbolcidaj.,  es  illustrated  lu  Figure  24.  Certain  observations  indicate  that  in  the  course  of  the 
daaaslng  proceao  nearly  conical  oiapea  may  occur  monentaril> . 
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shades  are  compared  in  Figure 
24.  For  a rectangle  w,  and  w2 
on  a side,  deflected  Into  the 
shape  characteristic  of  mem- 
brane vibration  In  the  lowest 

mode,  so  that  the  deflection 
jrz  nv 

at  an.v  point  is  z sin—  sln-pr- 


/r:.. 


Figure  24  - Curves  Illustrating  Four  Types 
o T SlsiuStrl Cal  r*rci*llss  fc*r  a Dlspwragn 


AA  « + SL)«* 

V 8 ' M ut  Ulj  I 


for  small  z.  Thus  for  circle,  cone  and  rectangle,  respectively,  for  sicall  z. 

E - rohz*,  E - jiraKt *,  E - ^ *lok  (~^  + zz  i7n<*.  b,  c] 

For  a square  or  mij  * u>2,  E Is  m/4  times  as  great  as  for  a circle  at  the  same 
central  def lectin" 

A correction  for  tne  clastic  range  is  easily  made,  if  required, 
provided  it  is  assumed  that  the  elastic  constants  are  unaltered  by  pla3tlc 
flow  and  provided  resistance  to  bending  may  be  neglected.  During  deformation 
up  to  the  elastic  limit  the  area  will  increase  by  a definite  amount  AA,. 

Since  the  stresses  are  at  each  ins  cant  proportional  to  the  increase  In  area 
up  to  that  Instant,  the  average  stress  will  be  m/2  and  the  energy  absorbed 
up  to  the  elastic  limit  will  be 

E,  - -f  h AA, 

or  half  what  It  would  be  if  the  stress  were  constant.  Thus,  if  E denotes  the 
total  energy  absorbed  by  the  diaphragm.  Initially  flat,  up  to  a mailman  in- 
crease Of  Prea  AK., 

E — ^ohAA,  + ah  (AAm  — AAe) 

If  AA  is  the  residual  increase  in  area  after  removal  of  the  lo»d,  AA  = 
AAm-AA,.  Hence 

E - °h(AA„  - jAA,\  - <7h(AA  t (71) 

In  general,  the  Increase  in  area  Is  proportional  t«  the  square  ol 
tne  central  deflection,  for  small  deflections.  Hence,  If  the  central  deflec- 
tion is  z,  to  the  elastic  limit,  *„  to  tr.e  majuroum  uider  full  load  and  z for 
the  permanent  set,  from  Equation  [71  ) 


.2  _ 1 .2  .2 
*1  -I  *1  ■ *« 


'»  S®  + zj 


[ 7— :i , b) 
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Figure  2$  - Illustration  of  Case  l , 
KclatiVcly  Jjcng  Swing  Time 

T6»  (Vine  UJW  of  Cm  ua^m^at  1', , 19  FTUt: t,  longer 
than  eitfaer  the  tlae  constant  Tm  of  the  Incident 
preaeure  nee  or  the  diffraction  tine  Tg. 


where  *,  is  the  deflection  calcu- 
lated from  E with  neglect  of  the 
elastic  range,  that  is,  from  E-* 
<rk£Ai  where  dA,  corresponds  to  i,, 
or  by  putting  * » *,  In  Equation 
[70a,  b,  c].  It  is  assumed  here 
that  the  same  shape  occurs  at  all 

det lectionu  mentioned. 

In  a few  special  Cases, 
formulas  for  the  deflection  pro* 
duced  in  a diaphragm  by  a shock 
wave  can  now  be  obtained  oy  bring- 
ing forward  suitable  formulas  for 
E. 


CASE  1:  Relatively  Long  Swing  Tine,  No  Cavitation;  i.e.,  T’,»  Tt  and  T, » r„, 

or  the  awing  tine  of  the  diaphragm  several  times  longer  than  either  the  dif- 
fraction time  or  the  time  constant  of  the  wove,  as  illustrated  in  Figure  25. 
These  conditions  as  to  the  times  are  usually  satisfied  in  practical  teat  as- 
semblies because  of  the  thinness  of  the  diaphragms. 

Let  the  diaphragm  be  mounted  In  a fixed  plane  baffle.  Then,  if  it 
is  assumed  to  be  proportionally  constrained  in  its  motion,  in  the  sense  de- 
fined on  page  26,  its  center  will  acquire  a velocity 


v.m  *■  — 

M + M, 


This  equation  results  from  integration  or  Equation  [}5!  in  case  so 

that  non-compress' ve  theory  holds;  otherwise  It  follows  from  the  reduction 
principle  na  expressed  in  Equation  ( 50t>  1 . It  is  only  necessary  that  stresses 
in  the  structure  have  little  effect  on  the  diaphragm  until  the  Lyirodyncniu 
action  is  completed. 

The  combined  kinetic  energy  of  diaphragm  and  water  will  then  be 
converted  into  plastic  work,  so  that 


E » W + M,)v. 


M + U, 


(7‘0 


For  a circular  diaphragm  of  radius  a deflected  paraboloidal iy. 


r,  “ na*  M - kp,K~,  Af,  - 0.813pa' 
' £ »> 
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in  terns  of  the  incident  pressure  p<(  thickness  k,  density  of  diaphragm  ma- 
terial pd  and  of  water  p;  see  Equations  [’iPb],  (b?a],  and  [«>♦].  Hence,  from 
Equation  l?2a],  for  a small  central  set  deflection  *, 

.1  _ .a  _ JL  .*  f 

where  j.  is  the  deflection  at  the  elastic  limit  and  i.  is  found  from  Equa- 
tions [70a]  and  [7*0  to  be 

1 1 M + Mi  r l 

*»  ~ v'- 


- f — P—a  y [77] 

n i\2  opd  j + 0 p6  “ I 

f>i  « 

Tf  the  incident  v:cvc  ic  of  s^ccnsntisl  for5",  t-hat.  n = -n  d t may 

be  replaced  by  p„/a. 

Equation  f 7? ’ implies  a variation  of  z as  Jp.dt  and  h.cr.ce  roughly 
as  wVr.  where  W is  the  '.-eight  of  the  charge  and  R is  the  distar.ee  from  the 
charge  to  the  diaphragm.  This  latter  statement  is  based  on  similitude  com- 
bined with  the  assumption  that  ;?  varies  simply  as  \/R  for  o given  charge. 

According  to  similitude,  the  same  pressures  occur  at  distances  and 
at  times  proportional  to  K rl  hence,  if  f[R',  t’)  denotes  the  pressure  as  a 
function  of  the  distance  R'  and  of  the  elapsed  time  f since  detonation  for 
a unit  charge  or  W = 1 , the  pressure  due  to  any  othr.  charge  at  distance  R 
and  time  t is 

"MirVA) 

hence 

f • it  » 

where  t ’ = t/wi  Bui,  the^  value  of  fj>,dt  t or  IK  *•  1 is  a function  of  li ' giver: 
by 

/,<*')  - J/ir;  n df 

Thus  at  a distance  from  any  charge 


Roughly,  /^R'Jv  H'^R'  and  hence  I «*  W^R.  Actually,  according  to 
theoretical  estimates  partially  confirmed  by  observation,  the  maximum  pressure 
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should  vary  more  rapidly  than  a?  1//I.  Furthermore,  the  duration  of  the  pres- 
sure wave  at  a Riven  point  should  increase  somewhat  with  an  increase  In  R\ 
for  an  exponential  wave  this  Is  represented  by  a slow  decrease  In  a.  These 
two  changes  have  opposite  effects  upon  1,  but  the  first  should  predominate. 
Thus  /[(fi')  should  vary  somewhat  more  rapidly  than  as  l/JJ'. 

A further  complication  arises  in  practical  cases  from  the  spherical 
form  of  the  wave.  Tnis  further  decreases  the  deflection  somewhat;  and  tne 
decrease  should  be  greater  at  small  distances.  work  h*  ideninf:  sr.d  invre?*’-®'' 
strain-rate  effects  In  the  diaphragm  v; ill  also  have  the  effect  of  decreasing 
the  larger  deflections  as  compared  with  the  smaller. 

The  final  result  seems  to  he  that  Equation  [ 77 ’ implies  a varia- 
tion of  z as  Wi'R)  .hens  F[W^R)  equals  /,  (R/wk  multiplied  by  a factor 
to  correct  for  sphericity  and  other  minor  factors;  and  F(W\/R)  might  vary 

either  more  rnoidly  or  less  rapidly  than  as  WVR.  The  variation  of  t might 

* *_t  . 

happen  to  be  nearly  as  V,'  * / a where  n is  a constant  either  a little  greater 
or  a little  less  than  uni*"-.'. 

Other  cases  in  which  cavitation  does  not  occur  may  be  treated  by 
integrating  one  of  the  other  equations  of  motion.  Kirkwood  solved  his  equa- 
tion for  the  paraboloidal  diaphragm,  which  was  mentioned  lr.  connection  with 
Equation  1 1*6 ] , with  the  help  of  Fourier  Analysis;  the  results  may  be  found  in 
his  reports,  References  (6)  (7)  and  (8). 


CASE  2;  Prompt  and  unollng  Cavitation  at  the  Diaphragm  Only;  Tm«  Td,  T„«  T, , 
or  the  compliance  time  Is  much  less  than  either  the  diffraction  time  or  the 
swing  time,  as  Illustrated  in  Figure  26.  It  Is  assumed  here  that  cavitation 

sets  In  so  quickly  that  the  diaphragm 
acquires  maximum  velocity  before  the 
pressure  flald  has  been  appreciably 
modified  by  diffraction,  and  also  be- 
fore the  diaphragm  nas  moved  far 
enough  to  call  appreciable  stress 
forces  into  play.  It  is  also  assumed 
that  no  further  deflection  is  pro- 
duced when  the  cavitation  disappears. 
These  conditions  as  to  times  are  com- 
monly satisfied  in  test  assemblies, 
if  cavitation  occurs  at  all,  it 
should  usually  occur  relatively  early 
In  the  damaging  process. 

Under  the  conditions  stated, 
all  parts  of  the  diaphragm  will  be 


Figure  ?6  - Illustration  of  Case  2, 
Prompt  and  Lasting  Cavitation 
at  the  Diaphragm 

At.  the  coapllance  tin*  the  diaphragm  lisp 
reacned  maxliruai  velocity;  cavitation  Is  then 
assumed  to  occur  and  to  la3t  at  least  until 
the  diaphragm  Ins  oooplcted  Its  outward  swing. 
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projected  with  a common  velocity  vml  and  the  entire  diaphragm  will  acquire 
Kinetic  energy  of  magnitude 

E - j hPj  Av  'i  (791 

where  A la  its  area.  Thla  energy  will  then  be  converted  into  elastic  and 
piublii;  *rurk,  and  If  the  relation  between  this  work  and  the  deflection  la 
known,  the  deflection  can  be  calculated. 

F.nimt.ion  [?2a],  with  2,  calculated  iron  >70 a)  «ud  [7S)>  thus  gives, 
for  a circular  diaphragm  of  radius  a,  deflected  Into  a spherical  chape, 

*!  " *i  ~ | *•>  *i  “ i80a> 

For  a 3hock  wave  of  exponential  form,  p.  * p<r’1l  the  maximum  ve- 
locity Is  given  by  Equation  [71.  and 


<*?_  t/2Pi  rr; 

1 ” 7T  r—  »■  ‘ 


t hi  i 
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where  x « pz/apji,  in  which  p is  the  density  of  water  In  dynamical  units  and 
e the  speed  of  sound  In  It. 

If  the  diaphragm  is  deformed  into  a more  pointed  snaps,  as  commonly 
happens,  * will  be  somewhat  greater;  for  a conical  form,  r,  would  be  greater 
in  the  ratio  Yt,  On  the  other  hand,  the  actual  maximum  velocity  will  prob- 
ably be  somewhat  leas  than  vm  as  given  by  Equation  (7],  because  cavitation 
will  probably  not  occur  until  the  pressure  nas  sunk  more  or  less  below  the 
hydrostatic  value;  z will  be  correspondingly  reduced. 

These  equations  predict  nearly  tne  same  variation  of  z with  dis- 
tance R from  the  charge  as  was  inferred  for  Case  1,  but,  for  ordinary  thlr. 
diaphragms,  a somewhat  slower  variation  with  charge  weight  W’.  Tne  difference 
arises  from  a decreased  Influence  of  the  duration  of  the  wave.  This  in- 
fluence Is  represented,  for  an  exponential  wave,  by  the  factor  it"  in  Equa- 
tion (8l).  Since  x * pe/cim,  x Increases  in  proportion  to  i/a  and  hence  in 
the  same  ratio  as  does  the  factor  j p,df  In  Equation  [77);  but  in  practical 
cases  x lies  between  some  such  limits  as  2 to  10,  and  a glance  at  Figure  4 
on  page  5 shows  that  in  this  range  x 1-*  increases  much  less  rapidly  than 
does  x. 


The  deflection  z and  the  projection  velocity  vm  may  vary,  there- 
fore, in  this  case,  either  a little  more  rapidly  or  a little  less  rapidly 
than  as  l/R;  they  should  vary  more  rapidly  than  as  wi,  but  not  so  rapidly 
as  Wi,  Both  I,  and  might  happen  to  be  nearly  proportional  to  wk. 
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CASE  2a:  Same  as  Case  .2  with  Reloading,  after  Cavitation  at  tne  Diaphragm; 

Figure  27.  After  the  occurrence  of  cavitation  the  remainder  of  the  shock 
wave  should  act  on  the  water  surface  and  accelerate  It  toward  the  diaphragm, 

unless  the  shock  wave  is  so  short 
that  ltc  duration  does  not  exceed  the 
compliance  time  r„.  The  effect  on 
the  water  should  be  especially  strong 
near  the  edge  of  the  diaphragm;  end 
'■'“ts  fltao.  the  motion  of  the  dia- 
phragm is  soon  checked  by  the  support. 
At  the  edge,  therefore,  the  cavita- 
tion must  begin  to  disappear  immedi- 
ately, and  It-  should  then  disappear 
progressively  toward  the  center.  The 
boundary  of  the  cavitated  area  may 
move  at  supersonic  velocity  and  will 
then  be  accompanied  by  an  impulsive 
increment  or  pressure. 

Such  an  action  is  hard  to 

follow  analytically.  The  only  easy  case  is  the  rather  different-  ideal  one  in 
which  both  diaphragm  and  water  surface  are  assumed  to  move  in  the  same  pro- 
portional manner,  as  on  page  4i . Then  the  cavitation  closes  impulsively  on 
all  parts  of  the  diaphragm  at  once. 

If  the  duration  of  the  cavitation  13  considerably  longer  than  thf 
diffraction  time.  Equation  1 62 j gives  for  the  velocity  acquired  by  the  center 
of  the  water  Burface  while  free 


Figure  27  - Illustration  of  Case  2a, 
Cavitation  at  the  Diaphragm 
with  Reloading 

Thir  fro*  Fi*ur*  26  In  that  tbe  cry  Italian 

cloe©8  *4<tln  and  the  water  qlrmM  tb*  diaphrag* 
a lapatua  outward. 
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where  T-  is  fhe  time  of  the  beginning  or  cavitation;  this  time  is  assumed  to 
follow  the  arrival  of  the  wave  so  closely  that  zc'  ir.  Equation  [62]  can  be 
dropped,  and  is  assumed  to  be  equal  to  zero. 

When  the  water  subsequently  overtake?  the  diaphragm,  an  impulsive 
equalization  of  their  velocities  will  occur,  resulting  in  s partial  reflec- 
tion of  the  kinetic  energy  back  Into  the  water.  If  the  diaphragm  has  already 
been  brought  to  rest  by  the  action  of  internal  stresses,  their  common  veloc- 
ity soon  after  the  impact  of  the  water  should  be  Mtkc/{M+  Af,)..  according  to 
the  first,  term  on  the  right  In  Equation  [64],  and  their  combined  kinetic  en- 
ergy should  then  be 
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This  energy  represents  e fraction  Mj(M  + M,)  of  the  energy  of  the  moving  wa- 
ter, whose  total  magnitude  Is 


t K*  - 


rt  f f Ei 

‘Ur."’ 
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The  fraction  M,)  will,  riowRv«r,  be  close  to  unity  in  practical  cases; 

and  If  the  diaphragm  is  moving  at  the  time  of  impact,  it  will  take  on  a still 
larger  fraction  of  the  kinetic  energy  of  the  water. 

The  kinetic  energy  of  water  and  diaphragm  will  then  be  converted 
into  additional  plastic  work.  The  total  work  3hould  thus  be  at  least  as 
large  as 


£ 


1 
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Inserting  again  the  values  for  the  paraboloidal  circular  diaphragm  and  r„, 
from  Equation  ! ( S , noting  that,  if  p,  = pmt  “‘ 


f F,d t = j x**f  pme-"dt 

1 m 1 r« 


2 1 
na  r-  x— 

2a  1 


by  Equation  (5a],  ana  equating  the  value  found  for  £ to  nchzf,  it  is  found 
that  Equation  .81  ] is  replaced  by 
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1 + 0.776  f-  " 

»d  " 


[64] 


for  an  incident  wave  of  exponential  form.  In  these  formulas  it  might  be  more 
nearly  correct  to  omit  t.l,  or  the  1 in  the  denominator  under  x‘  in  the  last 
equation. 

Comparison  of  Equation  [84]  with  Equation  [8i]  shows  that  the  re- 
loading increases  the  deflection  in  the  ratio 


(i+  l ^ Y 

' 4 1 + 0.776  P £ ' 

o . h 

V 

Since  x increases  with  l/a,  or  with  t.he  duration  of  the  wave,  it  a.pears  from 
the  considerations  advanced  in  the  discussion  of  Case  1 th„t  t-he  !eflection 
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should  probably  be  more  nearly  proportional  to  1 /R  in  this  case  than  In 
eithar  of  the  other  two  cases,  but  should  increase  with  W more  rapidly  than 

in  Case  2. 

The  applicability  of  aquation  [ G'!  I in  actual  aa?«:  i«  doubtful, 
however,  because  of  the  artificial  assumption  that  has  been  made  as  to  the 
motion  of  the  water.  If  closure  of  the  cavitation  in  reality  progresses 
from  the  edge  inward,  it  is  possible  that  support  of  the  water  by  the  outer 
part  of  the  diaphragm  may  greai.1*  uw™oo  the  development  of  kinetic  energy 
In  the  water.  Furthermore,  a fixed  baffle  has  been  assumed.  If  tliepo  is  uC 
baffle,  or  If  It  yields,  the  kinetic  energy  acquired  by  the  water  and  the  re- 
sulting Increase  in  the  plastic  work  will  be  less. 

CASE  3:  Negligible  Diffraction  Time  Ta  but  Wave  Not  Short;  Td«  T.„  and 

T(J«  Tt.  Under  these  circumstances  non-compresslve  theory  can  be  used.  If 
also  Tw*<  Tt,  or  t-he  time  constant  of  the  wave  Is  much  loss  than  the  swing 
time,  the  situation  is  that.  of  Case  1,  Otherwise  the  action  of  the  wave 
overlaps  on  that  of  the  stress  forces,  and  the  motion  of  the  diaphragm  is 
more  complicated. 

For  a proportionally  moving  diaphragm  mounted  in  a large  plane 
fixed  baffle,  quantitative  results  are  easily  obtained.  According  to  the 
simple  assumptions  that  were  made  In  the  beginning,  the  net  stress-force  re- 
sisting Its  motion  will  be  proportional  to  its  deflection;  hence  It  Is  pos- 
sible to  write  4>  » - kze  where  A is  a constant.  Then  Equation  [35]  becomes 

(Jf + fcic  - 2F;  [85] 

which  is  of  the  same  form  as  for  a forced  harmonic  oscillator.  For  the  ex- 
ponential wave  or  t>,  « pm  e~a\  Fi  can  be  written  Fi  = F9 e where  F0  is  a 
constant.  The  appropriate  solution  cf  Equation  [853,  when  zt  - zc  =0  at 
f = 0,  is  then 


z' = TmTmJ(^TV)  + f m 

where 

The  final  deflection  zcm  will  be  the  first  maximum  value 
find  it  requires  the  solution  of  a transcendental  equation.  It  may  conver- 
lently  be  expressed  in  terms  of  the  deflection  under  a static  load  of  "ugu'- 
tude  F0,  that  is,  under  a static  p.-essurc  equal  to  the  maximum  Jr.cldr-,. 
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pressure  p„.  The  corresponding  static  deflection,  obtained  from  Equation 
[65]  with  2F4  replaced  by  F0  Is 


From  Equations  (861  and  (87) 


**  2Nzr, 


where  the  dynamic  rHRnnnnf*  factor  np  lopd  fpctor  N is  the  first  irsxiinuir.  value 
of 


} 

-coa^t) 

Or,  N la  the  flr3t  maximum  value  for  * > 0 of 

— 7 — V (•'**  + 0 sinx  - coex) 

1 -r  o ' 

which  is  the  solution  for  y * dy/dx  - 0 at  x ■=  0 of  the  type  equation 

<J*v 

+ V - «'**  (90] 

A plot  of  N 16  given  1?'  Figure  28;  the  abscissa  represents  q from  0 
to  1,  then  l/y  from  j - 1 to  ? • ®,  In  the  present  connection, 

v - T - ~ r-  " T £ [91] 


?•  - . 


where  T„  » l/a  and  represents  the  time  constant  of  the  wave,  while  T,  ■ rr/2(> 
and  represents  the  swing  time  or  the  tires  required  for  a maximum  deflection 
when  the  diaphragm  is  started  moving  frara  Its  Hat  position  and  then  left  to 
Itself. 

The  greatest  possible  value  of  *,»  for  a wave  of  positive  press.ure 
is  4;„  ; this  is  attained  when  the  pressure  remains  sensibly  constant  during 
the  entire  owing  time.  The  factor  9 Ises  from  a doubling  by  reflection  of 
the  Incident  wave,  and  a second  doubling  by  dynamical  overshoot,* 

If  no  baffle  is  present,  so  that  even  the  diffraction  time  for  the 
entire  target  is  snail  as  compared  with  the  time  constant  of  the  wave,  the 
factor  2 Is  to  be  omitted  from  Equations  [85]  and  [36],  and  Equation  [89] 
l-ecoraes 


In  this  CH3C  for  a very  ’ong  wave.  only  Lhe  doubling  by  dynamical  overshoot 
remains. 

* Sea  aleo  Reference  - 
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Figure  26  - riot  of  the  Dynamic  Response  Factor  or  Loan  Factor  N 
for  a Harmonic  System  under  Exponential  Forcing 

N rapreracts  the  ratio  oi  the  aaalaua  deflection  of  a haraonlc  syslar  of  natural  frequency  **,  when 
acted  on  by  a suddenly  applied  /,  * ^ to  ite  static  deflection  under  a steady  farce  . Here 

< la  the  ties  and  a tod  F,  are  constants.  The  plot  eerees  also  for  a proport '.e"ally  constrained  dle- 
phrao  shoes  aalng  tiaa  1c  T, , abtn  acted  on  by  an  axponeoitlal  pie  enure  save  of  tine  constant  = l/o  j 
that  is,  tns  inoiasut  pressure  la  v , - rm - chore  ; is  it*  — and  and  a are  constants. 


For  the  circular  diaphragm  already  considered,  zc„  can  be  calcu- 
lated either  from  formulas  already  given  for  M.  M,.  Ft,  end  T, , or  directly. 
For  a pressure  equal  to  pm,  F„  •»  na?pm/2  by  Equation  (4ib],  The  curvature 
cf  the  diaphragm  is  given  nearly  enough  by  the  approximate  formula  for  a 
sphere,  2 *,/a*  for  small  ; hence  the  stress  force  per  unit  area  normal  to 
the  plane  of  the  diaphragm  is  4>  ■ - 4<r^ic/o*.  on  the  assumption  of  equal  hy- 
drostatic pressures  on  the  front  and  back.  Thus  by  Equations  [?ibj  and  i 40b } , 

♦ “ - J (l  ~ 2r  dr  — — 2nohzc 


and  fc  ■ ZrreK  Hence,  for  small  zr 


_ »_Ea. 
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If  the  accurate  formula  for  the  curvature  1b  used,  or  C » j 

a + ze 

a quadratic  aquation  mn*t  he  solvec  for  zc, . 

Detailed  formulas  have  been  given  here  for  only  one  type  of  wave, 
the  idealized  shock  wave  of  exponential  form.  The  waves  emitted  during  re- 
compression  of  the  gas  globe  can  be  approximated  roughly  by  superposing  sev- 
eral exponential  terms,  but  simple  final  formulas  are  not  obtainable;  see 
Reference  (lb). 


THE  PACTOFS  DETEHMIKINQ  PAMAOE 

The  question  Is  often  asked,  upon  what  feature  of  the  shock  wave 
does  the  damage  to  a plate  ou  diaphragm  depend?  Is  It  the  maximum  pressure, 
the  Impulse  or  the  energy?  A related  question  Is  the  law  according  to  which 
damage  varies  with  size  of  charge  and  with  distance. 

The  results  of  this  and  other  analyses  indicate  clearly  that  no 
simple  and  general  answers  to  these  questions  are  to  be  expected,  but  that  in 
special  cases  a few  approximate  rules  can  be  given. 

1 . Maximum  prttture  should  be  the  chief  factor  determining  damage  to 
relatively  email  structure i,  namely,  whenever  the  time  of  action  of  the  pres- 
sure greatly  exceeds  both  the  swing  time  and  the  diffraction  time  for  the 
structure,  or  T„  » 7 , , T„»Tt.  The  rapidity  with  which  the  preset  r*  Is  ap- 
plied, however,  will  also  be  of  significance. 

Por  a diaphragm  of  radius  o inches,  thlB  condition  should  hold  at 
least  tor  Shock  waves  from  charges  In  excess  of  50  c*  count's.  This  estimate 
is  based  on  T*  * 1/a  * (»'/300)i/l  500  end  T,  <.  C.ia  x 10"9  .'rom  Equation  (68). 
The  condition  should  be  satisfied  for  Modugr.o  gages  In  tfa  presence  of 
charges  of  10  pounds  or  over. 

If  the  diffraction  time  is  also  much  Ibsb  than  the  awing  time,  so 
that  Tk,»  T » Tj,  non-compressi/e  theory  can  be  used,  i»  or,  page  5c.  If, 
lurtnei’more,  the  application  of  pressure  lc  gradual,  the  action  Is  essential- 
ly a static  one  and  the  damage  corresponds  In  the  static  manner  to  the  maxi- 
mum pressure.  On  the  other  hand,  if  the  pressure  is  applied  rapidly,  the 
damage  will  be  increased  In  proportion  to  an  appropriate  dynamic  response 
factor  or  "load  factor."  If  the  application  Is  effectively  Instantaneous  as 
in  loading  by  a shock  wave,  and  If  the  resistance  varies  linearly  with  deflec- 
tion, as  is  more  or  less  true  .or  a plate  or  diaphragm  in  the  plastic  range, 
the  deflection  should  be  almost,  twice  the  static  value. 

Since  the  pressure  due  either  to  shock  waves  or  to  gas  gloDe  oscil- 
lations, except  near  the  globe,  varies  rc-ughly  as  the  cube  root  of  the  charge 
and  inversely  as  the  distance,  the  resulting  deflection  of  a plate  should 
vary  In  the  3ame  way,  under  the  conditions  assumed,  except  that  at  great  dis- 
tances a large  correction  for  the  elastic  range  will  be  required;  for  the 
pressure  p required  to  give  a diaphragm  of  radius  a and  negligible  thickness 
n smell  deflection  r is  proportional  to  z;  see  Equation  (81  in  TKB  heport 
U90  (17).  Thus  the  maximum  deflection  will  be  approximately,  oWs/r,  where  b 
Is  a constant,  and,  from  Equation  (72a), 
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where  z.  Is  the  deflection  at  the  elastic  limit. 
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The  pressure  to  be  used  in  calculating  the  deflection  will  be  the 
maximum  pressure  in  the  incident  wave  when  the  dimensions  of  the  entire  tar- 
get are  small  as  compared  with  the  length  or  the  wave  in  the  water,  or  twice 
the  maximum  pressure  If  the  diaphragm  is  surrounded  by  a large  rigid  baffle. 


2.  Tht  impuh t jpdt  should  determine  damage  when  (a)  cavitation  does 

not  occur  and  (b)  the  time  of  action  of  the  pressure  is  much  less  than  the 
swing  time  of  the  structure,  or  Tw«  T,.  For  a diaphragm  of  radius  u inches 
this  should  hold  for  a charge  of  a*/l00  pounds  or  less. 

This  case  i*  exemplified  by  Case  1 as  previously  described,  and  in 
particular  in  Equation  [77].  In  Case  1 the  diffraction  time  was  also  assumed 
to  be  relatively  short;  but  the  statement  Just  made  concerning  the  Impulse 
should  hold  Independently  of  the  diffraction  time.  For  the  influence  of  dif- 
fraction is  confined  to  the  relief  pressure,  as  represented  by  the  integral 
in  Equation  [16],  and  the  relief  pressure  in  turn  is  determined  by  the  motion 
of  the  diaphragm  itself.  Thus  the  whole  motion  depends  upon  the  initial  ve- 
locities given  to  the  structure  by  ihe  incident  wave ; and  since  the  wave,  by 
assumption,  cots  only  during  a small  part  of  the  swing  time  of  the  structure, 
the  initial  velocities  produced  by  it.  ere  proportional  to  the  impulse,  inde- 
pendently of  the  maximum  pressure  or  the  duration  of  the  wave. 

The  variation  with  Wand  R should  bo  as  described  for  Case  1 in  the 
ia&t  section.  To  a flr3t  approximation,  the  set  deflection  * should  be  given 
by 
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where  B is  almost  constant  for  a given  structure,  provided  the  elastic  range 
can  be  neglected. 

This  case  will  probably  not  arise  often,  however,  because  of  the 
common  intervention  of  cavitation. 

3.  The  tr.ergy  carried  by  the  wave,  jp2dt/pz,  does  not  appear  in  any 
simple  damage  formula  obtained  from  the  present  dynamical  analysis.  The 
energy  should  bs  significant  whenever  '•ircumstances  are  such  that  little  re- 
flection of  the  wave  occurs;  but  such  cases  are  not  easy  to  define  precisely. 
More  generally,  the  energy  will  he  the  significant  quantity  if,  for  any  rea- 
son, the  plastic  work  stands  in  a fixed  ratlv.  tv.  the  energy  brought  up  by  the 
wave.  Since  the  incident  energy  varies  in  proportion  to  the  charge  weight  W 
and  roughly  as  l/R‘,  the  deflection,  which  is  nearly  proportional  to  the 
square  root  of  the  plastic  work,  will  then  vary  as  wl/Rt  or 
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where  C Is  a nearly  constant  coefficient,  so  long  as  elastic  effect#  can  be 
neglected.  The  factor  In  this  expression  represents  a vaviatlon  Interme- 
diate between  the  for  the  pressure  and  the  for  the  Impulse,  nr  a varle- 
tlon  as  the  square  root  of  the  product  of  maximum  pressure  and  Impulse. 

Observations  generally  show  p.  variation  of  the  deflection  mere  or 
less  83  in  Equation  [96].  The  plastic  work  conr>only  differs,  in  fact,  by 
less  than  a factor  of  2 from  the  energy  brought  up  by  the  wave.  A discussion 
of  the  data  Is  contained  In  TMB  Report  492  (18). 

prnm  tihe  ontOvtlrol  nt.onrtnnl nt. t Correlation  of  dfiSftg*  ttith 

the  energy  In  the  wave  appears  to  be  somewhat  of  an  accident,  contingent  upon 
the  range  of  magnitude  of  various  factors  as  they  occur  In  practice,  rather 
than  a direct  consequence  of  the  conservation  of  energy.  There  exlets  no 
general  necessity  for  the  plastic  work  done  on  a structure  to  equal  the  ener- 
gy that  is  directly  Incident  upon  it  according  to  the  laws  of  the  rectilinear 
propagation  of  waves.  Part  of  the  incident  energy  may  be  reflected;  cr,  on 
Lhe  other  nana,  if  me  motion  approximates  to  the  non-ccmpresaive  type.  It  la 
possible  for  the  energy  absorbed  by  the  structure  greatly  to  exceed  that 
which  la  brought  uo  by  the  wavs. 

Tn  TMB  Report  489  CM)  it  was  Inferred,  nevertheless,  from  the  ex- 
ample or  the  free  plate,  that  damage  to  a dlaphrsga  should  probably  correlate 
better  with  the  incident  energy  than  with  the  incident  itmntui.  The  argu- 
ment Is  substantially  that  by  which  it  was  concluded  in  Case  2 that  the  set 
del  lection  * might  vary  about  33  W*.  Or,  it  might  be  that  the  s;rr  rapid 
variation  Introduced  by  reloading.  a-c  In  Case  2a,  would  assist  In  bringing 
about  rough  proportionality  of  t to 

The  analytical  formulas  lnolcate,  furthermore,  that  In  moat  tests 
on  diaphragms  the  plastic  work  should  not  differ  gr-stly  from  sctual  equal- 
lty  with  tho  energy  that  Is  brought  up  to  the  diaphragm  by  the  incident  w:-t. 
For  an  exponential  wave.  Equation  12),  end  a circular  diaphragm  of  r-rtiim  a, 
this  energy  will  be 


£„  - it.*/ ?*- 
W J pt 


*-  dt  - 


2 ape 


(97! 


Thus  the  ratio  of  tin  energy  absorbed  by  the  diaphragm,  c;*isited  as 
to  that  brought  up  by  the  incident  wave  will  be.  for  three  cases  treatro  In 
the  last  section,  from  Equation  [771,  [Bl).  -•*'  !8d),  re*;-*  ct  ively. 


(1)  non-  compressive  vr-  - , ~ ' 

E'  1 * 0.776  f * 

F l-i£ 

(?)  lasting  cavitation:  ^ x 2 ** 
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•n  1 •*- 1 I i ^.2  \ 

(2a)  cavitation  and  reloading:  “ * **  xr” * h + — — r — r | 

£-  \ r/ 

In  teals  or:  steel  diaphragms  w/p4  * 1/7-85.  while  a/h  Is  of  the  order  of  100 
and  z lies  between  5 and  if).  For  such  values.  In  the  absence  of  cavitation, 

E somewhat  exceeds  Er.  In  the  ca3e  of  cavitation  without  reloading,  the  fac- 
tor x^*  ranges  from  1/11  to  1/17.  so  that  E * a only  » third  or  a quarter  of 
the  reloading  by  the  water  will  then  probably  increase  E to  something  be- 
tween £„/ 2 and  2A'„.  in  some  caaea  a.  l jut,*,  happen  that  E-  * 

Thus,  although  exact  formulas  are  not  easy  to  obtain.  It  can  at 
least  be  said  that  the  observed  rough  proportionality  of  the  deflections  of 
many  diaphragms  or  similar  structures  to  wtyfi,  or  at  least  to  the  square  root 
of  the  energy  in  the  Incident  wave,  and  the  approximate  equality  of  the  plas- 
tic work  to  the  incident  energy,  stand  In  fair  harmony  wit,i  analytical  expec- 

tot. inn* , 

To  sum  up,  the  analytical  results  suggest  that  the  major  factor 
controlling  damage 

1.  should  be  the  maximum  pressure  for  relatively  small  structures, 
wnose  swing  time  and  diffraction  time  are  both  small  as  compared  with  the 
time  constant  of  the  Incident  wave; 

2.  should  be  the  Incident  impulse  when  the  swing  time  or  the  target 
Is  much  greater  than  the  time  of  action  of  the  pressure,  provided  cavitation 
does  not  occur; 

3.  may  be  something  nearly  proportional  or  ever,  equal  to  the  Incident 
energy  m some  Intermediate  cases,  or  when  cavitation  occurB. 

PART  5-  ANALYSTS  OF  A FEW  RATA  ON  DIAPHRAGMS 

The  appi  '.cation  of  the  preceding  formulas  to  recent  ubservatlons 
made  at  the  Taylor  Model  Basin  will  bo  discussed  In  the  report  on  those  ob- 
servHi.inns.  Two  other  sets  of  test  date,  reported  by  t.he  Bureau  of  Ships, 
will  b*  discussed  here. 

M0DUGH0  GAGES 

The  data  published  by  the  Bureau  of  Ships  on  Modugno  gages  0 9)  are 
in  partia-L  agreement  with  the  theoretical  expectations  set  forth  here. 

The  diameter  of  the  gages  was  1 lr.eh  for  the  diaphragm  itseir  and 

2.6  inches  overall.  Thus  the  diffraction  time  Tt  would  be  O.JOS  millisecond 

for  the  diaphragm  or  1 .3/59  « 0.022  mil  "second  for  the  entire  gage. 
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The  time  constant  T,  of  the  shock  wave  would  be  perhaps  0.95  milli- 
second for  a charge  of  0.2  pound  and  more  than  0.1  millisecond  for  charges  of 
a pound  or  larger. 


Thus,  ut  locrt  for  the  larger  charges,  Td  Is  relatively  small,  and 
Case  3 as  described  on  page  52  is  present.  Compressibility  of  the  water  es,. 
be  neglected,  cavitation  should  not  occur.  Furthermore,  there  should  bo  no 
appreciable  Increase  In  the  pressure  b ;/  reflection,  except  during  the  first 
few  microseconds. 

•me  swing  time  of  the  diaphragm  with  water  loading  may  be  estimated 
from  Equation  [67]  as 

T „ 0-5*  1 0,000332  {,  + 0.39 
' " 2/6  [ 35000  8.89  kj j 

Here  8.89  is  the  specific  gravity  of  copper  and  O.OOC832  ito  density  In  Inch 
dynamical  units,  and  the  yicia  3tress  has  been  taken  as  35.000.  leenniinF  to 
this  formula  T,  varies  from  0.078  for  a thickness  A « 0.03  Inch  to  C.060  mil- 
lisecond for  A = O.i  Inch.  This  la  of  the  same  order  aa  the  duration  of  the 
wave.  Hence  some  increase  of  deflection  by  dynamical  overshcot  is  to  bt 
expected. 

Fur  charges  of  1 to  30C  pounds  of  TNT,  the  static  pressure  P re- 
quired to  produce  the  same  deflection  &u  doer,  the  explosion  was  found  experi- 
mentally to  vary  nearly  as  R‘,-M  where  ft  is  the  distance  In  feet  from  the 
charge  to  the  gage ; see  Figure  1 8 in  ho Terence  ( 1 9 ) ■ The  exponent  1 .lb  might 
arise  chiefly  from  the  variation  with  dlit ans;  of  the  pressure  due  to  a 
charge  of  TNT.  A variation  wjtn  0lstar.ee  of  this  order  was  ;"ound  at  Woods 
Hole  for  tetryl  (20).  Similitude  would  then  Imply  a general  variation  of  P 
as  {wVr)'  u or  as  VF  • v'li  • !l;  whereas  the  data  indicate  a variation  more 
nearly  as  W^/K'1* 

The  more  rapid  increase  with  IV  may  be  partly  the  result  of  In- 
creased dynamical  overshoot.  For  ' sound,  y « iT,/itrTw)  • in  u. 07/(0. 1 1 if)  » 
0.b0,  roughly,  at  which.  In  Figurp  ?fl,  N = 1 For  ?00  pounds,  " -■ 

2 x 0. 07/(0. 6b  zr)  « 0.07,  at  which  .V  • 1.  Thus  Equation  [0?)  implies  ar. 
Increase  In  the  deflection  due  to  mere  t rrshcot,  as  the  charge  Is  in- 
creased from  l pound  to  200  pounds  lr.  tlu  o 1.80/1 .22,  or  In  lie  ratio 
On  the  assumption  that  deflection  and  equivalent  static  pressure  are 
nearly  proportional  to  each  other,  therefore,  the  total  variation  of  the 
equivalent  static  pressure  would  be  about  as  W °'**  +0'*‘  — IV*'4*,  which  is  not 
too  different  from  the  observed  W0-*. 

Tn  absolute  magnitude,  however,  the  equivalent  static  pressures  are 
c :uiderably  below  tne  estimated  peak  pressures  In  the  explosion  wave.  For 


Vli'  !l;  whereas  the  data  indicate  a variation  more 


example,  the  wave  from  1 pound  of  TNT  at  7*5  feet,  corresponding  to  that-  from 
3C0  pounds  at  5C  feet,  should  have  a peak  pressure  of  about  21 OC  pounds  per 
squire  Inch,  but  ;t  produces  only  the  same  deflection  as  a static  pressure  of 
1650  pounds.  Trie  occurrence  of  dynamical  overshoot  should  make  the  wave 
equivalent  perhaps  to  2100  x 1.22  « 2560  pounds.  An  increase  of  55  pur  cent 
Ir.  the  yield  stress  of  the  copper  dlaphrajpn  above  the  static  value,  due  to 
high  strain  rate,  would  remove  the  discrepancy,  but  such  an  increase  seems 
excessive. 

Other-  fentures  of  the  data  cannot  oe  interpreted  «ltii  certainty. 

21 -INCH  DIAFHRAOHS 

Data  pertaining  to  tests  on  21-lnch  steel  diaphragms  have  x-ccentiy 
been  reported  by  Lt.  Comdr.  R.W.  Ooranson,  UtSNR,  for  the  Bureau  of  chips  (22}. 
The  diaphragms  were  securely  fastened  10  the  equivalent  of  a heavy  stee.  ring 
1 foot  wide  mounted  on  the  frcr.t  cf  a heavy  caisson  and  .»  attacked  by 
charges  of  1 pound  of  TNT.  Perhaps  the  ring  can  be  regarded  as  roughly 
equivalent  to  an  Infinite  baffle. 

Tn  Table  2 thsre  are  shown,  for  seven  shots,  the  kind  uf  steel,  the 
thickness  k,  the  distance  R of  the  charge,  the  average  dynamic  yield  stress  0 
as  estimated  In  the  original  report,  the  observed  final  set  deflections  t, 
and  several  computed  values  of  *. 


TABLE  2 

21-Inch  Steel  Diapmagms  of  Special  Treatment  Steel,  High  Tensile  Steei, 
r.*d’>im  Steel  and  Pumlture  Steel 


1 T 


Kind 

of 

Steel 

A j 

Inches 

R 

feet 

S - 

1 lb/in* 

1 

«... 

Inches 

*«•!«. 

inches] 

Z f rti  j 

inches 

! 

*»•  c •*.  j 
inches 

1 

Inches 

1 *m 

| feet  per 
second 

STS 

0.1?* 

U 

’.25000 

1 .22 

1.13  ! 

i 

0 1 

l .46 

0.82 

r 63 

ms 

0.125 

3 

8S000 

2.04 

2 . uO 

! 0.77 

2.52 

0.67 

in 

MS 

0.125 

3 

8',000 

2.00 

2.00 

j 0.77  1 

2.52 

0.67 

111 

PS 

0.109 

2.5 

45000 

3.30 

4.15 

3.69 

i.5C 

4-52 

0.!*9 

136 

FS 

0.063  1 

4.5 

45000 

2.70 

2.09 

0.88 

3.36 

0.49 

83 

PS 

lo. 032 

10.0 

4S000 

1.35 

1 .92 

0 11 

v • yy 

2.14 

0.4Q 

4l 

KS 

lo.u; 

...j 

65000 
1 

3-95  (avg) 

4.01 

- , -j 

1.74 

4.9f 

| 0.59 

190  ] 

h in  tb'f  thlrkuMs,  * the  eenand  averaje  dynamic  yield  etrwee,  H In  th»  distance  to  tb*  charge.  I 
le  tfce  o*'— v«ot.ral  eet  a* flection.  ie  th*  calculated  value  at  the  •Vtcflc  llaitj  for  | 
other  value*  of  t aad  for  etb  th*  taxi. 

j 


A fair  approximate  estimate  of  the  high-pressure  part  of  the  shock 
wave  at  a distance  of  R feet  from  1 pound  of  TNT,  according  to  measurements 
by  Hllllar  ( 1 4 ) or  with  piezoelectric  gages  (22)  seems  to  be 

p = Ib/lr" 

li 

Tne  time  constant  of  the  wave  la  thus  about  Tw  * 0.11 5 millisecond.  This  13 
comparable  with  the  diffraction  time  for  the  diaphragm  or  Tu  » 10. 5/59  » 0.1 8 
millisecond,  but  it  la  much  less  than  the  swing  tine,  which  is  given  by  Equa- 
tion [66]  as  0.64  millisecond , The  swing  time  will  be  longer  If  water  load- 
ing is  included. 

Thus,  if  cavitaUon  does  not  occur.  Case  1 as  described  on  page  46 
of  the  uieSei.t  report  Is  present.  Deflections  calculated  on  this  assumption, 
from  Equation  [77],  are  shown  In  Table  2 as  C4,_  They  are  decidedly 
larger*  than  the  observed  values.  The  discrepancy  I3  prouably  great  enough 
to  outweigh  possible  sources  of  error  m the  necessarily  simplified  mode  of 
calculation  that  is  employed  he^e.  li  may  be  concluded,  therefore,  that  the 
diaphragms  were  protected  in  some  wav,  probably  by  the  occurrence  of  cavi- 
tation. 

The  pressure  on  the  diaphragm  should  sink  very  quickly  from  its 
initial  peak  value.  The  value  of  t in  Equation  [5b]  is  5.7/(8700  x 0.000735*) 
or  O.89//1,  where  K is  trie  thickness  cf  the  diaphragm  in  Inches.  Hence,  for 
k • 0.125  inch,  z * 7-1,  and  the  compliance  time,  at  which  the  pressure  has 
become  hydrostatic  and  the  diaphragm  is  moving  at  maximum  velocity.  Is,  from 
Equation  [5aJ,  Tm  « In  7-V($?00  x 6.1)  second  « 0.037  millisecond.  This  Is 
a small  fraction  of  the  swing  time.  Por  thinner  diaphragms  will  be  even 
less.  The  pressure  will  then  become  negative,  and  cavltetion  is  to  bp  ex- 
pected. 

On  the  assumption  that  cavitation  occurs  at  the  surface  of  the  dia- 
phragm soon  as  the  pressure  on  it  sinks  oeiow  the  hydrostatic  value,  the 
maximum  velocity  of  the  diaphragm  is  » given  by  Equation  [7).  Velocities 
calculated  from  this  equation,  with  p,  ■ 156OO/R,  ok  * 5-7.  * * O.ftO/A,  are 
given  as  a matter  of  interest  as  in  Table  2.  If  no  further  energy  Is  de- 
livered to  the  diaphragm  by  the  water,  and  If  It  takes  on  a nearly  spherical 
shape , Its  central  r.et  deflection  z will  be  given  approximately  by  Equations 
[80a]  and  [ 8l ] . Values  calculated  from  these  equations,  using  3 - 10.5 
Inches  and  the  values  of  <t  glv?n  in  the  table,  are  shown  In  Table  2 as 
They  arc  much  smaller  than  the  observed  values.  Even  smaller  calculated 


* In  Uw  ori (, lna.1  rnpert  (21)  oucf,  .tsall-r  cr 1 culateo  values  are  zvrun  ourli.tf  to  tbe  use  of  a dllTertinl 
Birthed  of  calculation.  Thu  method  employed  in  this  report  la  b*ll»?ed  to  bo  preferable. 
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values  of  *,  and  also  smaller  values  of  vm,  are  obtained  If  cavitation  Is 
assumed  to  set  in  at  a pressure  below  hydrostatic  pressure. 

Hence,  as  was  pointed  out  In  the  original  report  (21  },  an  addi- 
tional source  of  energy  must  be  found.  The  weter  will  in  fact...  nvcftnu.  the 
diaphragm  and  may  do  additional  elastic  work  upon  It.  According  to  the  ana- 
lytical results,  the  water  should  acquire  considerable  velocity  even  If  the 
Incident  wave  has  entirely  ceased;  but,  actually,  at  t * T„  « 0.037  milli- 
second, the  incident  pressure  he.s  do.-—  eased  only  to  a fraction 
or  0.73  of  Its  initial  «iw.  An.  attempt  to  allow  for  the  additional  pl«3iic 
work  was  made  In  Equation  [84],  and  values  of  t calculated  from  this  equation 
and  [80a]  are  shown  In  Table  2 as  ;(1|[.  These  values  are  in  good  agreement 
with  the  observed  deflections. 


The  assumptions  underlying  Equation  [84]  are  certainly  wlda  of  the 
mark  In  certain  details , but  It  may  be  that  In  their  broad  outlines  these  as- 
sumptions reproduce  roughly  the  process  that  actually  occurred.  If  this  is 
so,  about  three-fourths  of  the  plastic  energy  was  delivered  to  the  diaphragms 
by  the  water  as  It  Impinged  upon  them  after  closure  of  the  cavitation. 

The  final  result  will  presumably  not  be  very  different  if  cavita- 
tion occurs  first  in  the  water,  or  if,  beginning  at  the  diaphragm.  It  then 
spreads  back  Into  the  water. 
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MATHEMATICAL  APPENDIX 


‘/.'Arcs  INCIDENT  UPON  THE  INFINITE  PLANE  FACE  OF  A TARGET 

The  only  esse  of  wave  refits t ion  that,  ean  h*  handled  easily  is  the 
incidence  of  waves  upon  a plane  reflecting  surface  of  infinite  lateral  extent. 
The  waves  may  be  of  any  type  and  Incident  at  any  angle,  but  It  must  be  assumed 
that  they  are  weak  enough  to  make  the  linear  theory  of  wave  prooagatlon  appli- 
cable. Furthermore,  if  movement  of  the  surface  occurs,  its  displacement  must 
be  small . The  surface  will  he  called  a target,  nut  it  may  be  wholly  or  in 
part  merely  the  free  surface  of  the  water.  The  case  thus  characterized  will 
be  under  discussion  except  as  otherwise  stated. 

Under  these  conditions,  an  expression  for  the  pressure  field  In  the 
fluid  In  front  of  the  target  can  be  built  up  by  the  method  of  superposition. 
Let  p,  denote  the  pressure  that  Is  added  to  the  hydrostatic  pressure  p;  at 
any  point  In  the  fluid  by  the  Incident  wave  or  waves ; that  Is,  y0  + pt  is  the 
pressure  that  would  exist  there  if  the  target  were  replaced  by  fluid.  Let  a 
set  of  reflected  waves  be  added  such  as  would  occur  if  the  target  were  rigid. 
These  waves  are  simply  the  mirror  image  of  the  Incident  waves  In  the  face  of 
1 hi  target;  tnger.n*r  with  the  Incident  waves,  they  give  a pressure  field  In 
which,  at  any  point  on  the  target,  the  excess  of  pressure  Is  2pt,  while  the 
component  of  the  particle  velocity  perpendicular  to  the  face  Is  zero. 

The  target  and  ne  fluid  mus",  however,  have  the  same  normal  compo- 
nent of  velocity.  Tnls  may  be  secured  by  adding  further  waves  such  as  would 
be  emitted  by  a suitable  distribution  of  point  sources  located  on  the  face  of 
the  target.  In  the  waves  emitted  by  a point  source,  the  pressure  p and  the 
particle  velocity  v at  a distance  s from  the  element  may  be  written 


where  £ is  the  time,  p is  the  density  of  the  fluid,  c Is  the  speed  of  sound 
in  It,  and  where  /{£  - »/c)  stands  for  come  function  of  the  variable  t - «/<-, 
and  / lor  the  derivative  of  this  function.  The  fluid  emitted  by 
the  source  will  be  that  which  crosses  a small  hemisphere  drawn 
about  the  source  as  a center;  see  Figure  29.  The  volume  V,  emit- 
ted per  second  will  be,  therefore,  2?r»2v,.  Or,  siree  the  first 
term  in  Equation  [ ^8]  becomes  negligible  in  comparison  with  the 
second  as  j + 0, 


V.  = lim  [ 2trsl 

' j*ct  PS 


/(-  f 


2 IT 


fit) 


If  there  are  N sources  per  unit  area,  the  volume  emit- 
ted per  3ccond  from  an  element  6S  of  the  surface  will  be  NVjiS. 


.J 


M 


'M 


Figure  29 
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In  the  resultant,  motion  of  the  fluid  as  a whole,  this  voium-  trrled  out- 
ward from  the  surface  by  the  normal  component  of  the  resul  ■ it  artlcie  ve- 
locity v„.  Hence 

v„4S  =■  NV,tS  - —■/(()  as 

The  velocity  u„,  however,  must  ’yj  tins  same  as  the  norriial  component  of  veloc- 
ity of  the  target.  Hence,  If  z is  a coordinate  of  position  for  the  element 
iS.  measured  perpendicularly  to  the  Initial  plane  and,  for  convenience,  in 
the  direction  away  from  the  fluid, 


v 


dz 

dt 


- 2 


The  proper  particle  velocity  will  exl3t,  therefore,  at  the  target  If  fit)  is 
such  a function  that 


p J'L'1 


Then 


where  z = <!2z/dtz;  and 


fit)  - -rrf(t)  - - 


2 s.V 


J (£  c)  ” 2rltf  *'-f 


where  z denotes  the  value  that  the  acceleration  t has,  not  at  time  t,  but 
at  the  earlier  time  t - i/c. 

The  pressure  at  a distance  s from  the  element  tS,  due  to  all  sources 
cn  it,  i3,  therefore,  by  [98] 


(,viS)Pi  =.  Oil  / (t  - - fif-  f 

and  at  any  point  un  toe  face  of  the  target  the  pressure  due  to  all  sources  13 


P, 


" ~ luf't  *‘‘f  dS 


199] 


where  * denotes  distance  from  the  point  to  the  element  dS.  Here  p,  refers  to 
a particular  point  on  the  target  and  to  time  (,  » , is  the  value  of  * at  dS 
but  at  a time  £ - */c,  and  the  integration  extends  over  the  face  of  the 
target . 

The  pressure  at  any  point  on  the  target  due  to  all  causes  is  then 
P * - P,  + p„  - 2p,  + - 2^/7  *«  - J '!10°] 


Here  even  p0  may  vary  from  one  point  of  the  target  to  another. 
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THE  MOTION  OF  A PLATE,  DIAPHRAGM  OR  LIQUID  SURFACE 

Suppose  th.it,  in  the  case  .lust  considered,  the  target  consists  of  a 
plate  or  diaphragm,  initially  plane.  Then  its  equation  of  motion  will  be 

m'z  — p -t  0 — p„  ('  Oi  j 

where  m is  Its  mass  per  unit  area,  and  stands  for  the  difference  between 
the  hydrostatic  pressure  p0  on  the  front  face  and  the  pressure  p0  or.  the  back 
face,  plus  the  net  force  per  unit  area  due  to  stresses.  If  any.  Or,  by  [100], 

mz  - 2p,  + <f>  — i,.t  dS.  (10?] 

The  displacement  is  assumed  here  to  remain  small  enough  so  that  its  component 
parallel  tc  the  initial  plane  can  be  Ignored.  Equation  (10?)  Is  an  lntegro- 
dlfferentlal  equation  for  ;,  which  is  a function  both  of  time  and  of  position 
on  the  plate. 

11 1 3 **  mat/  gptho 1 1 y consist  v/holljf  OI*  ^ n p3i*t  0 f t h?  f'l'O 
surface  of  the  liquid,  for  nothing  in  the  calculation  of  the  pressure  rests 
upon  the  assumption  of  a solid  target.  At  any  point  where  the  surface  is 
free,  or,  for  ‘hat  matter,  at  any  other  point  as  well,  z will  represent  the 
normal  displacement  of  the  liquid  surface. 

At  a point  on  the  free  surface,  [100]  may  conveniently  be  written 

fnl'J  :-idS  “ 2*  + Po~P  I103] 

where  p Is  the  external  pressure  on  the  surface.  The  integral  extends  as 
usual  over  the  entire  plane.  This  equation,  when  needed,  cai;  be  formed  from 
( 1 02  j by  setting  m - 0 and  £ = pc  • p.  Here  p0  includes  atmospheric  pressure 
and  may  differ  from  p because  of  an  acceleratlonal  pressure  gradient  In  the 
liquid.  At  any  point  where  the  surface  of  the  liquid  is  In  contact  with  a 
plate  or  diaphragm,  [102]  will  continue  to  hold. 

THE  CA3E  OF  FLAKE  WAVES 

If  the  plate  remains  accurately  plane,  and  If  p,  is  uniform  over  it, 
then  * is  also  uniform  and  hence  Is  a function  of  t only.  Thus  In  the  Inte- 
gral in  1102]  the  quantity  z , is  a function  of  t and  » only.  Hence  in 

this  integral  dS  may  be  replaced  by  2mids,  representing  * ring-shaped  element 
of  area  on  the  plane,  and 

No*  < dot-  over  z ,.x1s  equivalent  to  differentiation  with  respect  to  the 
t foment  t - s/c,  so  that 
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t ^ a)i 
1 : y 


I 


where  i ,-j.  la  the  velocity  at  time  t - */c. 

Hence,  if  the  integration  is  restricted  to  a ring-t-hoped  be- 
tween s « *.  and  * - *4i 


/ *<-?  T~  “ ~ Znci Ti^-i  da 

*1 


— 2*rcif 


'] 


- !’«5i 

whereas  If  the  integration  covers  the  entire  plane,  and  if  the  plate  started 
from  rest  so  that  i(-  «]  ■ 0, 


Thus  1102]  becomes 


J ± — 2ite  i(t) 


mi  + pci  =■  2p,  -t-  0 


[ic6] 

[1071 


where  ail  quantities  refer  to  time  i.  This  is  an  obvious  generalization  of 
the  one-dimensional  equation;  see  Equations  [10]  and  [11]  on  pages  24  and  26 
of  TMB  Report  U8o  (10). 


Equation  [107)  has  reference  to  plane  waves  at 
normal  Incidence.  It  was  pointed  out  by  Taylor  (4)  that 
the  case  of  plane  waves  incident  at  any  angle  9 cun  eas- 
ily be  treated  provided  it  is  assumed  that  0*0,  so  that 
the  elements  of  tne  diaphragm  move  independently. 

Let  y denote  distance  measured  along  the  dia- 
phragm in  the  plans  of  incidence.  In  figure  30  there  is 
shewn  on  incident  wave  QQ’Q",  at  all  points  of  which  the 
incident  pressor*  has  the  seme  value.  If  Q strikes  the 
origin  for  y at  time  t,  Q'  will  not  strike  the  diaphragm 
until  a time  H -y1?—  later,  where  c is  t'ne  speed  of  sound 
in  the  liquid.  Thus  11  px(l)  denotes  the  incident  pres- 
sure at  y ■ 0,  its  value  elsewhere  on  the  diaphragm  is  j. 

it  Is  a natural  surmise  now.  to  be  verified  in  the  sequel,  that  tha 
displacement  i will  also  be  a function  of  the  same  argument  or  i|i  - ) 

Thsn  all  elements  execute  the  same  motion  but  in  different  phase;  and 


Figure  30 
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Introducing  polara  a,  0 on  the  diaphragm  so  that  y * $ coa  0 and 
d5  * sc£j<i&  changing  from  * to  «'  »«  •»•«  cusq^siu  0,  so  that  dt'  « 

(1  + sin  0 cosiMdy,  and  proceeding  as  in  obtaining  [10?], 


j*.-, ¥-//*- a * 


d» 

+ sine  cos  *< 


2nc 
*os  e 


i(t) 


provided  *(-«,)  » 0.  Hence  [i02]  becomes,  as  a generalisation  of  [107], 


pc  2 
cos  e 


“ rt  V 


[108] 


This  equation  Is  also  obtained  easily  fron.  a simple  consideration  of  the  pro- 
cess of  reflection. 


EFFECT  OF  AN  INFINITE  BAFFLE 

Let  part  of  the  target  consist  of  a plane  baffle  extending  later- 
ally to  an  infinite  distance  from  the  edge  of  the  plate. 

If  the  baffle  is  fixed  In  position.  Its  only  effect  upon  [102]  13 
that  the  range  of  integration  for  the  integral  need  be  extended  -*»ly  over  the 
fare  of  the  plate,  since  elsewhere  i » 0. 

If  tno  baffle  Is  movable,  let  *4  denote  ito  uiaulaceomnL . Then 
over  the  baffle  tt  is  uniform  and  is  a function  only  of  the  time  t or 
Let  the  integral  In  [102]  be  divided  »s  follows: 


- -r)J dS 


plal« 


In  which  the  first  integral  on  the  right  Is  arbitrarily  extended  over  the 
plate  as  well  as  over  the  baffle,  and  the  error  thus  introduced  Is  compen- 
sated for  by  t.he  second  term  In  the  second  Integral,  which  extends  only  over 
the  plate.  The  first  integral  on  the  right  can  then  be  transformed  as  In 
[1C5],  since  *4(t  - e/e)  Is  a function  only  of  ( - t/e,  giving 

In  terms  of  the  velocity  it  of  the  baffle  at  time  t.  Hence  [102]  may  be 
written 


i 


"**  “ + * ~ Pe*t  “ o j ']  [*  “ ds  1 1091 

flat r e 

where  all  quantities  except  t - z*  in  the  Integrand  are  taker,  at  tlae  t. 
Another  form  for  a special  case  is  given  In  Equation  (IQ]  or  (20]. 
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PLATE  OR  DIAPHRAGM  PROPORTIONALLY  CONSTRAINED  AND  MOUNTED 
IN  AN  INFINITE  PUNE  BAFFLE 

Let  it  be  assumed  that  In  the  displacement  of  the  plate  from  its 
initial  plane  position  all  elements  move  In  fixed  proportion,  so  that  It  Is. 
possioie  to  write 

z *»  2e(t)/(x,y)  (110) 

where  t,  1b  a function  of  the  time  whereas  f{x,y)  1b  a fixed  function  of  po- 
sition on  the  Initial  plane;  tc  may  represent  the  displacement  of  some  point 
on  the  plate,  such  as  the  center,  at  which  then  y(x,  y)  « i . Let  the  baffle 
be  immovable. 

Then  [102]  becomes,  with  dS  replaced  by  dx'dy', 

mzjt) /(x,y)  - 2p,  + 4>  - ~ ffj  it(  t - y)  /<x',y')  dx’  dy‘ 

Fore  zcl  lr.  contrast  with  2 in  [1C21.  Is  a function  of  time  alone,  and 
i,(t  - »/e)  denotes  the  value  of  dii./dti  at  a time  t - */c.  By  multiplying 
through  by  /( t,y)  and  Integrating  again  over  the  whole  area  of  the  plate,  a 
convenient  or nary  lntegrodlfferentlal  equation  is  obtained  for  zc  : 

Mit  “2 F,  + 4 - ‘^JJfix.yidxdyj  f-j  xt(i  - ~J /ix.  y‘)  uz' Jy’  [m] 

where 

M “ jj  m[/(x.y)]  dnin  [112] 


f,  = }jy,f(x.y)dxdy.  ♦ - Jj  4>  /(x,y)  dx  dy 


Since,  from  [110], 


* “ *,  /[*.»> 


(115a,  t>] 


[114] 


the  kinetic  energy  of  the  plate  Is 

^ “ llz  **  £ i/JJ  nt[/(r  .y)]  ixdy  - ~ Mi*  [115] 

A more  useful  form  for  the  Integral  In  [111]  is  obtained  If  sV  are 
replaced  by  polars  #,  9,  with  origin  at  the  movable  point  x,  y,  but  with  the 
axis  In  a fixed  direction,  so  that  dt'dy'  Is  replaced  by  td9d  1.  P.ere  » en<i  a 
may  be  defined  by  the  equations 

x ' — x =*  ..cos  A,  y ' - v — 5 sin 9 

see  Figure  31.  Then,  after  changing  the  order  of  integration,  [Hi]  can  be 
written 


7i 


Mr,  ” IF  + 4 - (i  | *.n  •j!  rj U’ide 

5 1 c' 

where  D l s the  maximum  diameter  of  trie  pi  ate  and 


n(i)  - 2‘-  jd$IJ/(x,y  )j{x,y)dxdy 


In  which  is  to  be  understood  as  expressed  In  terns  of  x,  y,  t.  e.  If 
• is  too  largo,  the  Integral  In  s and  y will  vanish  for  certain  values  of  #; 
and  the  entire  Integral  vanl3hOB  for 


Figure  31 


Motion  of  t>—  elements  par-  /<’  t-.lt  - 

allel  to  the  Initial  plane  of  the  / \ %Ta/  \ 

plate  la  Ignored  here,  as  uauai.  An  / / \ 

equation  containing  correction*  for  j \ / \ 

notion  of  tne  oat  fie  is  obtained  on  f ,'y',  \ 

page  eb  of  the  text  as  liquation  [33).  J / ( 

The  proportional  snape  may  I V . 

be  supposed  to  he  maintained  by  suit-  \ / \ / 

able  Internal  onstralnt  forces  which  | ® N\  j 

on  the  whole  do  no  work  In  any  die-  \ l— ir1  ""v 

plaoanent  of  the  plate.  These  forces  ’v  — 

are  In  addition  to  those  due  to  - — ’ 

stresses;  they  wight  be  supplied.  Figure  31 

for  example,  by  a suitable  llnkwo.k 
mounted  on  the  dlaphragn- 

If  * denotes  the  net  force  on  unit  area  due  tu  the  constraints,  the 
element  of  worn  done  by  them  Is  dM'-'-  |(#d»tdS  - 0,  or,  it  i » i(  * *,/l*»y) 
aa  In  [32),  to  allow  Tor  motion  of  the  osffle, 

dH"  — o*tj  4 rfi  + it,  ||>'/(r,y)dS  m 0 

But  j+  dS  Is  the  total  lorce  Quo  10  one  constraints  a:tJ  trial  vanish ■ IlCJ.CC 

y)dS  • 0.  The  vanishing  of  this  Integral  prevents  4'  from  contributing 

to  ♦. 

As  o special  case,  if  a circular  diaphragm  of  radius  a is  aasiased 
to  remain  sjTssetrlc  about  i’s  axli  but  tr  become  paraboloidal  in  tone,  and 
If  i,  ir.  ‘ifr  to  represent  the  dispiacewert  of  the  center,  then 


/(i.y>  “ 1 - 


where  r denotes  distance  from  the  cen'e,,  and  It  is  Ioujki  that,  whereas  ijt a; 
0 for  t i 2a,  for  0 & t < 2a 
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!<■- 


r,;«)  - y ar[t2-3KsW  | + (g  R + yK3  - ill?] 

where  R = i/a.  Furthermoi  e,  from  {lit],  If  m is  uniform  over  the  plate, 

Af  - -y  *a!  1120] 

and,  if  the  incident  pressure  p,  is  also  uniform,  from  [113a], 

f.-jire2?.  [121] 

Or,  if  the  diaphragm  move3  like  a piston,  except  for  a negligible 
ring  at  the  edge,  f{z,y)  = 1 end 

!?(•>  - «2(2cos'‘|  - |k4TF)  [122] 

Af  ” mmo!,  F **■  na2pi  [ 1 23a,  b] 


The  curves  for  ij(  » ) corresponding  to  these  two  formulas  do  not  vary 
much  from  straight  lines  of  the  form 

17(f)  - no!(A  -S  -J)  1124] 

if  the  constants  A ' and  /?'  are  determined  so  as  to  give  correct  values  to  the 
two  Integrals 

?* 

I n{t)ds,  I s n(*)ds 


then,  for  paraboloid-;!  constraint.  A'  = 0.357.  t>  ~ 0.2U6;  for  the  piston- 
like constraint.  A'  « 0.961,  B‘  * 0.544,  The  curves  for  n/Vo*  and  the  cor- 
responding lines  arc  sho.oi  in  Figure  32 . 

If  an  expression  for  *7  of  the  form  of  [124]  is  substituted  in  [116], 
the  integral  cen  be  evaluated.  For  the  upper  11m  t,  however,  2 a must  be  re- 
placed by  « » A'  a /R‘,  at  which  *j  as  given  bv  [124]  vanishes.  A dot  over. 

*e(t  - «/c)  is  equivalent  to  differentiation  with  respect  to  the  argument 
(t  - »/-.),  hence,  at  fixed  l,  in  analogy  with  1 1 04 ] , 


di* 


*[•«(*  - t)]  " ~ c i.fc(!  - *-)] " ? Sn*  - c) 


Hence,  integrating  by  parts. 


A a 

, H. 


j T *ik{*  - e‘) d = H*  - 7)  + 7»4  - |)]j_ 

" cA'iSD  i-  - ~)  - Mt)] 


. A u 
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For  a piston  n is  defined  lu  Equation  [122]:  for  a par*boloidAl  diAphragm,  in  E^u^tion  (1T9J. 
t rtdiua  uf  the  diaphr«gw  Is  u,  and  th-i  distance  ftoa  Its  center  is  R.  The  curves  represent 

t */*•*;  the  straight  lines  represent  linear  epproximr  tlons  havi/ig  the  oa.se  area  under  tt  ?m  as 

the  curves  and  also  the  sajie  aosent  aoout  the  axis.  R - 0.  ’ 

« 

i 

( If  this  expression  multiplied  by  n-o2  Is  substituted  for  the  integral  in  [116],  • 

( and  also 

i 

itfica2A'  , noc2aB’  A'a  _ 

M " k’  M b’  B~  “ T 

Equation  ( 1 1 6 ] become?  the  difference-differential  equation 

icU)  + - b[i,{f  - *,(t  - r>]  - — [ 1 25 J 

This  equation  18  raore  easily  I andled  than  the  more  accurate  Integrodifferen- 

tlsl  equation;  in  simple  cases  it  can  be  solved  completely.  . 

• ' THE  N0N-C0MPRES3IVE  CASE  WITH  PROPORTIONAL  CONSTRAINT 

Let  irf  change  bc  slowly  with  time  that  it  changes  only  by  a negll- 
: gltle  amount  during  a time  D/e.  Then  In  Equation  [ill]  or  [ 1 1 6 1 it  can  be 

■ treated  as  independent  of  a arid  can  be  taken  out  from  under  the  Integral  sign, 

\ with  the  result  that  . 

; ' \M  + Mt)ir  - 2FX  + $ 1 126] 

1 h 

■ M . “ ~~jJ/(z,y^ dzdyJJ— fl.x,y  ) dz  dy  ^ pJt;(s) d:  [127] 

In  which  a denotes  the  distance  between  the  dements  dxdy  and  dx’dy. 
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Mr  a circular  diaphragm  of  radius  a,  substitution  of  [119)  or 
[122]  for  17  in  (127)  and  evaluation  of  the  Integral  giveB,  for  the  paraboloi- 
dal and  the  plston-llke  motions,  respectively, 

M,  - 0.813  pa’.  M.  ” fpaJ  1128a,  b] 

A third  type  o'"  motion  that  Is  of  some  Interest  Is  described  by 

t ” feU)/(*,y)  “ *c(()[l  ~ *7)  for  r <.  a-  1 i 29 i 

The  integral  In  [102]  becomes  In  this  ease,  when  * varies  slowly  enough  with 
the  time, 


Now  this  last  Integral  represents  the  electrical  potential  at  any 
point  of  a disk  due  to  a density  of  charge  on  It  equal  to  (1  - r */a*)'i;  and 
it  is  a known  theorem  In  electrostatics  that  a surface  density  varying  in 
this  manner  produces  a constant  potential  over  the  disk.  The  constant  value 
of  the  integral  le  easily  found  by  evaluating  it  for  a point  at  the  center, 
where  « = r ana  do  may  be  replaced  by  cnrdr,  so  that 

/ ~(l  ~ ^</S  » J(l  ~ 7?)  ^ 2n  dr  - »r*e  [131  ] 

With  the  use  of  this  result,  the  integral  for  M,  in  [127)  1b  «sslly 
evaluated,  thus: 

m< = 27  /(i_  y ^nrdr/(i " y ***** 

— 5r?poJ[l  — rdr  — [132) 

Furthermore,  substitution  from  [150]  and  (131)  for  the  integral  in 
[103]  gives 

f por,  = 2 p(  + p0-p  (133) 

This  result  will  hold  for  the  water  surface  exposed  in  a circular  opening  of 
radius  a ir.  a plate  lying  against  the  water,  when,  with  the  exposed  surface 
initially  plane  and  stationary,  a comparatively  steady  pressure  equal  to 

+ p,  is  generated  in  the  water  back  of  the  hole  whllo  the  pressure  on  the 
exposed  Burrace  is  p.  Then  [1293  represents  the  displacement  of  the  water 
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surface  provided  *„  la  such  a function  of  the  time  that  it  has  the  value 
given  by  f 1 53  j . 

Tne  electrostatic  analogy  can  be  utilized  in  all  cases  to  show  that 
M,i'2/2  represents  the  kinetic  energy  in  the  water.  Tills  may  also  be  shown 
from  (126]  as  follows.  Let  the  mass  of  the  diaphragm  be  negligible,  so  that 
Wean  be  set  equal  to  0 and  stress  forces  can  be  neglected  in  ♦,  and  let  Ft  - 
0.  Then  Equation  (126],  multiplied  through  by  it,  can  be  written,  using 
[113b], 


M,  /(at, y)dxdy 


Here  # is  now  the  difference  between  hydrostatic  pressure  and  the  pressure  on 
the  back  face  of  the  plate,  and  it/(*,y)  is  the  velocity;  hence  the  Integral 
represents  the  rate  at  which  the  net  pressure  is  doing  work.  Tnls  must  equal 
the  rate  at  which  the  kinetic  energy  cf  the  water  is  increasing,  and  the  left- 
hand  member  of  the  equation  is  in  fact  equal  to 

Up  to  this  point  it  has  been  assumed  that  the  diaphragm  is  sur- 
rounded by  a fixed  plane  baffle  of  infinite  extent.  If  there  is  no  Daffie, 
and  the  diaphragm  forms  one  side  of  an  alr-fllled  box,  the  determination  of 
M,  is  much  more  difficult.  In  order  to  estimate  the  order  of  magnitude  of 
the  difference,  the  value  of  W,  was  calculated  for  a sphere  whose  surrace 
over  one  hemisphere  moves  radially  outward  while  the  other  hemisphere  re- 
mains at  rest.  The  motion  of  potential  flow  is  easily  written  out  for  this 
case  In  terms  of  spherical  harmonics;  summation  of  the  resulting  series  gives 
W,  = 0.832ttpos  where  a Is  t.he  radius  of  the  sphere  and  p the  density  of  the 
surrounding  fluid.  Had  the  Hula  been  confined  oy  a plane  baffle  continuing 
the  plane  of  the  base  of  the  e/.pandlng  hemisphere,  M,  would  have  been  ?mpo5. 
Thus  removal  of  the  baffle  decreases  M,  in  the  ratio  0.41 6.  It  Is  a plaus- 
ible .surmise  that  the  decrease  in  M,  would  be  somewhat  less  for  a paraboloi- 
dal diaphragm  and  somewhat  more  for  a piston. 


THE  REDUCTION  PRINCIPLE,  IN  THE  CASE  OF  PROPORTIONAL  CONSTRAINT 

Suppose  again  that  only  part  of  the  target  is  movable,  the  rest 
constituting  an  infinite  rigid  baffle;  as  before,  let  the  maximum  diameter  cf 
the  movable  plate  be  u.  Let  Wand  W,  be  constants.  Then  the  following  state- 
ments are  true : 


Within  any  time  interval  of  length  5/-.  at  least  once 

(2  F,  + *)j_ 


djj,  = 

dtT  M + M, 


(134] 
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where  a subscript  / means  that  values  are  to  be  taken  at  the  end  of  the  In- 
terval, while  o**</dt*  Is  the  acceleration  at  some  unknown  instant  during  the 
Interval.  Alternatively,  itxt/dti  may  merely  change  dlseontinuously  from  a 
value  on  one  side  of  that  stated  to  a value  un  the  other  aide. 

2.  Within  any  time  interval  of  length  D/e,  at  least  at  one  Instant  t 


it(t)  - i/t ,)  + 


MTBTi'J  IM*‘- 1) - "u,di 


y 

-JUiV 


. . 1 


i 


l t’ 

i«(t)  -*<(*,')  + J (2F.  + [136] 

1 'i 

where  t,  la  the  time  at  the  end  of  the  Interval  and  tt  18  any  chosen  time  not 
later  than  its  beginning,  wmie  1b  some  unknown  Instant  lying  between 
1,  - D/e  and  tl.  Thus 

D 

< t.  < t < t, 

end  tf  and  t , are  arbitrary  except  that 

To  prove  the  first  of  these  statements,  multiply  [11 6]  through  by 
.«,(«+  3£l } : 

f 

(Af  + M,)MlMxtU)  - Af,(M  +M,)[SF.  + * - - f)<K*)ds]  [137] 

How,  If  (j  la  any  quantity  Independent  of  t.  by  [127] 

D 

M,Q  " pj*Q  [133] 

By  applying  this  transformation  to  *c(t),  Fi  and  *,  It  Is  easily  seen  that 
[1373  can  bo  written 


pj  jjn[(*f  + Af,)*c(t)  - 2 Fx  - ♦]  + J*  [(Af  + ™,)V£(t  - f)  - 2Ff  - #]|  r,(t)d>  “ 0 

Now  If  the  seconO  expression  In  brackets  does  not  vanish  for  any  value  of  « 
ir.  t!.  * range  of  integration,  and  nowhere  lumps  from  positive  tn  negative  or 
vice  versa,  then  it  haB  everywhere  the  same  cign,  and  the  name  sign  as  the 
first  bracket,  which  Is  its  own  value  for  » ■ 0;  the  entire  Integrand  has, 
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therefore,  the  same  sign  throughout,  and  the  integral  cm, rot  vanish.  Hence 
for  at  ioast  one  vaiue  « between  0 and  D the  second  bracket  iimai  van- 

ish or  change  sign  dlscontlnuously.  At  the  corresponding  time,  t - s'/c,  tc 
or  i,  (t  - s'/e)  has  the  value  stated  in  flJUj. 

To  prove  [135].  Equation  [116]  is  first  integrated  with  respect  to 
the  time  from  t,  to  tr. 


. V i'r  , 

*[W  ~ M*«>|  - J (2Ft  + *)dt  - P I -fj-  i^t4 

•j  £ 


in 

</j 


Multiplying  by  Af,(Af+  Af()  and  applying  [138]  to  all  terms  except 


D 

_ c)’w<* 

there  results 


P 4 - A/2c(t,)  - J(2F,  + »)dt  - p JX(t,  - £)d»'j 


Ai,[,.W  + Af() 


- /. 
Z‘V'/ 


*\ 


M*CU,)  - f(2Ft  + *)dt 


and  by  reasoning  as  before  and  then  using  [ 1 27 ] . Equation  [135]  is  obtained. 
To  convert  this  equation  into  [136],  note  that,  since  n lb  positive  end  *c(t) 
is  continuous,  there  exists  a value  *"  between  0 and  D such  that 

D p 

OJ  [*?(*«  _ ~ “ f%(ti  “ v)  ~ *eUj)]/>f>}(«)dS 

0 * v * 6 


by  [l?7l.  The  terms  containing  t,  in  [135)  can  thus  be  written 


i,U,) 


M + M, 


ijt,) 


This  expression  lies  between  and  *c(t,  -e'/c);  it  is,  therefore,  the 
value  of  ie(f,  - */<•)  at  some  other  value  *’  between  0 and  or  the  value 
of  i,(t)  at  some  time  t between  t,  - D/e  and  t,. 
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Comparison  with  [1261  and  with  the  result  of  integrating  thi3  equa- 
tion from  t,  to  ij.  respectively,  shows  that  the  values  of  zt  and  ze  given  by 
[139]  and  |135j  or  [136]  are  equal  to  the  values  obtained  from  non-compres3lve 
theory  except  for  the  Initial  correction  due  to  the  first  Integral  in  [135] 
or  the  substitution  of  £,'  for  £,  in  [136], 


INITIAL  MOTION  OP  A PROPORTIONALLY  CONSTRAINED  PLATE 

Alter  a proportionally  constrained  plate  has  been  ettner  as  rest  or 
moving  uniformly  for  a time  greater  than  i>/c,  let  & wave  or  pressure  j>,  sud- 
denly begin  to  fall  upon  It,  at  time  t ■ 0.  Then,  in  [111],  zc(t  - a/c)  will 
at  first  differ  from  zero  only  for  small  i,  for  which  f[x‘,  y)  may  be  replaced 
by  f(x,y)  and  taken  out  from  under  the  integral  sign.  The  integration  with 
respect  to  dx'dy'  or  dS'  can  then  be  carried  out  in  analogy  with  [106]: 


provided  ic(- 


j_\  dS ' 
c)  t 


2 ttc  if  t) 


[1391 


0.  Thus  [111],  becomes,  approximately,  for  a short  time. 


where 


Mic  + pcAi.  -2 r + « [140] 

A-  fj[f(x,y)fdzdy  [14!] 


EPPECT  OP  FLUID  ON  BOTH  SIDES  OP  THE  PLATE 

if  there  is  fluid  of  appreciable  density  behind  the  plate  as  well 
as  in  front  of  it,  a release  pressure  will  be  developed  on  both  sides.  That 
in  front  will  be,  from  [99] > 


where  p,  is  the  density  of  the  fluid  in  front  and  c,  is  tho  speed  of  sound  in 
this  fluid.  The  release  pressure  behind  the  plate  will  be  similarly. 


[192] 


where  p,  and  c„  refer  to  the  fluid  behind  the  plate.  The  reversal  of  sign 
here  arises  from  the  fact  that  in  obtaining  tne  formula  for  the  release  pres- 
sure i was  assumed  to  be  measured  positively  away  from  the  fluid,  whereas 
hare  the  positive  direction  for  z is  taker,  always  toward  the  back  side  of  the; 
plate  The  total  pressure  on  the  back  face  is  then 


= + P.2 


79 


93 


where  p02  is  the  hyarost.a;,  ■ ensure  on  that  face. 

The  second  relt  [ i e3sure  ptJ  Is  automatically  allowed  rr  r in  the 
quantities  0 and  # as  originally  defined.  Hence,  if  desired,  all  of  the  pre- 
ceding formulas,  Equations  (TOO)  to  [i4i],  will  still  held  provldid  p and  c 
In  those  formulas  are  replaced  by  p,  and 

As  an  alternative,  4>  may  be  defined  as 

0 “ - p,.  - I 7* jr.  dS  l11*?] 

' " ‘2 

where  denotes  the  difference  between  hydrostatic  pressure  on  the  front  and 
on  the  back,  plus  the  net  force  on  the  plate  per  unit  area  due  to  stresses. 
Then  by  [113b]  and  the  transformation  leading  to  [11 6] 

“ ♦„  “ ll4u) 

6 * 

where 

11451 

If  this  Is  done,  It  is  readily  seen  that,  besides  the  substitution 
of  <(>a  for  <t>  in  all  equations,  every  term  containing  an  integral  with  i ,_i  or 
z(t  - s/c)  In  the  integrand  Is  replaced  by  the  sum  of  two  similar  terms  with 
p and  e changed  to  p,  and  c,  or  to  f;  end  c2,  respectively;  furthermore,  in 
such  equations  for  M,  as  [12/J,  [128a,  b]  and  [132],  p is  replaced  by  Pj  + pif 
and  where  the  acoustic  impedance  pr  occurs,  as  in  [107],  [108],  [109],  and 
[l4o],  It  is  replaced  by  the  sum  of  the  two  Impedances,  p,c.  + p,e,. 

In  particular,  fur  a uniform  plane  plate  between  two  fluids,  with 
plane  waves  incident  normally  upon  it  on  one  side,  [107]  becomes 

mi  + (p,c,  + pj, c2) i *=  2pj  + <i9  [146] 


CAVITATION  AT  A PLATE  OR  DIAPHRAGM 

The  analytical  theory  of  cavitation  at  the  interface  between  a 
plate  and  a liquid  will  be  developed  here  on  the  two  assumptions  that  cavita- 
tion occurs  whenever  the  pressure  sinks  to  a fixed  breaking-pressure  p4,  and 
that  the  pressure  in  the  cavltated  region  has  a definite  value  pr.  not  less 
than  }>k.  The  assumptions  hitherto  made  concerning  the  plate  will  be  retained. 

On  these  assumptions,  cavitation  will  begin  in  an  area  on  the  plate 
in  which  the  pressure  is  decreasing  and  at  a point  at  which  a local  minimum 


94 


BO 


of  pressure  occurs.  Since  in  the  neighborhood  of  such  a point  the  pressure 
differs  only  oy  a quantity  of  the  second  order,  cavitation  will  then  at  once 
occur  at  neighboring  points  as  well.  Thus  the  edge  of  the  eavltated  reEion, 
advancing  over  the  plate  as  a brtaking-eigt,  wll1  move  at  first  at  Infinite 
spaed.  Eventually  it  will  halt  and  return  toward  the  eavltated  area  ao  a 
cloting-tugf , leaving  the  liquid  b-u-ird  it  in  contact  with  the  plate. 

Let  U denote  the  speed  of  propagation  of  the  edge  in  a Uiiectlon 

pc*  rtu'dloulai  itooii,  aiju  let  c denote  the  Speed  Of  auuiiu  lii  the  liquid. 

Tf  V ^ e,  the  phenomena  at.  the  edge  ape  essentially  local  in  Char- 
acter  and  the  analytical  treatment  is  easy.  For  effect r can  be  propagated 
through  the  liquid  only  at  speed  e;  lienee  no  effects  propagated  from  points 
behind  the  edge  can  overtake  it,  so  that  its  behavior  is  determined  entirely 
by  conditions  ahead  of  it,  and  these  conditions,  in  turn,  are  entirely  unin- 
fluenced by  the  approach  of  the  edge. 

Consider,  first,  a breaking-edge.  Let  <fn  denote  the  perpendicular 
distance  from  the  edge  to  a point  P ahead  of  it. 

Than  the  pressure,  which  is  p,  at  the  edge,  is 


at  P.  where  denotes  the  gradient  of  the  pressure  P in  a direction  per- 

pendicular to  the  edge.  The  pressure  at  P will  sink  to  pt,  and  the  edge  will, 
therefore,  move  up  .to  P,  in  a time 


where  &j>/dt  is  che  time  derivative  cf  the  pressure  in  the  liquid  Just  ahead 
of  the  edge.  Hence 


yP 

U - rii(-7l 

it  §2 

fln 

Thus  V £ c only  if  -flp/St  c dp/ 6*. 

As  the  edge  passes  P,  the  pressure  or.  the  liquid  surface,  previous- 
ly p».  becomes  p, . If  pe  > pt,  th *.  sudden  increase  in  the  valuo  of  p in  [10J] 
requires  a compensating  negative  increment  of  the  integral  in  t;.at  equation. 
This  increment  can  arise  only  from  high  momentary  accelerations  of  the  liquid 
surface.  Hsnce,  as  the  edgo  passes  P,  there  occurs  an  impulsive  change  in 
the  velocity  of  the  liquid  surface  perpendicular  to  the  plate.  This  change 
is  easily  calculated. 
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The  high  values  of  Ino  acceleration  associated  with  the  passage  of 
the  edge  travel  along  with  It.  Hence,  If  x is  the  coordinate  of  any  point  on 
the  plate  measured  from  P perpendicularly  to  the  edge  and  in  its  direction  of 
motion,  and  if  is  the  special,  high  acceleration  due  to  the  edge  at  P 

at  a certnin  time  t,  the  simultaneous  value  of  this  acceleration  at  any  other 
point  will  he  the  same  as  the  value  that  was  at  P at  the  earlier  time  t - x/V, 
or  *,(t  - x/V).  Thus  the  total  contribution  of  the  edge  to  the  integral  in 
[103)  can  be  written 


_* x\  cfS 

« VI  '$ 


Just  after  the  edge  has  passed  P,  the  integrand  in  the  last  integral  is  eas- 
ily seen  to  differ  from  zero  only  for  elements  dS  lying  near  a small  ellipse 
surrounding  P. 

Let  DGlars  r.  V3  b«  1 nt.r»nrtu<**rt  such  that  * c r#  y «.  y cos  Tftsn 
dS « 2nrdrd8  and  the  last  equation  becomes 


■(di) 


1 + 


JJL 

c 

U 


2sc(di)^l  — 


where  At  is  the  Jump  in  the  velocity  z at  the  edge  taken  in  the  direction  of 
decreasing  r. 

Thus,  according  to  (103), 


2w  fZ,r<‘il*,(1  ~ if*)'}  m~APm  -(Pt~  V ,1 


[148] 


At 


)* 


[149] 


Or,  since  according  to  (101)  the  pressure  Just  before  the  edge  arrived  was 
corrected  with  conditions  in  the  plate  by  the  equation 


P " Pj  " m*  - <f>  + Po 


1 2 * 

* “ — (!  ~ t - p0) 


[150] 
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For  a closing-edge,  the  same  calculation  applies  except  that  here 
<lt  is  fixed  by  conditions  in  the  cavltated  region  ahead  of  the  advancing  edge, 
and  the  impulBive  change  dp  in  the  pressure  at  the  surface  of  the  liquid  is 
to  he  found.  As  closing  occurs,  the  velocity  of  the  liquid  surface  suddenly 
changes  from  some  value  t,  to  the  velocity  ip  of  the  plate.  The  liquid  sur- 
face behaves  like  a plate  of  zero  mass,  hence  It  alone  changes  velocity  In 
the  Impact.  Hence,  from  the  first  part  of  [148], 

2 1 

dp  - pc(l  - *( i t - i„)  [151  ) 

If  i,  exceeds  ip  ahead  of  the  edge,  the  liquid  surface  will  usually 
meet  the  plate  at  a finite  angle  9.  Then  in  time  dt  the  edg8  will  advance  a 
distance  V dt  over  the  plate  of  such  magnitude  that  V dt  ten  9 * ( z J - ir)it. 
Hence  for  a closing-edge  of  the  type  under  consideration 

[1*21 

and  an  edge  can  advance  us  a closing-edge  moving  at  speed  U & c only  If 
z,  - £.  c tan  9.  Exceptionally,  it  might  happen  momentarily  that  9 ■ 0 

and  *,  m *r- 

If  conditions  are  not  such  as  to  cause  the  edge  of  the  cavitated 
area  to  travel  at  a speed  equal  to  or  greater'  than  e,  it  seems  clear  that  the 
edge  will  usually  stand  still,  except  as  it  may  be  carried  along  by  flow  of 
the  liquid  parallel  to  the  plate.  For,  propagation  of  px-essure  waves  from  or 
to  the  free  surface  of  the  liquid  should  prevent  the  occurrence  of  large  dif- 
ferences of  pressure  m the  liquid  near  tho  euge.  Hence,  If  pt  < pc,  pres- 
sures so  low  as  p,  cannot  occur  at  the  edge,  and  further  cavitation  cannot 
occur.  Impul8lve  changes  of  velocity  are  likewise  Impossible;  if  such  Im- 
pulsive action  begins,  h-t  the  edge  moves  at  a speed  less  than  c,  the  Im- 
pulsive pressure  developed  will  produce  such  a redistribution  of  velocities 
In  the  liquid  as  tc  equalize  i,  and  zf  on  the  cavitated  side  of  the  edge.  As 
an  exceptional  case,  the  liquid  surface  might  perhaps  roll  onto  the  plate 
like  a rug  being  laid  down  on  a floor. 

Otherwise,  under  the  assumed  conditions,  the  edge  will  move  only  as 
It  is  carried  along  by  the  liquid  in  Its  particle  motion.  In  a strict  linear 
theory,  therefoi'e,  in  which  all  particle  velocities  are  assumed  to  be  negli- 
gibly small,  the  edge  of  the  csvlcatcd  area  must  stand  still  except  when  It 
can  move  at  least  at  the  speed  of  sound. 

CAVITATION  WITH  DOUBLE  PROPORTIONAL  CONSTRAINT 

Something  more  can  be  inferred,  including  useful  relations  with 
non-compressive  theory,  if  the  surface  of  the  liquid  is  arbitrarily  assumed 
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to  move  under  the  same  type  of  proportional  constraint  as  the  plate.  Let. 
the  plate  he  mounted  In  a fixed  plane  baffle.  Then  tn*.  reduction  principle 
stated  on  page  76  can  be  utilised  by  the  following  trick. 

While  the  liquid  is  In  contact  with  the  plate,  [116]  holes;  this 
equation  can  be  written 

v 

0 ~ Zi\  i t Xi.  - fjfli s)as  H53] 

When  free,  the  surface  is  equivalent  to  a plate  containing  neither  mass  nor 
stress  forces;  its  equation  can  bo  formed  from  [153]  6/  putting  M « 0 and 
♦ « <P,  where 

*,  “ /f(p0  ~ P')f(z,y)dx<iy  [151] 

and  represents  the  effect  uf  the  difter~r.ee  between  the  hydrostatic  p.essure 
p0  and  the  pressure  pt  on  the  surface.  The  equation  for  the  surface  when 
free  Is  thus 


0 


2 F. 


P 


n(»)d* 


[155) 


Finally,  to  avoid  discontinuous  change,  the  pressure  on  the  surface  may  be 
supposed  to  change  rapidly  but  continuously  from  the  pressure  exerted  on  It 
by  the  piate  just  before  cavltatior.  to  the  value  p c.  During  this  transition 
process  the  equation  for  motion  of  the  surface  of  the  liquid  may  be  written 


0 


2 F. 


+ — 


rj(s)dt 


[1561 


where  *'  changes  rapidly  from  ♦ - M'i  c to  $f;  here  i,  stands  for  the  accelera- 
tion Just  hefore  the  transition  begins. 

During  the  transition,  high  accelerations  may  occur,  with  the  re- 
sult that  the  velocity  iel  of  the  liquid  surface  changes  by  Aicl  where,  lr. 
analogy  with  [15OJ  when  V *= 


A i 


*! 


1 

pcrj{  0) 


(M'i,  -*+*.) 


[1*>7] 


■jnc  rcductlun  principle  on  page  75.  which  was  based  on  [nfi],  can 
now  be  applied  by  noting  that  [153],  [156],  and  P55J  can  oe  regarded  as  suc- 
cessive forms  of  [ll6]  ir.  which  the  constant  fi  is  first  replaced  by  0,  and 
2Ft  + 0 is  then  replaced  by  an  appropriate  expression.  In  [ • 56 j , iel  tt  be 
taken  as  the  instant  at  which  the  transition  to  cavitation  begins.  Then,  lr. 
the  Integral  in  [136],  during  the  transition  2 1\  + </>  is  replaced  y 2F,  *■  <f>'. 
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an  In  (156].  but  the  resulting  contribution  to  the  Integral  is  negligible  be- 
cause of  the  extremt.  shortness  of  the  time  Interval.  Hence,  the  integral  may 
be  written  simply  as 


/<2F,  + *,)dt 


from  [155i.  whore  ie . Is  the  time  at  which  cavitation  occurs. 

Hence,  putting  Mm  0 In  {136},  ft  may  be  concluded  that,  after  the 
onset  of  cavitation,  within  any  time  Interval  of  length  D/e  the  velocity  of 
the  surface  of  the  liquid  will  take  on  at  least  once  the  value 


*«i  - MO  + -h-faf,  + ♦.><“  H58] 

Here  t,  is  the  time  at  the  end  or  the  chosen  Interval  and  *„(£„  ) is  tne  com- 
mon velocity  of  liquid  surface  and  plate  at  some  Instant  tnat  precedes  the 
onset  of  cavitation  by  an  Interval  less  than  D/e.  A specific  expression  for 
it  {*',  ) can  to  obtain'd  oy  using  [I??}  Instead  of  { 1 ’6 ] . Prom  this  expren- 
slon  it  is  easily  seer  that,  if  cavitation  follows  the  Incidence  of  a pres- 
sure wave  within  an  Interval  much  less  than  D/e,  then  f, ( ij, ) is  approximately 
equal  tc  the  velocity  of  the  plate  Just  prior  to  the  Incidence  of  the  wave. 

It  will  be  noted  that  the  value  of  *r(  given  by  [1581  represent" 
the  value  of  x<(  at  time  :f  as  calculated  from  non-compresslve  theory,  ex- 
cept for  the  substitution  of  for  *,(£.,)  as  the  initial  velocity. 

For  the  non-compreBslve  value  can  be  obtained  by  Integrating  the  analog  of 
[126]  fo:  a free  surface  or 


Af,  = 2F,  + ♦,  059) 

In  [158]  the  Initial  Impulsive  change  of  velocity  has  disappeared. 

During  the  reverse,  process  tnat  occurs  when  the  cu.ltallon  closes, 
the  velocity  of  the  liquid  surface  changes  Impulsively  from  some  value  itI  to 
the  velocity  *tp  which  the  plate  happens  to  have  at  that  instant.  Thereafter 
[153)  holds  again;  but  in  this  equation  some  of  those  values  of  aic(t  - s/e) 
that  have  reference  to  times  before  the  closure  of  tne  cavitation  ure  now 
values  of  the  acceleration  01'  the  free  liquid  surface. 

During  a time  after  tne  closure  that  is  short  relatively  to  the 
diffraction  tine,  (153]  can  be  written  approximately  as 

r, 

c « 2 /’,+♦  + peA(.i^x  - *,)  - p J - ■*■]»?(•)!(«  [160] 
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where  *,  Is  such  a value  of  * that  t - «,/c  represents  the  time  at  which  clos- 
ure occurred  and  A is  given  by  [i4i],  Here  i„  is  a constant,  and  the  part 
of  the  integral  for  0 < t < e,  has  been  transformed  Into  the  term  containing 
Ain  the  same  way  In  which  the  similar  term  In  [140]  was  obtained. 

The  reduction  principle  can  again  be  Involved  lr:  order  Co  • •'"tain  an 
expression  for  the  final  value  of  the  common  velocity  of  liquid  and  plate. 
If,  In  [136],  1,  is  taken  at  the  beginning  of  the  transition  process,  the 
transition  Itself  again  contributes  nothing  appreciable  to  the  Integral  In 
[136],  which  becomes  here,  from  [153)  used  as  a form  of  (116), 

*/  '/ 

J<2 F,  + * - + / <2>;  + *)it 

hi  hi 

where  Is  the  Instant  Just  after  the  completion  of  the  transition.  In  the 
last  Integral  t„  becomes  replaced,  as  the  time  of  transition  is  shortened  to 
serp,  by  the  time  t,  or  tt<  at  which  the  cavitation  disappears;  but  (,(<11  ) 
becomes  * [t<( ) or  the  velocity  of  the  plate,  not  that  of  the  liquid  or 

*c I ( l«l  )• 

Hence  It  follows  from  [ 136],  with  tho  M in  that  equation  replaced 
by  0,  that,  after  the  closure  of  cavitation  at  time  tc,  , at  some  Instant  with- 
in any  interval  of  length  D/c  the  common  velocity  of  liquid  surface  and  plate 
takes  on  momentarily  the  value 

+ +J/(2F‘+  (l6li 

‘ 'cl 

where  « (fe, } Is  the  velocity  of  the  plate  at  the  Instant  twl  , whereas 
*ci  ( * ) I®  the  velocity  of  the  liquid  surface  at  an  Instant  that  pre- 
cedes t,,  by  leas  than  D/e  and  usually  by  less  than  the  diffraction  time,  Tt. 
Here  In  [136]  f,  has  been  replaced  by  t£j  and  *,  (£J)  by  Actually, 

the  value  of  i,  that  is  o&tslr.ed  from  [136]  In  the  manner  described  ie  eome- 
what  different;  If  It  is  denoted  by  ij,  its  relation  to  i, , as  defined  by 
[161J,  can  be  written  In  the  form 

" *«'  + ~ Z< } 

nence,  alnce  Af/[Af  + M,)  < 1,  lies  between  k‘  and  *,(«,),  and,  elnce  the 
velocity  eventually  traverses  the  entire  range  from  to  the  value 

i.  occurs  also.  The  explicit  expression  for  , ),  obtained  by  using  fl35) 

Instead  of  [ 1 36 1 , is 

D 

*tM cP  “ ^cl^cl^  + j _ t)  ~ 


* 


[162] 


f " 

tj 


I 

I i 


i 


! 

i 


4 

i 


i 

i 


? 


100 


86 


The  value  of  zc  given  fcy  [161)  represents  the  velocity  as  calcu- 
lated for  the  tine  f , from  noii-compressive  theory,  except  t-but  In  the  squaii- 
zatlon  of  velocities  by  Impact  as  represented  by  the  first  two  terms  on  the 
right  the  velocity  of  the  liquid  surface  is  takan,  not  at  the  time  of  impact 
tcl  , but  at  a somewhat  earlier  time  t(',. 

So  far  nothin®  has  been  cald  as  to  fluid  back  of  the  plate,  if  the 
plate,  or  plate  and  baffle,  lie  between  fluids  in  which  the  density  and  speed 
of  sound  are,  respectively,  pJf  ( , aivi  Sj,  then  all  cf  the  results  in 
this  section  will  hold  good  provided  p and  c are  replaced  by  p}  and  ct,  with 
the  understanding  that  4>  or  ♦ includes  an  allowance  for  the  release  pressure 
In  the  second  fluid.  More  explicit  formulas  can  be  obtained  by  substituting 
for  <t>  or  ♦ (but  not  $,)  from  t 1 ^3 ) or  p1*1*). 

SOKE  SWING  TIMES 

Suppose  that  a plate,  mounted  In  a fixed  olane  baffle  and  con- 
strained to  move  proportionally.  Is  free  from  incident  pressure,  and  mat  the 
motion  is  slow  enough  so  that  the  water  or  whatever  liquid  is  in  contact  with 
its  faces  can  be  treated  as  incompressible.  Furthermore,  let  the  motion  be 
small  enough  so  that  its  component  parallel  to  the  plane  of  the  diaphragm  car. 
he  ignored.  Then  [126]  becomes 

( M+Mt)i'-0  [163] 

This  can  be  integrated  after  multiplication  by  iedt: 

(Af  -r  jQj)  ic  *c  di  — $ di  — £ dzt 

whence 

i<Af  + - f#4*,  [164] 

At  * 

From  a knowledge  of  an  a function  of  i,  ths  swing  time  can  be  found  as 

p651 

taken  between  the  limits  tc  = 0 and  the  first  value  of  z,  at  which  zr  = 0. 

The  most  important  case  is  that  of  a circular  diaphragm  of  radius  a 
and  uniform  thickness  k,  constrained  to  move  in  syrsmetrical  paraboloidal  form 
or  according  to  ( 1 1 3] . Por  the  small  motions  considered  here,  the  difference 
between  a paraboloid  and  a sphere  can  also  be  ignored;  the  diaphragm  can  be 
assumed,  therefore,  to  behave  ss  a spherical  membrane  under  uniform  tension. 
Elementary  theory  then  gives,  as  in  the  deduction  or  [yij,  for  or, a ccnuriau- 
tlor.  of  the  stresses  to  €>, 
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(i66] 


If  the  hydrostatic  pressures  on  the  two  sides  of  the  diaphragm  are  equal, 

♦ ■ *„  In  [164]. 

If  the  diaphragm,  flat  initially,  remains  within  t-h«  -a—..* 

it  is  readily  3hown  that 

0 = E _?**  run 

“ 1-n  2c5  *'“,J 

approximately,  where  E Is  Young's  modulus  and  p is  Poisson's  ratio;  see  TUB 
Report  4go,  Equations  [nj,  [iyi-  Id  this  cose,  after  evaluation  of  the  in- 
tegral with  0 « as  given  in  [i66].  Equation  (i64)  gives 


1 


it&h  t «, 


(168] 


wnerc  is  tne  vaiue  oi  zc  at  ooion  zt 
the  integral 


AT  + Mt  2(1  - gla2 

0.  The  awing  time  then  i'uvolveo 


f dz, 1 _ f dz  _ 1,311 

i " *«< ! “ *« 


[ i t>y  j 


The  values  of  M and  M,  may  also  he  Inserted  from  [120]  and  p28a].  in  which 
m *=  o^h  and  p « p,  In  terms  of  the  density  pd  of  the  diaphragm  and  the  den- 
sity p(  of  tne  adjacent  liquid,  or 

of  - -JPrfAe*,  JM,  - O.BISp.e*  [l/Oa,  b) 
With  these  values,  [165]  and  [168]  give  for  the  elastic  swing  time 
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i 1 ' 


M 


■ V~ rii(p-  + 0-776  f p<) 


[171 


Thus  in  the  elastic  range  the  swing  time  varies  with  the  amplitude  *clr.  If 
the  initial  velocity  i c,  is  known,  the  amplitude  z em  can  be  found  by  setting 
zt  - it0  and  i,  « 0 in  [168]  and  solving  for 

As  an  alternative,  if  the  diaphragm  stretches  plastically  under  a 
constant  yield  stress  a and  if  the  initial  elastic  range  of  the  motion  can  be 
neglected,  from  [164]  and  [166] 


2 n<rk 


At  + Af, 

and  the  integral  that  is  needed  is 

- f-*- 
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Then 


r'“  m a]/J^ + °-776  ?p-) 


( 1 73] 


Inclusion  of  both  the  elastic  and  the  pla3tlc .ranges  leads  to  very 
complicated  formulas.  Tne  error  Is  not  large,  however,  If  the  plastic  formu- 
la [1751  Is  used  for  all  motions  that  extend  into  the  plastic  range.  The  er- 
ror is  greatest  when  the  maximum  displacement  *cm  Just  attains  the  elastic 
limit  z„  , wmcn  is  round  oy  suostltutlng  zct  ror  zc  in  [ 1 b 7 j and  Interpret- 
ing a as  the  yield  stress: 


,/2(l  - pl<r 
r«  “V  ' E 

When  *fBI  » zc, , the  correct  elastic  formula,  [ 1 71  ] » gives 


T.  - 0.76 olA(/>.  + 0.776  “ r, 3 I W!>] 

’ I a ' " /l  '! 

whereas  the  plastic  formula  (1773  would  change  the  coefficient  from  C.?6  to 
0.64, 

Swing  times  for  a similar  diaphragm  net  loaded  by  liquid  on  either 
side  and  with  equal  pressures  on  the  two  faces  can  be  obtained  by  setting 
p,  <=  C In  [171]  and  [173].  Or,  if  there  Is  liquid  on  both  sides  of  the  dia- 
phragm, with  densities  p,  and  p2  on  the  two  sides,  respectively,  pt  is  to  be 
replaced  by  px  + pt  for  the  reason  explained  on  page  79. 


SECOND-ORDER  EFFECTS  IN  REFLECTION 

In  linear  or  first-order  acoustic  theory,  when  either  plane  or 
spherical  waves  fall  upon  a rigid  wall,  the  boundary  condition  can  be  satis- 
fied by  assuming  reflected  waves  which  ai-e  the  mirror  Image  In  the  surface  of 
the  incident  waves.  Thus  even  the  afterflow  part*  of  the  particle  velocity 
In  a spherical  wave  has  equal  and  opposite  components  perpendicular  to  the 
surface  In  the  two  waves,  so  that-  the  resultant  component  In  this  direction 
vanishes.  The  pressure  on  the  surface  due  to  the  waves  Is  exactly  doubled 
by  reflection. 

The  case  of  large  amplitudes  can  easily  be  investigated,  for  plane 
waves  at  normal  incidence,  by  the  method  of  Rlemenr,,  which  is  explained  in 
Section  28?  of  Lamb’s  " ’Hydrodynamics"  (?3).  It  can  be  imagined  that,  in  the 
medium  carrying  the  waves,  values  of  the  quantity  Q - p + pgcst>  are  propa- 
gated forward  without  change,  while  values  of  S = m - /Vo*  a™*  at  tne  same 


* For  t«ralaolcgy,  bw  TWS  Rsport  4S0,  P»4*  39  (10). 
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time  propagated  backward,  where 


P 


M7«' 


la  terms  of  the  pressure  p and  the  density  p of  the  fluid;  p0  is  the  density 
and  the  speed  of  sound  for  the  undisturbed  fluid,  v'  Is  the  particle  veloc- 
ity. and  dp/dp  is  to  oe  taKer.  along  an  appropriate  adiabatic.  The  velocities 
of  propagation  of  Q and  S differ  somewhat  from  c0,  but  that  13  of  no  present 
Interest.  Thus  in  the  medium  there  exists  a continuous  array  of  values  of  Q 
which  are  advancing  toward  the  reflecting  surface,  and  another  array  of  val- 
ues of  S which  are  moving  backward.  The  local  values  of  p and  v at  any  point 
are  related  to  Q and  S by  the  equations 


P -^(Q  + S), 


W--i-(Q-S) 


[T 77a,  b] 


As  the  incident  wave  advances,  It  meets  zero  values  of  S coining 
from  the  undisturbed  region  ahead;  hence  In  this  wave,  by  P7?a,  b],  p =p0e0v. 
Similarly,  in  the  ref l*.- red  wave,  as  soon  as  it  becomes  distinct  from  the  In- 
cident wave,  Q « 0 and  p - ptc9v.  Thus,  if  subscripts  i and  r denote  values 
in  the  separate  incident  and  reflected  waves,  respectively, 


" Pocov.  " P.  “ “ PcV.-  = ^sr  [ 1 78a , b] 

At  the  reflecting  surface,  v •=  0;  hence  by  P77i>] 

S - Q 

which  means  that  the  arriving  values  of  Q are  continually  being  converted  In- 
to equal  values  of  S,  which  are  then  propagated  backward.  Consequently,  at 
corresponding  points  on  the  reflected  and  Incident  waves  " r *=  Q,,  and,  by 
[17R0.  b],  pr  m pif  and  also,  since  p and  p vary  together, 

Pr  = P. 

This  Is  the  usual  law  of  reflection. 

At  the  wall  Itself,  however. 


p - 1«3  4 s)  - Q -Q,  = 2p;  [179] 

where  is  the  arriving  value  of  Q and  pi  Is  the  value  of  p st  the  corre- 
sponding point  In  the  Incident  wave.  Tills  equation  represents  the  approprir 
ate  generalization  of  the  law  that  holds  at  the  wall  for  infinitesimal  waves, 
namely,  p • 2 p{. 

iNow  If  the  fluid  obeyed  Hooke '3  law,  the  pressure  p would  be 
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p " Po  + PfltyS.  t • 


MBoa,  b) 


where  V is  the  volume  of  unit  mass  and  v v,  denote  valueg  „hen 

' the  Straln  and  W the  elasticity,  since  c„  * Mastic!*/ 

density)*.  More  generally,  p can  be  written  as  e 3er.ies  ln  poweia  of  * 


P m P0  + Pbc*a  + b,»!  + 


S1nr*#»  V * 1 /*  \r  „ i /. 

-/  * 0 * / Ko 


H8i] 


8 ■■  I 


Hence  from  (176] 


— - i!  if 

<-  P d«  />9  dp 


i 


< t / 

Vdil  “*  ® ‘o^Po  l<Poe(i?  2&i* 
or,  after  expanding  ln  powers  of  « and  integrating. 


.1 

')'  ds 


P - P8c02«  + 


Subtraction  of  [l8i]  from  this  equation  gives 

* ~ P - P«  ~ {v*-  • • 

v*n.„h  T**'*  l8W  ‘,0ld8  80  that  b*  and  011  Mghc'  coefficients 

, ‘ as  in  [ 1 80s  I , ji  - p - p#,  and  [179]  gives  for  the  pressure  on  the 

wan  due  to  waves  of  any  altitude,  p - p,  - 2(Pi  - as  for  small  waves, 

rf  only  through  .*  are  to  be  kept,  .*  may  convenient^  be  re- 

placed  by  its  value  as  found  from  the  first  three  terms  of  [i8l];  then  as 
far  as  terms  in  i‘(  ? 


Vp  y 

u 3=  p — « ~ — — s — y — _ 1 

P"  ?.p0\'  ** 

At  the  wall,  (17?]  then  gives,  with  [lB?l. 


[182] 


P~P  c ‘ 20  V 

“Po  Cu 


ip  P c)2  = 2(p,  pu)  - ip.  _ Po) 

"a  v/i 


or,  since  ln  the  small  quadratic  term  it  is  sufficiently  accurate  to  write 
P - Po  - 2(J>,  - p0). 


P - P0  - 2<p,  - p„)  + r5*T(JP,  - pj* 
>*0  <0 
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In  dealing  with  water  It  Is  convenient  to  choose  p„  - 0.  The  adia- 
batic r'or  water  that  passes  through  a pressure  of  one  atmosphere  and  a tem- 
perature of  20  degrees  centigrade  is  given  by  Penney  and  Uasgupta  ( 24  J 
v(p  + 3)°‘1S*  = 1.666,  where  v Is  in  cuolc  centimeters  per  gram  and  the  unit 
foe  p is  io3  kilograms  per  square  centimeter.  With  the  help  of  the  bincmlal 
expansion  and  Fquatier.  [l9lj  It  Is  easily  found  that  the  equivalent  series  In 
e,  when  p Is  In  pounds  per  square  Inch,  is 

p = 309000  * (1  + b.ipj  + 23. 6s2-  - •) 
or,  approximately,  If  a Is  replaced  by  p/ 30°  -0  In  the  a2  term, 

p * 309000*  (l  + 7-^-0q)  pounds  per  square  Inch  [ 1 84 ] 

Comparison  with  [l8ij.  In  which  p„  is  now  0,  shows  that  p0c  2*  309»000,  62  - 
!.'.12»,c*  * 1 ?73  y 10*. 

Kencc  [183]  for  the  pressure  on  the  wall  may  be  written,  for  water, 
when  the  incident  pressure  p.  Is  in  pounds  per  square  Inch,  If  pp  *=  0, 
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\ 


( 


FArl  i.  Theoretical  considerations. 

It  »M  be  4ksl>t*o  tnat  nlaitlc  m"»*ri*i  the  property  that  It  deforms  0/  a 

negligible  amount  until  tne  yield  point  Is  reached  and  that  it  sucacouently  float  plastically 
without  further  increase  in  stress.  in  other  words,  it  will  Pa  assured  that  no  strain  hanJcnl ng 
occurs* 


m centra!  the  criterion  for  plastic  flow  is  that  sort*  function  of  tro  stress  components 
Shall  excesd  a certain  limit.  Two  ruen  criteria  new*  ottn  evtwnsivaiy  used,  namely  (I)  that  of 
Msnr.  *rrp«ii*o  to  sh'ch  t!*d  "ct;r !«l  flu***  »hvn  irw  rmx ifrun  stress  difference  exceeds  a certain 
limit,  i'll)  that  Of  vgi  *lsei,  according  to  which  flow  occurs  when  th“  sun  of  the  s<iu/ir*  of  tne 
principal  stress  dlffercn.os  sxcoeaa  t cert-sin  »»■■>;  t 1 * r?x  ’."STj  ire  principal 
components  par.'.  Vi!  to  Li*  surface  of  tne  diaphragm  end  both  Hr#  positive  (l,o*  tensions)*  and 
If  both  are  large  ronpared  with  tns  stress  pe vtrolculsr  to  the  diaphragm,  then  the  two  criteria 
for  plastic  flow  are 


Nnr. 


won  Mises. 


O’j  • f*  ener.  C».  > O ^ 

Vj  ■ P when  <X2  > tr^  J 

♦ v22  - a%  er,  • '* 
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ft) 


where  f 1$  the  tensile  strength  ■*„  medSur«.o  In  a testing  unchliy, 


Circular  dtaphrapm. 

if  <rt  is  the  r*olal  stress  and  cr2  tna  tangential  stress,  the  equation  of  equilibrium  of 
an  element  in  the  radial  direction  is 

4 <7. 

' i * (7j  -ff,  • 0 (3) 

or 

whore  r is  the  radial  co-ordinate.  in  the  centre  of  the  diaphragm  syi**e try  alone  requires  tnat 
cr^  • tTj  » p,  if  Mohr’s  criterion  is  accepted  three  alternatives  are  possible,  either 

C « ) o-j  • p,  crj  < \ This  must  be  rejected  bncause  it  is  i neons | stent  with  {j), 

(II)  <7?  < f,  crL  * P.  in  this  case  (3)  ylves  crl  • 

(HO  C7t  *cr2  - p. 

Thus  only  the  third- site rns I i we  is  possible.  Similar  rcasonina  gives  the  Mmr  result 
if  von  Mlsfs’  criterion  is  accented  so  that  in  either  Case  • dj  and  tne  stress  distribution 
is  like  that  of  a soap  film  or  stretched  nc.it>ram*.  The  sheet  therefore  assumes  a aphtrlcal 
form  under  the  action  of  a uniform  pressure  p.  if  is  the  dliplacercnt  of  the  centre  the 
displacement  perpendicular  to  the  plane  or  the  edge-  at  rnfllus  r Is 

I ■ *i0  (•  - (4) 


where 
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wtora  Tj  \»  the  rio  I us  of  the  diaorregm.  The  pressure-  ntctssary  to  product’  the  olsplacomont  Is 


Wlwfo  t is  the  thlCkOuBS  of  thr  shout  1 

The  work  5 * done  on  the  material  by  the  pressure  during  the  displacement  of  the  centr 


iv  er  1 u <«,! 


SuosUtutlno  for  p sod  * from  {*)  and  (5)  ana  Integrating  with  respect  U r and  thy  total 
work  3go*  U 


Since  ?f  r&  is  th*  area  of  thy  olashragn  the  evoroqe  work  done  ocr  c.c.  of  the  metsrlel  of  the 
pinto  Is 


Di  sir  1 6nti  on  0/  p (asttc  j train  in  t he  diafhr  a m. 


Thong.”  (?)  ^presents  the  average  amount  of  wor*  cone  over  the  whole  area  of  tne  diaphragm 
the  distribution  of  strain,  and  therefore  the  work  don«  ct<r  c.l..  Is  far  from  uniform.  if  £ Is 
the  radial  component  of  0 i sol  accent  parallel  to  tiv  Initial  plane  of  '.he  diaphragm  th?  'wo 
components  of  strain  ore 


ii  . i 2]' 

(1  r 2 dr  I 
) 


tangential,  €j  « £/r 


Since  crj  * a2  symmetry  ensures  that  «A  • The  equation  fjr  £ Is  therefore 

> p«l‘  . 


dr  2 Ur 


and  substituting  for  1 fro*  (c)  this  becorws 


d(  i 2h  V 


Th*»  SOtytlnh  of  (til  wfiirh  rpr respond?  with  ( • ft  (t  r 1 r la 


• 1. * i,  - 

lr.  >7 


1>«#  principal  strains  tx  and  are  each  equal  to 


h 2 2 

<"m?l  “P 

U ri 


it  appears  therefore  that  ;ne  strain  i$  zero  at  »he  udge  ond  oqual  to  hQ2/r1?  at  tna  centre. 

The  t-rilft  at  any  point  In  th«  surface  of  ths  sheet  is  proportional  to  tnc  dlsplact-ront  of  that 


I 
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point  from  Us  Initial  position  In  Direction  perpendicular  to  tru.  sheet,  at  jny  rat#  10  far 
4&  any  one  state  of  tnr  diapnrHjm  is  uuniwnivu.  *hnn  tx*  6l<am*  *:  - !a  tx 

diaphragm  ore  compared  ot  w-iqjs  stages  of  ots^iacumont  they  .\re  proportional  to  h^2. 

The  ne*n  a Isplacemfc.v.  is 

~ , Volume,  v,  between  iMt  i»i  ano  final  positions  of  djaghrajm 

Area,  A,  of  diaphragm 

For  u circular  diaphragm  and  small  olspiocemwnt 


&iiiPtical  and  othjr  nor?-c»  rcul  nr  di oOArov^s. 


Thoug»  the  distortion  of  a noo-c  Ircular  aiapnragm  cannot  be  treated  au  t Imply  at  that 
c*  a circular  ono,  an  approximation  to  the  displacement  might  be  made  Dy  auosing  that  the 
diaphragm  assume  the  name  form  at  a flat  msnorane  or  soap  film  when  displaced  Dy  a uniform 
pressure  perpendicular  to  its  piano.  There  is,  newuver,  one  norv-cl  rcular  shape  foi  which  the 
complete  calculation  of  stress,  strain  md  oiepUcement  can  be  made,  namely  for  elliptical 
diaphragms.  This  calculation  Is  hera  carried  through  in  oroer  to  estimate  the  error  that  may 
be  expected  If  the  assumption  Is  made  that  tho  diaphragm  is  displaced  into  the  simp  formas  a 

Nwriiuru  with  umfw.'n  t*n»SC"  in  d I .VC.  Iw.I.t. 

fftiilej  tn»  eqi.i*tlon  far  the  edge  of  to*  elliptic  dlaphragoi  or  plate  n» 


•T^re  in  is  tin*  major  it  will  be  avsu>‘«j  that  the  equation  ?uf  tiw  displaced  iiieet  Is 

, x*  f 

X . - J,  (>•) 

and  it  will  be  shewn  that  this  assertion  Is  consistent  with  tna  satisfaction  of  all  the  required 
plastic  stress,  •■•'•in  equilibrium  cproit  l on*.  It  will  a»sw<wu  p’<.-v  i*  tunai  iy  tnai  \tm 

•tress  la  uniform  *t  all  polnta  but  not  isotropic,  tnusa*  ano  o wilt  o*»  taken  as  the  colorants 
of  strait  parallel  to  tmo  surface  of  the  plate.  The  condition  of  equilibrium  In  direction  nom«1 
to  ;nu  surface  is 


where  * is  the  thickness  of  the  plate  and  f ere  the  principal  radii  of  curvature..  For  * 
•haat  of  the  form  (l«)  itfix  ■ 2t\J a*.  i/py  • Jh0/b*  ao  irmt 


Since  (Ifl)  done  not  contain  x or  > It  can  be  satisfied  If,  as  has  Dton  a»simmI,  o and  a are 
independent  of  x oiwi  y.  it  will  be  rot  Iced  that  (16)  shows  that  the  displaced  plastic  thuet  is 


in  feet  of  the  same  shape  as  a displaced  soap  film.  The  fact  that  cr 
not  In  the  present  ee«*.  matin  no  difference  to  the  form  gf  (lfi).  J 


in  the  soap  film,  but 


It  now  renal na  10  find  out  whether  a distribution  of  displacements  and  strains  In  the 
surf aco  of  the  sheet  can  be  found  which  Is  consistent  with  tha  noreal  displacement  (n)  aMj  at  the 
aane  time  allows  the  plastic  stresa*atraln  relations  tc  be  satisfied. 

Pt attic  strefj-strntri  rti  ationshit s. 

Asw.nl  no  that  la  c./wtont  ovar  the  ellipse  and  equal  to  a.  It  teems  clear  that, 

whatavar  th?  stres6-itrain*relatlonahlDS  ray  be.  the  netle  of  thn  strain  u .L.rr.c. 


I 


of  tho 
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01  th*  nl pa-My  f an.i  t . -Jii  .iiao  C#  r.*«3ton\.  Teulnj  f^/c  . • £ the  experimental  ' aw 
of  plasticity  trill  (Jrfjp*  t.i^rclat  lon«h  I p fcntwesn  a ar»a  •?.  Invujt]  gallon*  by  lodefl)  e**  9/ 
Taylor  nftd  fcilrtftifyfjl  t»y  different  cx k«r i^ntal  methods  ylvc  results  which  art  In  JOOd  agreement 
Tuny  n&v*  Pawn  expressed  In  turns  of  lpOh's  variables 


*hcfc  sTj.  <7j.  <Ty  er  e^.  e3  a»v  X**  priwirwi  ntretens  and  strains  ang  ct^  >c.  > c r . Tnu 
cxccrioer.tal  relationship  between  u and  v Is  shown  In  Figure  10  of  Taylor  and  Qjlnrsy's  paoer. 

in  the  present  case  where  the  strains  and  <?2  are  in  the  plane  of  the  *h.>«t  wv  im>  take 
(Ty  • 0.  Since  It  will  Do  found  tnat  > or*  it  Is  r-'.cmaiy  to  tanc  ax  m snj  q n*<7^.  in 
this  cosu  therefor*  1 

fx  • 2 a - l (20) 

Since  u-e  nster’Ul  nay  o*  taken  as  i'vrcr'prass i ole  to  tna  octree  of  approximation  r.erc  roqulrod 


1 


1 


J «i  * «,  4 «3  * 0 (21) 

i ; 

{ and  suoatituting  this  in  Lcdo's  variable  v 

. i 

| K ■ 3 3/(  3 - 2)  (Z2)  j 

j 5on<  vpluaa  Of  U One  the  corrosoonn inj  '"peri  men  1,1  values  of  * t.uun  trj.r  Flj„ru  10  of  Taylor  ; 

• 0"!  Qucnaey's  pn«r  or*  jlvon  In  colivnnj  t ena  3 of  TaSle  1.  Thy  valujs  of  a from  (JO!  irr 

Jlv««  l.  column  j,  Vilucs  Of  B.  fauna  Oy  usl.'.j  SSc  '.slues  of  V Jlven  In  column  3 In  122),  are  J 

divan  In  ooturn  u.  fnli  .-agerlskntjl  m*tt!on?aif  not«eena  on Ip  ;s  shorn  In  Fljure  t.  ' 

I 

i ftlitj.  ! 


l 

2 

J 

. 

♦ 

3 

1 

ft 

u 

v (oos.) 

(iron,  column  3 

wlM  (:2)> 

1 

* 1.0 

1.00 

♦ i.flC 

♦ 1.000 

, 

♦ 0.9 

0.S5 

* 0.770 

♦ 0.691 

* 

♦ 3.6 

0. 90 

* 0.535 

♦ 0.536 

» 

♦ 0.7 

0.85 

♦ 0.5J5 

♦ O.H3* 

' 

* ~.6 

0.80 

• --'.uuo 

♦ 0.30 

\ 

♦ 0.5 

0.75 

♦ 0.3  50 

V 0.  77t 

♦ Q.x 

0,70 

♦ 0,?8C 

♦ 0.206 

( 

♦ 0.3 

0.55 

♦ 0.195 

♦ 0.1)9 

• 

( • 1 

* 0.2 

0.50 

* n Ml 

- r-_ro. 

i 

♦ O.l 

0.55 

v 0,050 

♦ 0.0)4 

, 

i I 

o 

0.50 

0 

0 

■ 

' ! i 

- O.l 

C.4? 

- 0.030 

- 0.0)3 

i f : 

- 0.2 

O.aO 

- 0.120 

- 0. 07 T 

- 0.3 

c.j; 

- 0.1*3 

- o.i;2 

- 0.* 

0.30 

- 0.280 

- 0.171 

I ■ ! 

- 0.3 

0.25 

- C.JfiO 

- 0.21* 

» . ; 

- 0.6 

0.20 

- c.  wo 

- C.256 

\ [ 

- 0.7 

0.15 

- 0.533 

- 0.302 

- o.a 

0. 10 

- 0.633 

- 0.34  7 

i i 

- 0-9 

0.05 

- :.770 

- y.M*  e 

* • 

- i. 

".eO 

- 1.3TO 

- o.a'': 

f 

- 5 - 
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Th*  only  rilrfvant  ■ priori  thecrv  on  this  ‘i/hiwt  U th*t  the  r»Tir**  c**’  ’ *■?  !' r- 
In  a plastic  Cody  are  rdatid  to  th»  ratios  of  $t>alo  :un>oonents  by  tne  urt  rq1at lons^'p  that 
applies  to  viscous  fluids,  nantly  m ■ v From  [?o)  and  (Jf)  li  will  &•  sean  that,  In  tome  of 
a and  [1,  •■'•li  wuuiw  j**f 


A • (2fl-  D/(l  - a)  (o) 

This  r«igt looghio  is  Also  shown  In  Hjure  1.  it  has  o*tn  used  von  Mlset  and  others  in  deriving 
theoretical  solutions  or  proOlme  in  plait!-’!**. 


5 1 ram  ond  d i $p  iacimtn  t of  particlis . 

Tha  forre  of  the  expression  (12}  for  the  redial  displacement  of  particles  in  a circular 
diaphragm  dujgcvvn  tna  possibility  tu»«  a solution  nay  be  found  by  as»»yitlng  for  tho  two  ccmt’onent* 
of  displacement  £,  rj  parallel  to  the  axes  x and  y tiw  igims 

£ " Ax  {l  - x2/**  - y2to2) 

2 * , , M 

t j • By  (x  - xva*  - yV b‘) 

Tr.ls  assumption  satisfied  the  condition  that  g - T)  • o at  tne  eoj*  of  tna  plat*.  Tna  components 
u f 'train  in  the  terrace  of  the  aistor*cd  plate  era  tnen 


Since  It  nas  oeen  assumed  tMt  <?K&y  ’ fl  Is  Indcpender.t  of  x and  y.  the  unique  experimental 
• elation*, iip  Oclwe-.n  a and  0 i njures  that  Q » «„A!  5hd^*  h*  I ndo  pendent  of  x and  y»  Substituting 
for  eK  «*nd  <y  fron  (25)  In  the  equation  • 6e  the  condition  that  may  t>e  independent  0f  x 
ano  / Is  round  fi>  equating  the  constant  terms  ano  t*»o  coefficients  of  a*  and  >2.  KuiVCtf 


a • £ D 
8(-W  * llf1) 
6I-1/0*  * }/0J) 


?i>0J/>5 «“  * o 
■ o 


and  therefore 


6 

A 


"o!^ 


(2*) 


i2f) 


having  Ort-rmineo  /3  from  (27)  and  hL'ncc  a from  the  curve  F.'gi'e  i,  <7^  and  O-  can  be  cemveted  with 
h,  the  testing  ^wcnlnc  measures  yield  Stress,  by  the  formulae  y 


crx  » r a,  Cy  * D if  Hour's  theory  is  vr.sO  (2g) 

or  ax  ■ r aft  1 - a *'a7l  cy  - fj»  i - a • a2  acCwMlnj  to  (29) 

ven  Mires'  theory. 

This  completes  the  solution  of  the  prc-blem,  all  tnr.  necessary  eond 1 1 !t”*s  opjny  vstljMeO. 

5 uost . tut  Ing  trm  (?8)  or  (c9)  In  (is)  tr.e  foUtwing  .jxuross  ions  are  i.  ••  ivM  connecting  the  prcs.-iu". 
the  maxlrtum  displacement  hQ  end  the  yield  stress:- 
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A ~ 


h,tf  . 

-ij-  (a  ♦ wfh 


according  t Mohr's  theory 


tio) 


or  ja  *•  fc*  ♦ . tt  » a , .nui.ing  to  vy\  Him*  twory 


1)1) 


n„t, 

t>  • -Af  <t  • t/5) 


(32) 


Far  tt>e  MU  when  ■>/*  ■ if"}.  P » u/»  and  the  curve  i.f  figure  I ;lvn§  tt  ■ 0.16.  In  thl* 
Cate  tht,  factor*  nvlt  I plying  h _/*/»*  In  (30).  (J!)  :*?  (??)  pr*  5-11.  a.  II  and  1.25  respectively. 
The  assumption  thrtl  the  plata  hvhsvcs  like  a mertrane  with  uniform  tension  tr  ° In  alt 

<H’’Ktions  thwrwfnm  ovefest hmU % the  work  *hich  is  necessary  t;  product  a given  displacement  by 
a. Si  tr  Hour's  criterion  Is  accepted*  On  the  other  hand  this  assumption  underestimate:  the  wn- 
by  1.91  If  von  Mlius*  strain  energy  criterion  !*  used* 


as  the  length  o*  tna  eHpa*  Increases  the  error  Inc. -eases  If  von  Mlsus*  criterion  is 
I*  .a  61  «hun  a lu  * i , 101  anon  o/b  ■ 3 and  15i  wtiun  ^ boCorrws  I n?  To  I !«■ 


See  t angula i f>!a tt  dish td  by  un%form  f rtsaurt . 

!>*<*■/».  t iv  »!•«.(  «:>«;rsU  vr.lcn  Cir.  Sc  ccrrpl-trd  fsr  tee  elliptic  plat*  I s «ery  difficult 
for  other  shapes.,  the  approximate  celcolatlon  assuming  equal  tensions  In  alt  directions  can  oe 
e9rrl«i  out  lor  irC(.mKiUr  olat*-*.  far  plates  * feet  * * foet.  such  *•  ara  uses  In  trw  box 
r*jeel  trials,  tna  error  involved  in  making  this  approximate  assumption  Is  likely  to  he  of  the 
same  order  as  the  orror  >n  nnklnp  trw  same  assume.. on  for  elliptic  plates  with  r res  In  the  ratio 
) t ),  This  error  has  been  sron  to  tie  about  21. 


l * ki  and  2b  are  nga  tna  ‘.engtns  or  the  sides  of  a rectangular  pl„to.  the  volume  V encloseo 
between  trm  distorted  plate  and  the  original  plane  Is,  on  the  above  assumption. 


khan  b/n  * Ity  this  becokas 


V • 0.2)2  pa  /Ft 

Tna  maximum  displacement  In  the  middle  of  the  plate  Is 


n 


and  for  &4  • 3/3,  (33)  J**w 


,IL!  ♦ 5^,«:hl2J 

20  20 


()«] 


(33) 


nQ  ■ Q.U9  Pe?/Pt  (3i) 

'he  mean  value  or  mspiaCemont  or  i r»c-  piaie  is 

t - V/Vab  - O.OdJQ  fM2/Pt  «TSnb/n'2/3 


*0  that 


l/t.  • o.ot7*ro.i7» 
u 


O.kOS 


(3  0 


This  m v oe  rnmpared  with  >/n0  * 0.3  for  a circular  piste.  Since  v is  proportional  to  p,  the 
work  dom--  o«  the  plate  (i/s  * 2/3)  is 


£p  « Jpv  • 2.xd  mv*/*1  - i.  76  xrtfe)7/.!2 


(3ft) 


- / 
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wh*f*  a ■ I4V)  Is  tM  trtt  of  tht  plot®,  Tr*  nun  work  don*  per  unit  volms  ef  the  material  la 
*p  - i.nriijV  (j*) 

&cct  j^cr  p l s t£  by  a son-uri/ona  distribution  vf  pteaurt, 

Th*  only  *i*c»e  case  in  which  »»*•  nisnUcement  of  • rectangular  «encr«n*  by  nwn-unlfonf- 
pressure  can  o»  calculate  Is  when  the  pressuu  la  proportional  to  cos  ^2  cci  Jr*  . The 
equation  of  equilibrityt  Is 


1?!ic«y  * 4^  ♦ |i  ' 


TMa  Is  set  isf led  0/  taking  J ■ cos  Jp  COS  Jg* 


M "o’  " (7]  (p‘  p]  (Ml 

Tr«  Mean  value  of  cos  cos  Jg*  ovtr  the  rectangle  Is  A - o.ntt.ao  that  for  this  distribution 

of  *r»*«..rp  7 r 


1 As  ■ C.S04  uf  h ri  m 2.ui 

0 o 

Contours  of  the  displacements  are  shown  In  Figure  2„ 

Pithing  of  thm  blast  ic  Hatti  under  suddenly  abpfxtd 


The  r0r«^oina  study  of  the  dishing  of  a platic  pi»t*  under  static  pressuv  Inad*  to  the 
conclusion  that  It  may,  wltr,ui  much  error,  be  treats!  as  a membrane  with  uniform  tension  in  3ii 
direct lotis.  If  this  approximation  is  made  to  a plastic  olste  distorted  by  a very  large  toad 
applied  for  e very  short  Ur*.-,  tii«  motion  of  th*  plate  can  be  identical  xith  that  of  a mwrtrane 
during  tho  first  quarter  of  Its  r**rlcv».  The  condition  that  iMn  particular  solution  will  apply 
H that  the  plate  Is  given  Inlthlly  & r Istrioutlcn  of  velocity  corresponding  with  the  velocity 
of  a s^crane  which  is  executing  simple  hansonic  oscillations.  if  this  condition  Is  wtlified* 
the  timer  required  f0r  the  dishing  of  the  plate  ia  J of  th*  period  of  tho  vioratiun 
of  thr  correspond! nj  mewCrjne,  Tne  membrine  of  Course  would  return  towards  its 
c^ui  1 Ibrlixi  position  after  th#  first  * period  **  lhe  olestic  plate  stays  in  the  portion  cf  max  in 
distortion.  Tne  longest  porlod  cf  a circular  Me^rane  of  radius  e s tbu/c  where  c*  - Up, 
p Is  Its  density  and  « the  stress  per  unit  length;  t Is  the  thic:  is.  Tns  period  of  a 

rectangular  memo rare  of  sloes  2a  and  2b  is  *ab/c  /T*T 


Thus  r • o.m  n/e 


for  a circular  plate 


**0  T * tt>/c  / a ♦ b for  a rectangular  plate  j 

it  will  be  noticed  that  c depends  only  on  the  stress  per  unit  thickness  of  the  m«brane» 
Th^s  r i*  the  same  for  all  thkfcnostts  of  plats.  F0r  steel  plate*  of  density  7.B  with 
20  tons/sqyai*  inch  yield, e*  »<0x  l.f-u  x iOe/7.e,  so  tnat 

c » 1.9*  x ih*  rm, /second  » feet/secono  for  20  ton  steel  I 

, l <*M 

and  c - 2. as  « io  cn.faocond  * BOO  feet/secgod  for  30  ton  stselj 
For  th#  6 feet  x a feet  plates  used  in  the  invest  1 get  ion  . 

r ■ 3 x 2/65*  / 3^  ♦ 2*  • 2.55  x 1<T*  seconds  for  ::  ton  yield] 


or  r « 2.01  x io*  seconds 


for  jn  ton  yield 


On  I form 
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Vi ntfom  d*slr*  button  of  stye  load. 


The  foregoing  discuss  lo*-  iit^i  that  the  velocity  «jlv*n  to  the  piatw  is  th*t  •nic*'  *0ul0 
? pp:y  lh  a normal  vibration  of  & menbranr,  for  tnc  rcctanjuW  pi.H»  this  impl  let  a distribution 
cf  Initial  inysulsivc  velocity  proportional  to  cat  cos  ^2.  I.u.  it  Is  greatest  in  middle 
«rvi  full*  gradually  to  zero  at  the  edges.  if  a plastic  plats  is  subjected  to  & uniformly 
distributed  impulse  such  as  would  be  given  by  a very  large  pre.ijre  acting  for  a tins  which  is 
small  compared  with  r tr*  centf.il  psrt  o?  tho  piste  will  go  j o with  uniform  velxlty  till 

the  transverse  wave  of  material  whi.nt  rws  stopped  mjving  reaches  It.  Ths  velocity  with  which  this 
wave  1$  prcpageiwv  tfyjm  thv»  «*dgu  is  c.  Fj*  a circule-  elastic  membrane  the  motion  It  complicated 

p-ft  penes  t:  rps?  Tr^  ni.««r  imi'I  «jr»J  vagina  Lu  return  to  ins  wquiiiorium 

position  while  the  centre  is  still  r.jvl..g  /.way  trjm  It.  tilth  a circular  plastic  dlo^rayr.,  however, 
this  complication  will  rn.it  arise.  If  the  Ideal  piasllc  stress-strain  relationship  is  assured 
(I,*,  no  strain  till  the  elastic  limit  Is  reward  and  tn#n  conste.-i*  aiiesa  nun  increasing  vtrain) 
a circular  diaphragm  disnes  into  a circular  con*.  The  angle  rrhich  the  generators  nr  ml?  ?sne 
•asks  with  the  plant  of  the  unJiatorteii  diaphragm  is  6 * v/c,  where  v Is  the  Initial  velocity  given 
to  the  diaphragm  by  tne  iwpulo-  ft  Similar  simple  solution  might  pert*pe  apply  when  tna  plate 
la  rcctandular.  if  such  • solution  is  possible  the  central  flat  area  will  retrain  flat  and 
parallel  to  the  original  position  of  the  sheet  while  its  i.-«a  Ji.jitnes  with  time  owing  to  the  fact 
thet  trm  sloping  sides  are  ppopagitud  Into  it  with  velxlty  c.  The  flrwl  Mish«d*  ><ap«  o1  the 
rectangle  is  ii«e  tne  foof  or  a house  whoso  plan  form  Is  rectangular.  Contours  are  «ho*n  in 
Figure  3. 


The  contours  of  the  dished  plate  for  constant  values  of  5/ hQ  ire  the  saa^  at  these  shown 
In  Figure  2 for  the  displacement  which  results  from  that  dlatrSbu* !cn  of  Impulse  which  corresponds 
with  tn#  jiowesi  normal  rod0  or  vibration  &T  a monerane  (l.e*  7/h^  • rot  cos  7^  )•  it  Is 
not  suggested  that  a raal  plate  would  actually  be  displaced  into  such  a shape,  the  properties  of 
steel  ar«  not  those  of  tM  ideal  plastic  sheet  contemplated,  ogt  it  might  be  interes  iig  to  measure 
seme  ’dished*  steel  plates  to  see  how  near  they  are  to  one  or  other  gf  those  shapes* 

utw  ratio  z/nQ  ’0 r xne  shape  shown  in  Figure  3 is 

" 3 $ * 1 $ " °*^9  or  * 2m5?  (sTl 


PART  a.  Cgnpcri son  of  box  model  exterimynts  with 
theoretical  discujz'.on. 

In  ths  bew  model  experiments  steel  plates  approximately  S fact  r a feet  ware  bolted  rourxl 
the  edge  of  a neavy  iron  box  so  that  they  fgmed  ona  sldw  of  thw  to*.  The  plate  «i  thus  alr-Oacscd 
and  supported  round  its  edges.  The  be*  was  Iowa red  to  the  required  depth  «n  water  end  explosives 
fired  et  various  distances.  in  gsr.cral  they  rrcra  situated  on  the  normal  to  :hy  prate  through  Its 
mid  point  and  et  distance  * from  it.  The  principal  meeairenents  made  In  cases  where  tlu.  plat* 
did  jot  burst  were  the  volm*  v contained  between  the  dished  f:*eo  ano  its  orlgi^l  posit  Ion  and 
tho  rwxlnww  displacement  n , The  mean  displacement  1 {a  evidently  (if  the  plates  are  « feet  x 
« feet) 


J5E 


Volume  in  cubic  inches 

« x 4 x 1U 


T&*  Inches 


M 


The  rw»an  displacement  or  deflection  ?f  the  plates,  s*.  was  also  estimated  by  measurement  4rid 
tabulates.  On  compnrlson  with  tho  value  ootained  using  (*$)  t was  found  tnac  In  all  c*sM 
z'fi  * 1. Cl.  This  discrepancy  can  tx  accounted  for  If  the  area  of  the  plate  is  71  loss  than  I*, 
auinwd.  This  error  can  be  explained  if  the  r.’ate  is  really  5 fewt  to  inches  x 3 fent  10  inevs 
Instead  of  < f«t  x a %*t.  if  § 1 Inch  border  is  rendered  [*»iobl?B  by  the  frrangaments  for 
gripping  the  «dget  this  discrepancy  is  re-wved.  Ausgming  this  to  be  the  cate  we  my  now  write 


<«aa> 


z ■ 


TTK  inc,»s 
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Fi lu#  f rr 

* o 

;z  naa  b«en  polnlad  out  tint  ttx  ratio  of  tho  maxlswi  dstiactlon  «0  of*  th*  pitta  to  It* 
Man  «tMtcti"0  " may  o*  -vgecmu  to  serf  tore  lulat  lonrip  aiiru'  to  uv  Mj’ss  of  ceoceM  i»t  Ion 
of  looting  towem.,  to*  centra  of  toa  plate  or  to  tha  tuaoaooot*  of  It*  appl  leal  lor-  Tl~  natiiata 
valua  to  ot  expected  ultn  uniform  lap-  '■>  l»  J-S’O)  . The  »lnl*»  f"r  unlfom  pressure  It 
2.00(a).  Of  the  t*  ;»ots  aoatytao  In  Ta-.ic  I (overleaf)  only  stct  «/:  give*  a higher  value  than 
tr.it  range  are  than  It  only  l«  aOove  It.  Two  anota  lOJ  end  too  ilvo  valuta  of  ooloa  2.0t. 

7n  vatu**  of  n_/z  are  given  In  eolum  a of  laoto  2,  **>  ahom  In  ripuru  --  In  this 
figure  they  am  plottai'wlth  x,  the  dlelane*  of  th*  charge  fro.  tha  oiatc,  it  onainaw  urau**  ti» 
cone antrat Ion  of  loading  r.tar  tho  middle  of  tht  Platt  mutt  Incrtua  at  x decrease!. 

.f  tha  Oafiaot loo  aere  du«  entirely  to  ana  Impulse  auppt1"'  by  tr»  sneemv*  during  the 
Mil  fraction  of  a laltlliecond  ahan  the  rater  la  In  contact  «lth  tha  plate  on a acting  on  It  with 
« positive  pieaaure,  tho  values  of  h0/r  mlgrtt  porhapa  0*  expected  to  6*  In  the  noljncoumow  of 
2.4.  if.  noaaaor,  th*  plate  la  ooieerded  with  spray  after  lotlnj  contoet  »lth  tht  wter  or  If 
tha  duration  of  the  pressure  Is  prolonged  by  tha  prastura  of  a kinetic  wavo  following  tna  prassure 
oulee  hQ/I  nay  ba  expectca  to  approach  tht  value  2.00,  appropriate  to  a uniform  static  loading, 
for  large  velim*  Cf  x. 

It  will  ba  lean  In  Figure  a that  »«  X Increases  h0/l  oots  In  fact  Oecrease  tcrarta  the 
value  2.04  and  that  It  Incrmiias  with  decreasing  value  or  a ooxn  to  a • 3a  faa*.  ?v.  -it r i r 
explosions  at  II  and  2 feet  t\  fi  again  aocraasas, towards  the  value  corresponding  -Ith  uniform 
ateaoy  preasui.. 


u std  s ft  doing  uork  apaintt  Plastic  stress  in  the  plait. 


The  distribution  of  plastic  strain  energy  absorption  In  the  plate  do**  not  necetaarily  oaar 

any  definite  relationship  to  the  di»«*ibyfe«  of  pressure,  un  tha  viler  sar.l.  If  Hu  —get  of  the 

plat*  easy  b*  regarded  as  fixed,  all  the  energy  pvt  Into  the  ,*.*te  oy  the  pressure  over  its  surface 
is  used  in  doing  work  against  tho  plant  Ic  atresaes.  The  total  energy  given  to  th*  plate  oy  the 
preasure  dlitriOutlon  Is  thtrsfore  eg  nl  to  ».  » (area  o'  th*  plate),  tee  equetiun  (JS),  end  the 

.ran  energy  given  Is  unit  volun*  or  th.  ptoie  is  equal  to  *p.  The  accurst*  value  of  wp  raid  d.nlv 

o*  calculated  uy  lasing  a complete  set  of  distortion  measurement*.  tse  value  giver,  oy  (jo)  it  lid 
mininsxn  value  consistent  with  a given  value  of  z,  using  o • 2 feet  Is  inches,  P ■ 20  tont/aquare 
Inch"  3.09  x Id’  dynes' sq.cm..  (I9)  gives 

w ■ S.16  X 1.09  V so5  < l.ts  x I)’  « i'  (»5) 

p 

where  v is  exoressed  In  ergs/c. c.  cf  steel  sod  z is  expresses1  in  inches,  as  measured. 

Values  of  1 art  given  In  eolif.n  5,  Table  2,  «rd  of  *p  In  coli/w  0. 

Comparison  itu  t h tntrjy  gwen  to  the  pLat§_bv  iht.trtziMrt  pvlt.c. 

The  velocity  wiln  which  th®  plate  is  discharged  trow  the  surface  or  the  «ter  hy  the  pressure 
pulse  has  oesn  calcclnted(S)  on  Ihe  assifsption  that  a plena  ecw.pr-ssion  pulse  or  Torn,  p ■ o0^nl 
strikes  tno  plate.  Values  cf  P0  sno  n htSTtf.'!  tnf  certain  “»ptbS*vps,  ncitwniy  T.u.T.  Tm  notion 
of  tno  plots  rapidly  gives  riot?  tfc  a iterative  o>*i  tr^  icri  dral'.'j-C  r*,t  ?»  the 

of  zero  pressure  oepenas  pn  whether  water  cin  sustain  tension  either  inttr.u'.ly  or  /it  tha  iu.-fac^ 
of  the  plate.  Tn®  velocity  of  1*p  plat/  at  the  itonent  when  2fro  pressure  is  attained  >s(i) 

f . (SO) 


where  € « pc/mn  sin  0,  c Is  the  velocity  of  sound  in  «ottr,  »•  t^o  steel)  ■ 7*81  i.  the  mass  psr 
unit  ansa  of  the  plat®,  p :z  tn®  density  of  wsterg  6 is  tnp  angle  of  incidence  of  the  «av*  on  tha 
plats,  he  nay  use  this  rirst  io  calculate  the  velocity  with  which  the  central  portion  of  tha  plute 
is  uisviorjed.  Hans  6 • 90°  so  that  (iO)  nay  be  written 

Jt  . ipJ!  (il) 


T 


il6 


- in  — 


HKjiiPMifft  wltn  the  plejo-electnc  ami  ulnar  ¥at.«cs  jive  ?*•  follrwrlns  mean  values  for  T.*,T. 

P0  * *.*  x iG*  (M1/3/r)  dyr-es'cm*  1 ^ 

ft  w 7.3  x tf  Hmltl  sec"1  J 

whora  h Is  tft*  r*ss  of  thu  charge  I ft  jr*vnrS  and  r >*  ths  distant  from  tne  eMrje  In  centimetres. 
Tim  value  of  r m the  centre  of  the  puts  is  x«  vaiWi  of  € and  appropriate  to  the 

,»irtdtx>  of  the  piste  were  calculated  fron  iS2j  onu  *<«  vov.latc-  In  eolwvw  v ^tc  iO  o?  Table  2, 

• aiv«»  v?  * e*>  ths  ssfssrX  t*e  erawyr#  on  the  elate  becomes  ia'<  (of  strictly  tr*e  >>ydro*tat  1c 
or«4v»ri  at  the  depth  ccnsldered)  are  plven  In  column  u.  Tne  kinetic  entry?  vf  tf-c  sisdl* 
part  of  the  plate  U j (p  atoel)  (2  per  c.c. 

Shaft  l is  larger  than  a,  i.e.  thaft  3 feet,  the  velocity  £ of  the  plate  might  be  expected 
to  t«  nearly  constant  over  the  surface  because  sin  Q is  not  very  different  from  1.0  and  r is  na-srty 
equal  to  *.  at  closer  distances,  however.  tne  outer  tarts  of  the  p'*t»  will  receive  fr<,«a  the 
pressure  wavs  less  energy  then  the  itlddio.  this  effect  ha*  been  dlicuisao  by  fox  in  the  report 
*Tna  reflection  or  a spherical  wave  from  an  infinite  plate*  who  finds  tnet  the  foraulee  (SO)  end 
(St)  ana  sufficiently  accurate  for  many  purposes  if  applied  to  elomenta  of  tha  spherical  wav*. 

Tu  calculate  the  mean  value  of  £*  ever  the  piste  using  the  expression*  (30)  ar«  (Si)  at  all  paints 
of  the  plat*  using  the  appropriate  values  of  r and  0 would  be  extremely  laborious.  An 
approx !r^*. I sr.  ct*  **  calculated  l»i  the  form  of  a factor  ? by  which  the  vplye  of  £2  at  tna  centre 
must  be  reduced  tu  g»l  the  man  value  over  tht  plate. 


Consider  a circular  uiate  a'  raviua  - cu???*c  f*«*t  is  proportional  to  1/r  • xh/pj+x*. 

It  can  be  shown  that  it  is  a fairly  good  approximation  to  t«xe  the  effect  of  obliquity  on  £ as 
reducing  it  In  the  ratio  ai*#  : 1 below  its  value  for  normal  incidence.  The  factor  f which 
♦xpreasu*  the  ratio  of  tn«  mean  value  of  ^ to  tne  value  *0  at  the  centre  of  the  plate  may  therefore 
be  taken  es 


f °{!  :n  a 

F • Ji- 


ff «.3£.3 
v =0 

5 Inc.  Fin  9 • yj'  s!>«'  (53)  JW«S 
F • *3/(aJ  4 xJ! 


' L 


2»a# 

"«  1 


(53) 


(53.) 


To  wup'y  (33e)  to  the  rectangular  plate  we  may  take  f»Q  os  the  mean  of  a end  o.  Tnv#  B0  * S feet. 
The  mtau  valye  of  the  kinetic  merjy  given  by  the  shockwave  to  tha  plat*  -*y  now  be  taken  apprcxiratel 

A* 


T * -J  (»  steel)  f £*  (5*) 

Tr«  values  of  T.  using  f»  steel  ° 7.8,  F frpft  (sja)  the  values  of  from  column  11,  Tabic  7, 
are  given  in  column  tv.  If  u>»  wnot«  of  ir.e  tnergy  of  the  plate  wer?  crymunicatmd  dgring  the  early 
pan  oi  the  Pulse  v^en  the  pressure  Is  positive  it  would  be  expected  that  wp  would  oe  equal  to  I. 
vatu*;,  of  vfl/t  are  given  in  . nla...  13,  It  win  ee  seer,  mt  cnly  in  si-gt*  ioi  i«n  ice  cen  the 
energy  o«  ettributeo  rneimy  ;v  this  tiuts.  i07  ano  toe  ^iue  v&iues  of  *0/^  »w>  tr^r.  i tut 

In  tnaae  two  cases  th*  permanent  dishing  was  very  snail.  it  awns  certain  that  jlastlc  recovery 
would  be  comparable  with  the  sinall  voiuua  of  c.  namely  O.ui  Inches  and  c.ic  Inches,  obtained  !n 
ineta  casas.  in  all  otfv’r  cas^s  the  work  oone  by  the  pressure  Is  consider^!/  greater  thsn  T. 

•t  least  three  possible  exp’r-xtlons  of  tniu  u'Mrcrgence  from  the  theory  of  the  re»i  * 

•The  ?re?«urw  and  Impulse  of  submarine  explosion  waves  on  plates*  can  be  Invest Igatcu. 

(l)  The  duration  of  the  actual  pressure  on  the  plwte  before  it  falls  to  zero  nay  ce  greater 
tfrrtn  ih-sr  calculated  value  because  th^  plate  is  fixed  at  the  edgas,  sc  tnnt  the  r^pia  cutting  off 
of  thp  pressure  by  notion  yf  the  pints  does  not  rwppcr.  close  to  the  coy*.  fni*  of  feci  i»  likely 
to  extend  only  a sr-ort  way  Inwards  f^om  the  edge  be;ause  the  duration  pf  »ne  positive  press  mu  is 
vdlculateo  in  r«t  cf  the  trials  V,  bs  lP«s  than  -^th  of  a millisecond.  In  this  tlm»  sound  only 
l<tveli  5 inches,  so  that  diffr0ction  from  the  Hl'e  would  only  have  lime  to  affect  the  pressure 
ov»r  ® small  part  of  the  total  area  o»  ifv  i<i<ii. > 
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[i)  f-.reexgrw  <i.w»  tn  tn,*  orexaure  *ave  miy  rise  a^&ln  sfxvr  faltin;i  10  zero, 

by  cavitation  if,  tne  water  soro  wny  away  from  tne  5urf3C®  «f  tut  plate  tan  effect  xmlth  would 
aUiw  the  water  between  tho  cavitation  coat  and  tne  plait  to  wove  forward  any  #»e^  a pressure 
cn  the  plate  at  if  it  docdcrsteo  by  ir*  slrcssta  in  th«  plate)  or  5/  dregs  shooting  forwrd 
tomr^s  the  plate  after  It  has  ported  from  Jhe  water  ct  the  Inetant  of  zero  pressure. 

(3)  The  tcng  continued  pressure  due  to  the  expansion  ct  the  bubble  cr  pressure  effects 
acccmpany Ing  its  first  rar<  repress  l.n. 

it  Is  not,  In  genera',  possible  to  distinguish  between  these  alternatives,  using  only  the 
measurements  of  the  3l$Mng  of  the  plates.  on  ine  ow>«i  nano  (c)  may  be  aiennsaud  u litedo^uato 
In  caSvS  where  tne  energy  used  in  bistort  inj  tne  piato  is  coneis-raol/  greater  than  Wtiwls 
energy  o*  the  per.  of  the  pressure  wave  which  falls  on  the  piste,  for  this  reason  this  energy 
has  been  calculated. 


•»‘3  v t fall  t*ij  oh  f*e  flat*.. 


To  calculate  the  total  energy  which  falls  **  tn#  piste  It  is  necessary  to  find  an 
arprwsston  for  the  solid  angle  o>  subtended  at  the  charge  poeltlon  by  the  plate,  integration 

gives  the  foroula 


l xv’ir  ♦ a-  ♦ o'  J 


when  the  tliaf^e  Is  situat.-d  on  t!-o  uvrm&l  through  tnu  nti  J— >)u  Jut 
of  thi  pressure  »*« ve  i* 


Cj  p cu2  ♦ 3:  pu)  r*jt 


the  pint?.  The  tctol  energy 


lW) 


ano  at  sou*  distance  from  the  centre,  i.e,  wht.i  the  extent  of  tne  disturbance  along  a radius  It 
smell  compared  * Un  the  radius,  p « p cu  so  that  the  total  energy  is 


t • * v Ip  c 


r 
J 0 


(5?) 


Assuming  that  the  pressure  may  be  represented  by  the  expression  p ■ p e ftt  and  that  p «r«u  n 
have  tho  values  given  in  (52) 


» Tf 

P C 


»H>*  * 10  1*  l H * 1.21  x lb1 

i 7,5  * 1 


10*  J 


H erg 


(50) 


Tnls  wv  bs  compared  with  the  amount  of  kinetic  energy  which  is  left  behind  In  the  kinetic  wave(a) 
Surrounding  the  bubble,  namely 

* • ).»?  » I0,C  M [59> 


The  total  e ltr^y  falling  un  tie  plate  is,  therefore,  from  (55) 


[ i ) . - 1.1:  , ic">  ! 

plate  * tt  v 


using  a ■ 35  Inches,  o ■ 23  tnent:.,  some  values  of  ^ twT1 
T«.i>iw  7 • 


x J xl  ♦ a2  ♦ or 

ab 


(«) 


Tabu  3. 


i 

i 


i 


\ 

i 
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For  comparison  with  tne  amount  of  enerqy  usea  up  in  stretching  tne  pleie,  the  r»wan  energy  of  the 
pressure  wave  por  unit  vcliym.  o'  ire  material  of  tr*  plate  has  ceon  ceituixtea.  *ni*  it  I * 
(i/*abt)  [t ana  m?  viluus  of  are  tabulated  in  cciinn  l«*  of  fault  2.  Conparinj  these 
■ ilh  tM  cor respond ' ng  ?igur-:.*>  . 3 U*:  pner^/  uszd  in  stretching  tne  elite.  It  is 

3S*m*  that  In  1*  of  the  1*  wr»3-?S  arvil/S^-5  mort-  energy  was  given  to  the  plate  than  tn»?ru  was  In  tne 
part  of  the  original  pressure  wave  «hicn  retl  on  the  plate-  The  rai  iu  "p/E-p  l)*v*fl  ,*n  tylw*-  t3 
Tnoujh  some  orror  l»  likely  In  estlirutinj  &olh  wp  ««fl  Ewp  It  doe*  not  stun  possible  that  it  could 
give  rise  to  values  of  vp/twp  iS  nwen  in  excess  of  x.O  as  many  of  those  tabulated  in  col jrvt  ib. 

Possible  errors  »n 

Errors  in  xp  might  ansa  fiura  three  CAuSC*. 

(1)  Tne  yigla  paint  of  the  milo  steel  might  ce  different  from  23  tons/square  Inch.  Since 
wp  If  proportional  *o  the  yield  stress  the  figures  for  ap/fwp  ccu>G  only  be  reduced  by  assunlng 
a yield  stress  lower  than  gii  tons/square  irin.  Tni$  Is  a very  unlikely  explan«t  Ion  cf  »^h 
large  values  at  those  given  in  column  IS. 

(2)  The  type  of  dlshina  is  not  quite  tun  nv  as  that  assumed  In  calculating  «p,  The  values 
pf  hp/I  ore  in  almost  dll  cases  greater  than  2.06,  the  value*  correspond  lug  with  the  distortion 
of  a soap  film  by  uniform  pressure.  Since  the  latter  is  the  distortion  corresponding  with  the 
ninlim*m  work  for  a given  value  of  7,  any  error  ouc  to  this  cause  would  lead  to  on  underestimate 
of  yp  »nd  a -or*  .sSdvfste  anal ys if  cf  distortion  *w,d  therefore  give  rlw  to  an  increase  In  the 
figures  in  columns  6 and  1$. 

0)  The  Plata  flight  net  be  held  sufficiently  flmiy  at  the  edges  to  justify  the  uso  of  the 
fixed  edge  corbltlon.  Errors  due  to  this  cause  wuuiv  . Ue  rise  to  a decrease  In  the  figures  of 
columns  8 and  13.  it  does  not  seen  likely  that  any  vary  considerable  error  could  arise  from 
this  cause. 

Errors  in 

apart  from  the  question  wnetrxr  scn»  energy  .Tight  not  be  dr^n  by  diffraction  from  tne 
^art  of  the  shectamve  outside  the  plate,  (ana  this  is  likely  to  oe  smalt  r'er  reason*  eireaoy  given) 
the  energy  in  the  snocnwave  may  be  less  tngn  that  jivan  ty  (3d).  Errors  of  this  h.nd,  however, 
cannot  oe  large  because  the  figures  in  (56)  art.  derived  directly  from  piezo-gauge  measurements 
which  are  remarnably  consistent.  in  this  connection  it  is  worth  noticing  that  the  energy  of  the 
flow  rvund  the  bubble  Is,  according  to  (ss)  *na  (59), 

(1.83  ♦ l.2l)  x 10lC  ■ 3.M  x 1C15  ergsAgm.  of  T.S..'. 

expressed  in  calories  this  is  Tf 0 Calorics.* gm,  fenney  has  caiculatsd  that  aoout  30»  of  the 

evdiiabls  jnarjy  it  *esteo  in  iMuvgrsibl-  hasting  of  the  water  near  the  bubble  by  tne  very 
Intense  snockwsv*. 

The  energy  xhieh  l.e.T,  is  capable  of  giving  up  by  no  ■•untie  expansion  of  the  products  of’ 
detonation  Is,  according  to  RobartsoM*),  926  catofles/gm,  h Jones’  theoretical  colculatlon  makes 
It  flib  cnlorles/gm.  8otn  these  values  are  greater  than  880  calorigg/ga.  which  «#  Un  figure  taken 
oy  vonyera  Herring*  Tailing  jvmcs*  waive  Ihr  wastage,  avuuiuir^  to  n*n rmyt  is  JGS  of  WO  - 2 ^ 
calories,  so  that  the  total  work  done  Oy  the  explosive  is  730  * zt*  • iC2s  calorics..  This  is  as 
greater  than  Jones*  calculations..  It  will  be  aaen,  therefore,  that  ary  mpprsciabls  increase  in 
the  estimated  energy  of  the  pressure  wavs  would  be  inconsistent  with  the  known  tnarrx^cheiiiicdi  data 
of  the  energy  available  on  combust  lor  of  T.e.r. 

Comments  on  rccuiti  given  »n  TabLts* 

It  le  shown  that  only  a fraction  of  the  energy  which  U conr.jr.lcat^d  to  the  plate  is  du* 
to  tne  pressure  in  the  pressure  we  oerore  mis  pressure  fails  to  zero.  The  empirical  hypothu&is 
tret  th»  whale  of  the  energy  of  the  wavs  striking  tne  plat*  is  given  up  to  It  would  enable  a more 
accurate  prediction  of  damage  in  the  cases  analysed  to  ee  made  than  the  assumption  that  no  further 
# *argy  is  given  to  the  plate  after  tr.b  pressor*.  Cn  ft  falls  tc  zero.  Even  this  hypothecs,  however 
unde  rest  i.-«te«  the  energy  which  the  .taler  gives  to  the  plate  In  most  cases.  it  seen*  necessary 


- u 
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to  consider  the  effect  of  the  long  continued,  1 or  preeaure,  kinetic  «ave  a*  wH  is  the  pressure 

wav  t . 


It  is  worth  noticing  tr>at  shot  lOT  was  rtfcde  at  t'rpiti  } r* -\  and  *?r|to->*si  distance  :»  feet, 
so  !«*  tn»  positive  pressure  wave  would  oe  cut  off  i?.5  mill  Iswur.*,,  «7ter  the  uuploelon.  This 
woulo  prevent  water  trow  me  hack  sti'faee  of  the  cavitation  forrrd  'lehino  the  plate  when  ins  pressure 
falls  ic  raro  from  Being  discharged  ana  exerting  furth*;:-  pressurr  cj.  the  so  that  in  this 

case  a tncory  which  assur^t  that  no  further  pressure  Is  exerted  after  the  plate  has  Decora  de‘ scNKI 
from  the  water  may  oe  applicant*. 

fe??«  *s;  as  *«c  as  in  which  »m*ii  rharoe«w*rw  Maced  close  to  tne  plate  ere  interesting 
Decause  the  effect  of  tne  kinetic  wave  might  t>b  expected  to  oe  greater  relative  to  the  prc*:j~* 
wave  than  In  the  other  cases.  The  way  in  which  the  value  of  neft  is  much  more  nearly  that  which 
corresponds  with  r static  pressure  than  th*  higher  values  associated  with  t.spulslva  pressures  it 
a striking  ? nature  of  figure  ».  This  seems  to  Qe  an  indication  that  In  ??.!.:  ca^e  the  «|n  cause 
of  d*Mgc  may  De  the  kinetic  wave  rather  than  the  pressure  wave. 

Rtfirtnces* 

(1)  lode,  Zeits.  r.  Phyjih,  3a,  page  91),  toga, 

(2)  Taylor  and  Quince/,  “The  plastic  distortion  of  metals,*  frill*  Trans,,  A,  230, 

())  Se©  equation  (*7). 

(a)  See  equation  [)7J. 

(3)  *Tna  pressure  and  '.-pulse  of  submarine  explosion  wave*  on  plates*. 

(A)  See  equation  (V)  of  the  above  ment!o«*?d  report. 

(T)  X is  hero  -expressed  in  centimetre*  so  trat  jm.II  Co  In  C.G.S.  unit*. 

(8)  Equation  (to)  of  report  ’Vert  cal  motion  of  a spherical  OuSDle  and  tM  pressure 

surrounding  It*. 

(*)  Sir  R.  Rcoertoc  and  a.E.  Garner,  free.  Roy,  Soc..  *,  t03,  19JJ. 
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NOTE  on  an  approximate  method  for  the 

SOLUTION  OF  DYNAMICAL  PROBLEMS 

E.N.  Fox 

Adalrxlty  Undex  Workl 
Scptembor  1943 


Summary. 

An  approx  i nait  i.iathoJ,  analogous  to  tnr  on«rgy  method  used  In  statical  proonws,  *s  suggostad 
for  mo  solution  of  dyr.x'iicai  pro'jl ts,  in  particular  pre&lers  o’  impulsive  loading  on  structures 
suen  an  a ship's  hull  toff^iosed  of  plates  supported  on  frames,  Th^  method  Is  Illustrated  Cv 
«ol  je.stlcn  to  thf  probing  of  Ir^julsiva  loading  cn  a plate  cl enped  In  ci  dastl  call  r-Sif  port  ad 
rigid  frv>  o. 

>*roposea  mcrncci. 

for  me  solution  of  probi«"s  relating  to  structures  or  structural  units  under  static  loading, 
S widely  used  ippmxim-ttr'  m.thrd  is  th.it  in  which  the  Shape  of  the  deflections  in  the  structure  are 
assumed  ano  thei r magnitudes  men  determined  oy  raxing  tnr  total  onergy  arainmni,  This  method 
derives  from  the  f-1Ct  th-'.t  me  truc  Caution  ii  mat  -high  maxes  the  total  energy  x nininx/n  'or  xl  1 
posslclo  snapes  and  magnitudes  of  Jeflectlohi,  a corresponding  theorem  in  dynamics  Is  furnisn?o 
l»y  Msr.ll ton's  principle  whim  for  r-  conservative  system  m«t>  o.i  *ritt.*' 

SI  tit  • u (1) 


■tier.  1 fc  T - v 

1 « Kinetic  energy  rf  syU1'* 

v « rotentl.il  fiery*  of  %/utini 

3rd  $ der.otrr  any  arbitrary  will  variation  nf  the  coward  i st  particles  'urrin,:  me  '-yst.m 

provided  S does  not  .if feet  tire  or  me  initi.il  and  final  ocr-Jl.rsms  at  tj  and  \ ^ 

in  general  me  proticr  is  to  ocu^ine  dependent  vjriaoiei  q^  ...  in  t.m:  nf  ••  dtppnd.'nt 
variables,  time-  t and  spicv  coordinates  x,  y,  t.  Tno  integrma  i will  usually  ce  expressible  as 
j fu-ictid*.  u*  . ’i,  m<ji  r ptrti.il  *liri v-itivos  wim  respect  to  t,  x,  v,  z m3  yf  tir*-  t. 


Irw  proposed  dpo  rox  ir»jt  e is  to  us.su- r*  space  di st rin-.-l inns  tor  o^,  Q ^ ...  which 

satisfy  the  tiiundiry  conditions  ind  to  determine  th>  tli.i-  variations  pi  tee  q’  S Cy  use  of  i ]vJtion 
(l).  Ir.  y.nc-  .*  !.  will  tn  n DCCOmC  i \;nrtio~  of  ti~.c  q^,  \/  u.od  me  velocities  5^,  q^  ... 
,ind  tnc  c«,li,!:dr  ■ ■•hj-ticn  (l)  will  sc  dives  es  in  p .riirlw  dyf.-Vii  ts  oy  l . j * jingo-  s equations 


•!t{o  Q)  '1  ■; 


(?) 


Ihis  system  C*  ordinary  -li  t feren  l i ul  eguH.  mn>  will  u Swell,  3.0  rare-  ii-C-h'^lo  li  -O’ivti.'n  thin 

th--.  corresponding  s»st»»-iof  purvi-il  di  rr-.-rj**  i al  equations  for  the  - xact  solution, 

th  vhi-.r  refit  of  '..*v  iji^roxjmi  t - ».;thy?J  lies  in  its  application  to  pr^sl  ns  wh-Te  .rc  . x-1C  t 
eductions  :»»-  • » t f- -:r  mtr  ■ t-.pK  n-.cc-ssi  * at  very  lengthy  ri,  vric.il  corput  it  ier  to  .live  i solution 


T»  t-  value  c*  V «'  aopruxirat*'  5t»lut*on  d-jper.d‘  of  Oijrse  cn  t ; • ext- nt  to  which  mo  asi^-'ud 
sdic.  Ji  ,tri.‘.ut:  eeprox irjtv  in  motie  of  the  exact  solutK-  a nr  .-.  *i  : » f ''tickler  ccr.*>  ■>ct ion  rr.v- 
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me  f'i'eal  it*  i r a sup 

■- x«; t -rf-lutic-  fur  t*-t  1.  H 
oil  Owing  TO n-i 


Oftl’O  . l-IStll  JI’AT  5U0jCC.ti‘C  1 


. t.ndif'y  by  O''  impulsive  lead.  the 
ir.jSCiJ  -15  an  inTin.il 5 t"rltf?  ' f me 


, !■  Z (»1  ^ iO  (3) 

■„n.h  t r*»  vf  which  is  th  • pf  ; .1-jCt  "f  i t i*v  1inili;r  jrd  1 space  function  t"0  Mil*  i Crr*'cspon-li  n-j 
to  th  Sh  c*  l*v.  O'-.*  VlOf.tini  m > »'v.r-.;l  nuU'-.  if  Wi:  '41  pl>  Il.t  ip|U  indie  I'livhCd  tc 

this.  pT’Pt'-Ti  t>y  .umSV no  IT;  jCloliCft  to  e<.  i m?  sar  cf  i wo  uni-*  only  of  Inn  ';n~ 
v * rr  (t)  vCy  l*)  * ► ; (t)  Vs  i "i  i*} 

U*r.  ir-n  application  of  tne  r.ntnol  "cul«t  giv* 


rr  it)  - <tr  it)  ] 


t\  (!)  • C,  U)  > 

T>os  in  this  t wnpl  f me  xi*c*  vxiTutw  muthud  *n.ilc  giv;  mo  exact  contrio-.it  ion  ton  me  two 
terr$  assured  out  icald  j've  re-  mfoTratipn  regarding  me  .Mta.rwrg  toms  in  tno  exact  solution. 

The  jeeuraev  Of  in*.-  ipproximuc  ^nlu.ion  thus  dtp.’flSS  on  whethor  th-.*  15W-C0  terms  arc  those  giving 
therajOf  con.triojtion  to  deflect ion,  stress  or  w*»yt  ;v«ir  qVkfttity  it  is  desired  to  estimate. 

for  Xppl  I cat  I On  tc  prirtictl  proolyns  in.  :novv  1 ini  i <iii«M  is  not  to  Orjj.u  a»  >il  1 1 . 41 
Sight  night  dopodr  Sir.ee  appeal  ca«  usually  te  made  to  expori-pntdl  results,  Such  as  final  deflected 
5fcape,  when  deciding  *njt  spac-  di  .tricot ion*  to  assure.  Similar  rocojrjj  ray  sent l U.»s  c*‘  r»ad  tc 
krn*n  -?xsct  solutions  * or  $irj\Ur  pi*o>>l(*»s,  Tot  oxdnpic  ft  solution  'or  a oeam  prcolftinay  suggest 
tnc  deflection  form  tjr  u p'dtO  pnomun, 

P o ss  *.  h Lc  ajft-h  cc'ipns. 

rhO  nnryO  -sot  g.r.  tut  application  to  the  UfaviOyf  uod«.r  impulsive  loading  o»  structures 
V/Ch  as  a ship*^  *ull  cc-npo>ed  of  plates  Supported  on  fra/rewr  rue.  The  example  given  in  tnc 
appeedix  is  0 simple  pro^l  r<  of  tr.ic  t>p-  for  elastic  deflections.  *n  important  practical  probloi' 
to  nnich  the  nethOO  '5  ‘.U  00  uppli-’o  Id  that  Of  d ribbed  Circular  cylinder,  ;ir-u!aiii'a  lov 
hull  o?  .i  Sutr>arir.e,  ..-der  inauiSivo  leading  with  particular  rofofenc^  to  the  relative  arxounta  of 
elastic  distortion  giv;n  to  the  rips  -and  the  plating  i.nder  different  Sy'.teris  of  loading, 

A plastic  prcoleoi  to  wnicr.  the  nethnd  has  already  been  aj-'U-vi  if-  thA’  of  tnr  rel  \tive 
w-ounts  of  onerg,  aoso:0i^  -'Cvpvfivoiv  if-  plJ«t  stretching  and  In  putiing-ln  it  edges  for  th* 
tar  jut  plate,  ir  box  Model  trial*. 

a general  problem  to  w.icr.  me  mthmi  night  also  Oe  usefully  applied  is  tnat  of  the  effect 
of  hrtdi  ly  notion  of  ii  target  in  reducing  innagt  SjStflined  hv  thi’  target  when  SuOjrct od  lb  ah  i-ndcrwat-jr 
■•xolciicn,  in  general  the  method  is  not  expected  to  DC  of  qrc*t  appl  ic»Di  1 i ty  to  dynamical 
prooioms  due  to  the  d rfivV';i>  of  is.wiinj  me  space  distribution  of  velocity,  etc.  m this 
pjflivVi  -*.'  Hl'Cvl  v>"»  f.v.'.evcr,  w.O  cm  *v'£ci51y  t'--'  of  t»'<*  Knr-wn  solutions  for  Couily  .'Otion  of  A 
rigid  senore. 

in  general  the  method  is  txpocied  to  0?  more  useful  for  proolrr«s  >n  vliiih  »h«  j.-fcrreti*"  is 
or-Scntial)/  of  vihratlcnal  t/p.-  ti>an  10  otod' ems  in  which  the  .SJentifll  foature  Is  the  propCgatljn 
cf  waves.  Cr.rtair  fuaturos  of  wavy  motion  car,  however,  bt.  inr-orjiaraied  whin  epylying  the  muthc-l. 
for  exar\.le  the  deflection  jf  ».  beva  under  impulsive  inadln.a  r.rvn'i  be  as«ur5a  ns  given  Oy  v - 
different  spcco  functions  in  different  port'  of  the  Dean,  to-  ixjunoary  utUecn  these  being  tAA&a  as 
moving  tlung  ir.d  wCA  with  a certain  velocity;  this  vuICCity  wculo  then  appear  as  one  of  the 
nrpor.dcnt  variut-l.-v  in  the  resulting  equations.  a a tentative  suggestion  il  ray  also  oe  possible 
to  genoralisc  the  re  mod  somewhat  Dy  loaving  in  c-r‘.a;.*.  crt,itr-nr>  functions  of  a wave  tyoc  -snd,  after 
substltuticT  in  the  integrand  of  equation  (j),  obtaining  thw  equations  by  use  of  the  calculus  of 
varl  at  i on  s» 


in  conclusion,  it  rust  be  a-ipr.asl red  met  the  r-.ethed  s proposed  not  as  a substitute  for 
evict  if.thOJj  Cut  is  f.  Supplercniary  meiroo  wnicn  can  ou  nppiitJ  in  VUJ«i  •riuiu  vi!S.-j-  vauvI 
solution  is  unobtainotiie  or  a forma’  solution  is  pcss'Mo  but  presents  excessive  ro^putatlcnal 
Oi  f ficui ties. 


I 

I 
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APmaix 

V illustrate  thr  ar.pl!. *.u inn  c.f  thft  proposed  approximate  m«ho<l  consider  inn  motion  under 
uniformly  distributed  impjMive  pressure  o'  a ’cCtargglar  pimr  which  i»  damped  in  a r I gl  ■*  franc 
mounted  on  elastic  supports  as  depicted  sectional ly  In  Fig-re  1.  fht  ?!a!o  An-1  ffnmv  <i.e  assumed 
initially  at  rest  and  of  uniform  mats  so  that  all  deflections  arc  sf..metrlca1  a pout  the  con*  re  of 
t*e  pi ai«\  The  deflection  q.’  the  plato  ro'i.tlve  to  the  frame  Is  assumed  snail  vnyug'i  for  fho 
usual  thcur,  of  clastic  Pending  of  thin  platos  to  cpi>1y. 

Thn  fnllr.Nlmj  rmtntinn  will  iin  usrd;. 

t Imn 

1 rnigth  of  pi ai a. 
width  of  plate, 
total  mass  of  piato. 

0 ■ ftexusl  rigidity  of  plate* 

P ■ Poisson'S  ratio  for  plate. 

rectangular  Co-ordinate s In  plane  of  plate  referred  to  centre  as  origin, 
deflection  of  frame, 

dcflcvkloo  of  point  ( *,  y ) of  platO, 

deflection  of  contro  of  plate, 
total  mass  of  frvo. 

tot-ti  stiffness  of  eMstc  supports  to  fr**e. 
f?tj  • total  force  at  time  t due  tn  u+>pliee  pressure, 
la.al  Ntneliv.  «itc-rgy  yf  tyaitat, 

total  potential  energy  of  syston  Including  applied  pressure 


using  dots  to  denote  dl fforent 'atian  with  respect  to  tine  the  Kinetic  energy  of  the  fr«nrj  >i 

* ")  (6) 

*MK  th*;  Kinetic  energy  of  thL  piato  is 

r f , . . 

— — I I (U  ♦ *)  * "Jx  fly, 

: as 

JO  JQ 


(7) 


• he  iA«» cC.tirtl  rtier^y  in  th'  Elastic  tv  th£ 


* •> . 


(0) 


while  th<  potential  energy  of  hnn/jinj  th»  plate  is 


.a 


»7r 

a?  ^ 


(J) 


•cicrif  iv  TJ>  I r noveu  ;n«u  \-»e  secona  ism  in  :** 
counaory  conditions. 


.niegrai  vanishes  on  integration  in  vi  *»•  of  Xne 


Finally  the  potential  energy  Pf  the  applied  pressure  i-. 


a 0 


t“  • ')  ax  1, 


(10) 


As  1 hi-  *i  rst  Step  in 
plate  relative  to  the  iranc, 


-V?rt..ip-alc  solution  «■?  no.  ossun.  for  the  deflection  z of  tno 


* 3 » fl  - ^ ] f ’ - 4) 

l J l o-J 


wicn  Sdtisflos  conditions  that  tn.r  plate  i>  cl  s-oped  roo-d  it!  cd;o  to  the  frame. 
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VDSli  tutln.j  frc^1  e^jat'CI  ( 1 1)  ift  eCur.ian  (?J  we  llfio  rtilt-r  it.t*  ^ration  tMt  <hh  total 
mrctic  ■ 13  *j- writ  v. 
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v">;  finO  similarly,  hv  SuDSl i tu*mj  frun  eguiLiun  (u)  in  cquHiOr.  (iC),  that  ’.►*  total 
octential  energy  v is  given  D/ 


k,-'.  f (n 


. a rjttfa?  , si)  . JSii"J 

Ot  L [ D7  ti2  } ll02ij 


0 y definition  u ■ T - v apd  applying  equation  (2)  oy  toning  q • u ana  q • w *-e  0Ct«in  the 
e qua;  ions 


to  1 


iin'u  4—  I2- 

U!>  315  j 


»»lch  together  with  the  initial  conditions 


U • u ■ o 

« • W s C 


suffice  to  determine  u ana  *•  as  functions  of  t* 


Th®  solution  of  equations  { 15)  i $.  elementary  and  needs  no  cim:*«its.  Out  it  is  instructive  to 
corpora  this  solution  with  that  for  * double  system  conposcd  of  a sass  on  a spring  supported  cn  a 
acccr.d  mass  on  a spring  as  shov-n  m fij-rc  2. 
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TLASTIC  DEFORMATION  OF  AND  ABSORPTION  OF  ENF.R3Y 
BY  THIN  CIRCULAR  PLATES  UNDER  NORMAL  LOADING 

By  A.N.  Oleyzal 


INTRODUCTION 

The  deformation  of  thin  circular  plates  by  static  and  by  explosive 
pressures  has  been  the  subject  of  Intensive  investigation  at  the  David  Taylor 
Model  Basin  (13)  (10)  (14)*  in  this  connection  teats  have  been  made  on  metal 
diaphragms  rigidly  supported  at  the  rim  and  subjected  to  static  pressures  on 
one  face.  Two  quantities  derivable  from  the  test  results  are  of  particular 
interest.  These  are  the  deflection  of  a diaphragm  at  its  center  and  the  en- 
ergy required  to  deform  a diaphragm  as  it  distends  under  static  pressure. 

It  was  believed  that  unification  of  the  test  results  on  the  basis 
of  these  two  quantities  for  diaphragms  of  different  dimensions  and  material 
could  be  accomplished  by  plotting  the  quantities  In  terms  of  non-dimensional 
coordinates  Involving  the  dimensions,  and  perhaps  the  yield  stress  or  the  ul- 
timate tensile  strength  of  the  material  as  obtained  from  tensile  tests.  Rea- 
sonably good  predictions  of  deflection  and  of  energy  absorbed  for  any  thin 
circular  plate  under  pressure  might  be  posrlble  from  curves  based  on  these 
selected  coordinates,  provided  the  material  of  the  plate  had  a plastic  be- 
havior similar  to  that  of  the  plates  used  in  the  tests.  Predictions  of  high 
accuracy  would  be  expected  for  plates  of  materials  similar  to  those  tested. 
Kith  these  considerations  in  mind  data  on  diaphragms  of  different  materials 
are  reported  here  and  analyzed, 

THEORETICAL  CONSIDERATIONS 

Deflection  measurements  on  the  circular  plates  show  that,  for  stat- 
ic pressures  of  sufficient  magnitude  to  cause  plastic  flow,  the  plates  form 
very  nearly  spherical  caps.  Thus,  for  a particular  pressure,  the  tension  is 
nearly  constant,  throughout  the  plate.  Moreover,  calculations  show  that  this 
tension  tend3  to  be  constant  as  the  pressure  is  increased;  this  constancy  may 
be  ascribed  to  the  balancing  of  two  effects;  l.e.,  the  strain-hardening  of 
the  material  and  the  decrease  of  thickness  as  the  pressure  Is  increased.  Thus 
under  sufficiently  large  pressures  the  thin  plates  act  somewhat  as  membranes 
with  constant  tension. 

Suppose  pressure  is  applied,  as  in  Figure  36,  to  one  face  of  a cir- 
ei.iar  membrane  with  tension  r.**  It  may  readily  be  shown  03)  that  the  pres- 
sure p and  the  center  deflection  z arc  related  by  the  equation 


* Number!  In  p*r«r.th«ala  indicate  reference*  at  the  end  oi  thli  paper. 

* * {n  w th|n  plate  llie  tc>i*ion  at  ■ point  la  the  product  ct  the  thicVntsa 

anti  the  atreaa  at  the  point 


I 


a*  + j2  > : 1 • 

where  a Is  the  radius  of  the  boundary  of  the  r.-.embrane. 

A membrane  deflected  under  pressure  forms  a spherical  cap.  ?i  c 
volume  enclosed  by  such  a cap  and  the  piane  of  its  boundary  Is 

V - \na2z  + | nz 3 [15] 

The  energy  W absorbed  by  the  membrane  as  Its  central  deflection  in- 
creases from  zero  to  z is 


JpdV  — /a4  +*  4-  -~jr(a‘  I z2)  dz  — nr  z‘ 


For  a thin  plate  deformed  plastically  under  pressure  the  tension  - 
is  given  by  r = o'h',  where  h'  is  the  thickness  and  a ' is  the  stress  In  the 
plate,  assumed  to  be  of  equal 
magnitude  In  all  directions  par- 
allel to  the  tangent  plane  of  * 

eao  oiinfnno  at  ^ a*t  A c-  ^ \ . n 1 

- o • - ■ ' t l 

stated  In  the  foregoing,  r remains  ‘ 

approximately  constant  as  tne  ” " ""  

pressure  Is  increased.  The  value  1 1 n 

of  the  constant  for  different  Figure  }6  - Diagram  Showing  Notation 

plates  may  be  approximated  in  sev  • 

erai  ways.  In  this  report  It  Is  supposed  that  the  constant  Is  determined  by 
the  ultimate  tensile  strength  c„  of  the  material,  and  the  initial  thickness  h 
of  the  plate  according  to  the  formula 


Figure  }G  - Diagram  Showing  Notation 


where  a is  a constant  for  all  diaphragms  made  of  the  material. 

Equation  [17]  may  be  based  on  a notion  of  affine*  materials  (16) 
Introduced  later  in  this  report. 

We  may  writs,  using  Eo.uatlons  [lb],  MG],  and  [171 

4 ao~hz 


Dr  Osgood  In  References  (16)  and  (i7)  diecuesee  stross-straln  curves  which  are  affinely  related. 
The  concept  1b  suggested  tier©  oy  t-he  phrase  naffir.e  ''leteriale"  by  which  is  meant  rater  i me  whose  plas- 
tic behavior,  when  referred  to  a .riven  oropertv  of  each  material,  reduces  to  the  same  form  in  ell  of 
them.  The  propt^ty  chosen  in  the  present  ca««  i9  ultimate  strength. 
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and 

W ~ z.oo.hz* 

Tnese  formulas  relate  the  pressure  applied,  the  deflection  at  the  center,  and 
the  energy  absorhed  by  a thin  elate  with  constant  tension  aoYh. 

They  may  be  rewritten  in  the  following  form  to  secure  non- 
dimensionality 


pa 

7"h  1 - Uf 

W i 1 

n a h <xu  a 


fi8] 

[19! 


Equations  [ 1 8 j and  [19]  suggest  the  use  of  p'  » pa/ouh  as  the  non- 
dlmenslonal  coordinate  corresponding  to  pressure,  W ° W/na?hou  aa  the  non- 

dlmenslonal  coordinate  corresponding  to  energy,  ond  z/a  as  the  non- 

dlirenslonal  coordinate  corresponding  to  center  deflection.  We  term  p'  the 

proportionate  pressure  and  W'  the  proportionate  energy.  Hr  ia  the  energy  per 
cubic  Inch  of  plate  material  per  unit  ultimate  stress. 

Although  Equations  [18]  ar.d  [19]  were  h»Bed  on  membrane  formulas  it 
is  profitable  again  to  dissociate  mentally  the  diaphragm  from  a membrane  and 
treat  W'  ■=  w/ira^ho*  and  z/a  as  Important  intrinsic  quantities  associated  with 
a thin  plate  regardless  of  whether  the  plate  behaves  as  a membrane  or  not. 

If  we  then  plot  experimentally  determined  values  of  W'  against  z/a,  we  obtain 
an  accurate  and  assumptionless  curve  showing  the  behavior  of  a particular 
plate.  The  assumption  that  -his  curve  will  be  valid  for  all  thin  plates  is 
less  exacting  than  the  assumption  that  the  plate  is  a membrane,  and  therefore 
more  likely  to  be  vaild  than  Equations  [l8]  and  1 1 91  - 

Tt  is  readily  shown,  moreover,  by  similitude  considerations  that 
when  po/o.4  is  plotted  against  z/a  for  a thin  plate  of  a given  material,  the 
curve  for  any  other  thin  plate  of  Identical  composition  should  be  the  seme 
except  for  secondary  variations  caused  by  bending  effect.3.  These  will  vary 
with  relative  thickness  and  their  influence  is  less  in  the  plastic  range  than 
m the  clastic  range.  Another  effect  which  may  be  or  importance  with  thin 
plates  of  different  thicknesses  Is  surface  hardening.  Thinner  plates  would 
be  affected  to  a greater  degree  by  such  hardening. 

Of  course  it  is  not  enough  Just  to  use  non-dimensional  quantities 
to  bring  the  data  from  different  cases  into  agreement.  Thu3  Young's  modulus 
of  elazticity  could  not  be  used  in  place  of  the  plattic  quantity,  ultimate 
stress,  An  elastic  quantity,  even  though  of  the  dimensions  of  stress,  would 
certainly  not  serve  for  the  desired  unification  of  the  data. 
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The  existence  of  unique  pressure-deflection  or  energy-deflection 
curves  for  Infinitesimally  thin  plates  may  be  rigorously  based  on  a concept 
of  affine  materials  (1 6 ) defined  as  follows:  Two  materials  A and  F are  said 

to  be  affine  If  for  »ny  pair  of  strain  states  c and  t the  ratio  of  corre- 
sponding stresses  Is  the  same  for  both  materials. 

Thl3  is  expressed  uy 

*,(<!,  <!■  «,)  _ Zullll  ill  {i) 

1*  *2*  H *2»  *|) 

where  «,  are  the  principal  strains  In  the  first  state  s, 

«!>  <|  "i'e  the  principal  strains  In  the  second  stale  and 

oA  and  <rB  are  the  corresponding  stresses  in  materials  A and  B 
respectively. 

In  the  case  of  uniaxial  stresses  for  example.  If  L(t)  is  the  load-strain  curve 
for  material  A,  then  the  load-strain  curve  for  material  B must  be  pL(«),  where 
u is  a constant. 

With  the  help  of  this  notion  of  affine  materials,  a logical  basis 
for  the  Identity  of  the  pressure-deflection  and  energy-deflection  curves  may 
be  establlsnea  for  thin  circular  plates  of  different  radlu3,  thickness,  ana 
material.  This  notion  car.  also  serve  as  a basis  for  predicting  the  plattic 
behavior  of  other  types  of  structures  from  the  action  of  a model  of  different 
material.  When  models  of  the  same  material  are  used  in  a static  test  quite 
accurate  predictions  can  be  expected  for  plastic  action  even  C*om  models  far 
removed  in  scale.  The  choice  of  a set  of  plasticity  laws  Is  not  required  In 
such  an  analyola. 

TEST  RESULTS 

The  quantities  of  Interest  to  be  introduced  as  observed  values  are 
the  dimensions  of  the  plate,  the  ultimate  tensile  strength  uf  the  material, 
and  the  central  deflection  of  the  plate  as  a function  of  the  applied  pressure. 
The  apparatus  for  deforming  the  diaphragms  has  been  described  elsewhere  (i4) 
(15).  The  tensile  strength  was  measured  for  a specimen  cut  from  the  same 
stock  used  to  make  the  diaphragm.  The  ultimate  stresses  are  given  in  Table  6, 
with  other  Information  on  the  diaphragms 

In  Figure  37,  for  purposes  of  comparison  of  different  metals,  the 
quantity  L/Lu,  load  divided  by  ultimate  load  in  a tensile  test,  13  plotted  on 
a baBlB  of  strain.  Values  were  obtained  from  teats  on  specimens  taken  from 
the  same  stock  as  the  plates. 

To  unify  the  pressure-deflection  data  for  the  different  specimens 
the  non-dimenslona:.  quantities  derived  in  the  foregoing  have  been  used. 


TABLE  6 

Data  on  Circular  Plates 


Material 

Humber  of 
Plates 
Tested 

u • Radius 
inches 

h « Thickness 
Inches 

<7„  » Ultimate 
Stress* 
lb/ln2 

Copper 

2 

2.56 

0.016 

39.625 

Furniture  Steel 

2 

2 .56 

0.030 

19.825 

Furniture  Steel 

2 

10.25 

0.109 

19.825 

Medium  Steel 

2 

10.25 

0.125  and  0.063 

73.500 

High  Tensile  Steel 

2 

10.25 

0.125  and  0.063 

87.500 

Special  Treatnar.t  Steel 

2 

10.25 

0.125  and  0.063 

125.000 

* The  ultimate  stress  is  tftker*  es  the  KixiirjB  loeo  divided  by  the  original  tree.  j 


Figure  3?  - St  rer.s -Strain  Curve''  for  Various  Metals 
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; ^ Propor t'onote 

; Figure  39  Pressure-Deflection  Curves  for  Two  Copper  Pistes 

■ a = 2.56  Inchon  * - O.O'.C  Inc!.  «„  = 39.625  pounds  por  square  Inch 

1 

I In  Figures  38,  39.  **0,  4i,  and  bf,  p • has  beer,  plotted  against  */«• 

for  different  specimens  of  each  of  the  five  materials  used.  Figure  113  shows, 
for  each  or  the  five  metals,  average  values  of  p'  plotted  against  i/a.  In 
tills  and  the  following  figures  the  plots  extend  only  over  the  range  of  the 
weakest  specimens.  Thus  the  highest  values  for  furniture  3teel  are  excluded. 

The  energy  W required  to  deform  the  diaphragms  was  estimated  from 
the  pressures  deforming  the  diaphragms  and  the  change  lr.  the  volume  V en- 

• closed  between  the  deformed  diaphragm  and  its  initial  plane.  The  measure- 

ments indicated  that  the  distended  diaphragms  closely  approximated  spherical 
1 1 caps  in  configuration.  Therefore,  with  good  accuracy,  by  Equation  [15] 

■ V — \ jt aJz  + i ns3 

: 5 • ^ 

. and 

li  dV  ~ n{a2  — z2)  dz 

, '■  Accordingly,  tiie  change  In  volume  was  estimated  from  the  eentral  deflection, 

j ; and  the  energy  W = jpdV  calculated  by  numerical  integration.  Figure  Mu  shows 

| | . for  each  uf  the  five  metals,  average  values  of  W'  plotted  against  z/a.  As  In 

Figure  A3  the  curves  fall  closely  together. 
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Figure  39  - Pressure-Deflection  Curves  for  Two  Sets  of  Furniture  Steel  Plates 

- 49,  a. o poufida  par  square  inch 

Equations  1 1 0 1 and  [19]  suggest  plotting  p‘  ■ pa/a,h  against  4{*/o)-t- 
[1  + ( i/a )*]  and  W m W/naiauK  against  (*/a)2.  This  has  been  done  in  Figures 
45  and  46,  respectively,  for  each  of  the  five  metals,  using  average  values. 
The  proportionality  factor  &■  may  be  read  from  these  figures  and  Is  seen  to  be 
between  0.88  and  1.02  In  Figure  45,  and  between  0,80  and  0.95  in  Figure  46. 

DISCUSSION  OP  RFSULTS 

Inspection  of  Figures  38,  39.  40,  41 , ana  42  shows  that  th3re  . s some 
deviation  In  the  pressure-deflection  curves  for  different  plates  of  a given 
material . from  Figures  ;8  and  39  It  appears  that  plates,  even  of  the  same 
size  and  material,  exhibit  differences.  From  Figures  39,  41 , and  42  It 
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Figure  40  - Pres3ure-Deflectlor  Curves  for  Two  MS  Plates 

a » 10.25  Inches  cn  s 7>, 500  pounde  per  square  inch 


Figure  - Pressure-Deflection  Curves  for  Two  HTS  Piute 

a - iu.^5  lncnes  cH  = 87,500  pounds  per  square  inch 
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Figure  42  - Pressure-Deflection  Curves  for  Two  STS  Plates 

a = 10.25  Inches  - 125,000  poundo  per  squ&ro  inch 

appears  that  there  Is  also  a possibility  of  d ze  effects;  thinner  materials 
require  proportionately  more  pressure.  However,  with  the  exception  of  the 
curves  for  furniture  steel  in  Figure  59,  the  differences  are  relatively  small; 
the  deviations  from  the  average  are  generally  less  than  5 per  cent.  For  a 
given  material,  accordingly,  it  may  be  concluded  that  for  approximate  analy- 
ses variations  caused  by  differences  in  relative  thickness  or  manufacture  can 
frequently  he  Ignored. 

The  deviations  In  the  composite  curves  of  Figure  45  are  larger,  10 
per  cent  or  more  from  the  average  In  some  Instances  In  this  case  the  differ- 
ences In  the  pluctic  stress-strain  properties  of  the  materials  are  an  Impor- 
tant factor.  The  biaxial  stress-strain  characteristics  of  the  materials  are 
not  directly  given,  but  It  Is  of  some  interest  to  examine  the  curves  in  the 
light  of  the  uniaxial  stress-strain  curves  of  Figure  57-  If  proportionate 
deflection  Is  taken  to  be  related  to  strain,  and  proportionate  pressure  Is 
related  to  stress,  then  the  sequence  from  top  to  bottom  of  the  two  sets  of 
curves  might  be  expected  to  be  the  3ame  In  this  respect  Figure  45  partially 
agrees  with  Figure  37  Special  treatment  steel  Is  highest  and  medlar,  steel 
lowest  over  much  of  the  range.  Copper  starts  at  hlgn  values  in  Figure  43  Dut 
ultimately  assumes  the  lowest  values  plotted  High  tensile  and  furniture 
steels  occupy  an  Intermediate  position  in  agreement  with  Figure  37.  However, 
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Figure  4j  - Preesure-Deflection  Curves 

Those  curve*  *re  averages  of  the  curves  ehoen  in  Fiffure*  to  4^«  This  graph  aay  bo  need  to  predict 
jireeBure  v*  deflection  for  *ny  thin  circular  p.lsto  of  any  of  the  five  »«terial|i* 


the  curve  for  furniture  stc&l  assumes  excessively  high  values  bb  a result  of 
the  data  for  the  plates  of  diameter  ?.$6  inches  r>f  Figure  39- 

A more  refined  analysis  than  the  membrane  analysis  considered  ear- 
lier in  this  report  would  attempt  to  correct  for  variations  in  stress-strain 
characteristics  by  estimating  the  strains  at  various  values  of  */o  and  using 
the  corresponding  stresses  in  place  of  c.  for  evaluating  the  proportionate 
pressure. 

The  energy-deflection  curves  of  Figure  44  exhibit  deviations  of 
somewhat  lower  magnitudes  than  do  the  pressures.  Comparison  may  be  made  of 
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Figure  *44  - Energy -Deflection  Curves 

The  curves  plotted  are  averages  of  the  data  obtained  on  the  platen  tested. 


This  graph  My  be  used  to  predict  the  variation  of  absorbed  energy  with 
deflection  for  any  thin  circular  plate  cf  any  of  the  five  materials. 


tha  energy  curves  with  areas  under  the  tensile  curves  of  Figure  37.  which  ore 
also  proportional  to  energy  absorption  with  deformation.  The  correspondence 
is  about  as  good  at  that  of  Figures  37  and  4J.  It  should  be  noted  that  the 
ordinates  of  Figure  **4  <to  not  represent  directly  total  energy  absorption.  To 
obtain  u quantity  proportional  to  total  energy  absnrotion  the  plotted  values 
niutv  be  pultlplied  by  a If  this  be  done,  it  will  be  seen  that  furniture 
steel  shsorbs  less  energy  than  special  treatment  steel  but  more  than  medium 
steel  before  rupture.  The  greater  ductility  of  the  furniture  steel  and  the 
fact  that  energy  aboorption  varies  approximately  as  the  square  of  the  deflec- 
tion arc  the  underlying  reasons. 
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Tb#  curves  piotved  sre  averages  of  the  3-t*  c'w^intjJ  on  li»  plates  tested,  fhia  graph  indicates 
i-lint  pr»»*s»n»r*»  tiu-i  Ut'-flccli^n  can  oe  calcuia^j  *iLi»  rougii  upj-ioxiciutlon 
by  Equation  [l9j  whan  */o  > 0.2  and  ^ - 0.96. 


If  the  plates  tested  behaved  as  idem  membrunes,  the  curves  of  fig- 
ures 45  and  46  would  be  straight  lines.  Pronounced  deviations  ere  apparent 
near  the  origin,  where  z/a  la  email.  In  this  region  the  actual  stresses  are 
far  below  the  intimate  values  and  the  condition  of  aporoximately  constant  ten 
slon  mentioned  on  page  42  has  not  been  attained.  Consequently  relatively  les 
pressure  Is  required  to  produce  a given  deflection  than  is  required  at  higher 
values  of  z/r,.  Beyond  this  inltiai  region  the  curves  do  approximate  stralghi. 
.lines,  11'  straight  lines  are  fitted  to  the  curves  through  the  origin,  the 
slopes  vary  between  0.80  2nd  1.02;  those  of  the  energy  curves  ar°  generally 
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Figure  46  - Energy  Plotted  against  Square  of  Deflection 

The  curves  plotted  «re  average*  of  the  data  obtained  on  the  plates  tested.  This  graph  Indicates 
thot  energy  absorbed  by  n thin  circular  plate  Bay  be  approximately  coaputed  froa  Equation  1 19] 
when  t/o  > 0.2.  The  appropriate  values  of  o for  the  different  materials  are  as  follows: 


( 


special  Tr.ntnout  St.el  0.97 
Furniture  Steel  0.91 


Sediue  Steel 


High  Tenolle  Steel  0.8a 
Copper  0.84 

0.81 


less  than  those  of  the  pressure  curves.  Since  the  energy  curves  represent 
integrations  of  the  pressure  curves,  the  lower  values  of  a in  Figure  46  can 
be  ascribed  to  the  relatively  low  values  of  pressure  in  Figure  ,45. 

CONCLUSIONS 

Thin  metal  plates  deformed  by  static  pressure  appreciate  membranes 
in  their  Dehavior.  From  a knowledge  of  the  ultimate  strength  of  the  material 
and  the  dimensions  of  a plate,  estimates  of  the  deflection  and  of  the  energy 
absorbed  in  the  plastic  range  can  be  made  on  the  uaolo  o I iiicmu rane  tiicory  11 
the  tension  is  taken  to  be  ote.A,  where  a ca~  vary  between  about  o.L  and  1.02. 
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At  values  of  deflection  below  about  0.2a  the  energy  values  thus  estimated  are 
definitely  toe-  large.  More  exact  graphical  determinations  can  be  made-  If  the 
pressure-deflection  curve  lor  v single  thin  circular  plate  of  the  material  Is 
known  as  In  Figures  *13  and  U4 . 
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A METHOD  FOR  DETERMINING  THE  ENERGY  ABSORPTION 
OF  THIN  STEED  DIAPHRAGMS  UNDER  HYDROSTATIC  PRESSURE 

By  M.A.  Greenfield 


In  Part- 1 of  she  Progress  Report  (l )*  for  TMB  Research  Project  El 39. 
dated  February  19^**.  It  was  stated  that  two  Independent  methods  are  used  at 
the  David  Taylor  Model  Basin  to  calculate  the  energy  absorbed  by  a thin  steel 
diaphragm  which  has  been  deformed  Into  a plastic  state.  The  first  method  ex- 
presses the  energy  In  terms  of  the  forces  acting  on  the  diaphragm.  If  p Is 
the  pressure  on  the  diaphragm  and  t>  is  the  volume  bounded  by  the  Initial  and 
final  positions  of  the  diariragm.  then  the  work  done  on  the  diaphragm  Is  jpdv. 

The  second  method  expresses  the  energy  In  terms  of  the  physical 
properti*??  <*»f  th*  a t.  p p i the  strains  correspond  Ins  to  ? given 


deformation. 

Each  metnod  can  be  used  either  for  statically  or  dynamically  de- 
formed diaphragms. 

The  present  report  describes  the  second  method  in  some  detail.  It 
also  gives  a oomne^ison  of  both  methods  as  applied  to  a diaphragm  which  was 
deformed  by  hydrostatic  pressure*  This  diaphragm  was  1/S  inch  thick  wnu  rmu 
s diameter  of  20  Inches. 


Since  the  diaphragm  ts  deformed  plastically  the  following  laws  (2) 
of  plastic  flow  will  be  adopted  in  making  the  analysis. 


a.  The  directions  of  the  principal  extensions  coincide  with 
those  of  the  principal  stresses  at  ail  times. 

b.  The  volume  of  the  material  remains  constant. 

c.  The  principal  shearing  stresses  remain  proportional  to 
the  corresponding 'principal  shearing  strains. 

Lst  a,.  <Tj , it,  be  the  true  stresses  and  c2,  t3  be  the  natural 
strains.  The  natural  strain  Is  related  to  the  conventional  strain  Z by  the 
relation 

e = ln(J  + c) 

Rule  (b)  may  be  expressed  as 

«,+  «,  + «s*=0 

and  Rule  { c ) as 

°\  ~ °i  _ g2  ~ g3 


* Numbers  in  parenthesis  indicate  references  at  the  end  of 

this  paper. 


P] 

[2] 

(3] 


144 


2 


Consider  a small  element  of  the  stressed  body  In  tt.»  shape  of  a 
cube  oriented  so  that  the  faces  are  perpendicular  to  the  principal  stresses. 
Consider  the  plane  whose  normal  makes  equal  angles  with  the  directions  of  the 
principal  stresses.  The  normal  stresses  on  this  plane  do  no  work  because  of 
the  constancy  of  volume.  The  shearing  stress  and  the  corresponding  shearing 
strain  are  called  the  octahedral  shearing  stress  and  ort.nhedral  shearing 
strain.  They  are  designated  hereafter  by  the  symbols  - and  y respectively 
and  are  related  to  the  principal  stresses  and  strains  as  follows: 


r = -j  V,{ol  - <r2)“  + (o2  - o s):  b - <i,)‘ 

[4] 

\ 

i 

r = ~ <2)2  + (<2  - <•)’  + («s  - *,)* 

If  Equations  [2]  and  [5)  are  combined  to  eliminate  e8  i/ncu 
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y = -|v'6'K«,s  + ett2  + [6] 

There  la  some  experimental  evidence  (3)  (4)  that  in  ductile  materi- 
als the  quantity  x,  thought  of  as  a single  variable,  can  be  used  to  define 
the  state  of  stress  in  the  material.  It  is  considered  also  that  the  quantity 
y can  be  used  to  define  the  st.ste  of  strain. 

The  fundamental  assumption  (3)  is  new  made  that 

r «=  r(y)  1 73 

for  the  case  of  static  loading.  Thus  r is  completely  specified  for  a given 
value  of  y.  It  la  assumed  that  the  stress-Btraln  relation,  regardless  of  the 
particular  type  of  loading  that  produced  it,  will  yield  points  that  lie  on 
this  curve,  which  describes  a physical  property  of  the  material.  Tills  means 
in  particular  that  simple  tensile  tests  and  complicated  tests  producing  bi- 
axial and  trlaxial  stress  conditions  can  be  described  in  terms  of  a single 
generalized  stress-strain  curve.  / 

Some  evidence  for  this  assumption  Is  found  in  unpublished  work  done 
by  Dr.  A.  Nadai  at  the  westlnghouse  research  laboratories  in  Pittsburgh.  Bi- 
axial tests  were  performed  on  very  carefully  machined,  hollow,  tubular  test 
specimens  of  aiineaied  medium  steel  in  which  axial  loading  and  internal  pres- 
sure were  used.  The  ratio  of  tangential  to  longitudinal  stress  was  maintained 
as  a constant  for  a given  specimen  but  a different  value  of  this  ratio  was 
taken  for  each  of  the  ten  specimens  tested.  The  measured  stresses  and  strains 
were  used  to  compute  the  octahedral  shearing  stresses  and  strains.  These  val- 
ues were  then  all  plotted  bUI  i as  the  ordinate  and  y as  the  abscissa,  as 
shown  in  Figure  1 . All  the  points  fail  remarkably  wail  or.  a single  curve. 

For  a given  value  of  y the  maximum  deviation  of  r is  about  7 per  cent.  Gen- 
erally the  deviation  is  considerably  less. 


J 


14& 


Figure  1 - Octahedral  Shearing  Stress-Strain  Curve  Based  on 
Combined-Stress  Tests  of  Ten  Hollow  Tubular  Specimens 

*i/a\  1°  ihe  ratio  of  the  tangential  to  longitudinal  airtua  anu  is  a constant  diaring  tna 
tasting  of  u given  apaciaon. 

The  tac  curves  are  identictl  and  cro  separated  to  avoid  overcrowding  the  plotted  points. 


Since  all  of  these  data.  Including  those  for  a tube  under  pure  ten- 
sion. fall  on  this  curve,  It  follows  that  the  curve  can  be  established  from  a 
simple  tensile  test  of  a conventional  teat  specimen.  Once  the  r-y  curve  has 
been  established  from  such  a coupon  test,  calculations  can  be  made  of  the 
energy  absorption  for  some  other  type  of  stress  distribution,  ss  for  example 
that  resulting  from  the  loading  of  a steel  diaphragm  under  hydrostatic  pres- 
sure. A description  of  such  energy  calculations  In  terms  of  the  octahedral 
variables  1b  now  given. 

For  the  general  ease  of  tri'xlal  stress  the  energy  AE  absorbed  per 
unit  volume  (5)  is  given  in  terms  of  the  true  principal  stresses  and  the  nat- 
ural principal  strains  as  follows: 

AE  “ 4-  + o,  de3) 

Rules  (b)  and  (c)  for  plaBtlc  flow  state  that 
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By  combining  Equations  [?1.  (3),  [4],  [5],  and  |8],  It  nos  been 
shown  by  a number  of  writers  (5)  that  AE  may  be  expressed  entirely  in  terms 
of  t and  y as  follows: 

AE  “ §iTdy  19] 

If  a r-y  curve  Is  available  from  any  source,  as  for  example  from 
a simple  tensile  test,  the  curve  relating  AE  and  y can  be  obtained  by  me- 
chanical integration.  It  is  then  relatively  easy  to  calculate  she  energy 
absorbed  during  the  deformation  of  a structure  fabricated  from  the  seme  ma- 
terial provided  the  distribution  of  the  principal  strains  la  known.  The  dis- 
tribution of  the  octahedral  shearing  strains  can  torn  be  obtained  by  using 
Equation  [51. 

The  method  win  be  Illustrated  in  detail  for  the  case  of  a circular 
diaphragm  of  medium  steel  clamped  rigidly  along  lt3  rim  and  deformed  by  hy- 
drostatic pressure.  A r-y  curve  Is  obtained  from  a tensile  test  counon,  and 
a AE-y  curve  Is  obtained  by  mechanical  integration.  The  distribution  of  tho 
octahedral  shearing  strains  in  the  deformed  diaphragm  is  represented  by  the 
function  y(r#),  where  r0  Is  the  distance  of  a particle  from  the  center  of  the 
diaphragm  before  distortion.  The  corresponding  value  of  AE  is  then  obtained 
from  the  AE-y  curve.  Tne  total  energy  absorbed  by  the  diaphragm  lc  given  by 

0 

E = Jd£?  x fcc  .x  2n  drt  [10] 

0 

where  a is  the  radius  and  the  original  thickness  of  the  undeformed 
diaphragm. 

This  method  will  now  be  applied  to  an  actual  case. 

A medium-steel  circular  diaphragm  was  deformed  hydrostatically  by 
applying  pressures  In  increments  up  to  1125  pounds  per  square  Inch.  'Hie  dia- 
phragm had  a radius  of  10  inches  and  a thickness  of  0.125  Inch.  The  profile 
of  the  deformed  diaphragm  was  measured  at  each  successive  pressure.  The  en- 
ergy required  to  produce  the  deformation  corresponding  to  the  maximum  pres- 
sure was  obtained  by  evaluating 

/p  dv 

This  energy  was  found  to  be  385,000  inch-pounds. 

A 1-lnch  grid  was  drawn  on  the  diaphragm  in  its  original  condition. 
The  final  grid  measurements  are  as  represented  in  Figure  2. 


* 

I . 


f-i  .01— 

S S $ 


S S *? 


/ \ 

/ on.-  \ 

j \ 

3 3 3 \ 

-l.o;— ^,-1  .OT.  T1.W-T1 .0.-^1. 10-r1.10-T-l.li-i-1.lt— J.1  I < - -1 . 15— r- 1,11— r 1.10— r 1.1 0—r  1.10 — rl.00 — .1.00 — rl.06 — 1 

*5?  ? 5 

8*  S 5 ?»  6 8 m 2 £;*£££«  2^?  SS^sl 

• J 1.1  1.1 1-^1. II -^1.0? -^-1.12-^1.06 -^1.06-^ 

\ t'-'M'-’H  / 

\ H.u4i.io4  / 

\ £ JJ  / 

\ 4'-'i-4’-o»  4 / 

\ j;  j;  3 J 

\ m.:s-4i.w-5  / 

\ fj  2 ? / 

\ |l.09-}l‘«H  / 

\ S S 3 / 

\ * 8 S 

^S.  "j1  1 *03  "H  jS 

\ * i S / 


Figure  i.  - Drawing  Representing  Diaphragm  in  Original  Condition 
with  Final  Strain  Orid  Measurements  Superimposed 


Several  quantities  are  required  for  the  calculation.  The  arc  length 
8 is  measured  along  the  deformed  diaphragm  from  the  center  as  shown  in  Figure 
J.  Values  of  « are  computed  from  the 

grid  data  shown  in  Figure  2;  r0  is  the  i~~ 

distance  from  the  center  of  a particle 

F In  the  undistorted  form.  Then  er,  s'  / 

the  conventional  radial  strain,  is  * ' ; ^ 

' f — r<> 1 


rj.£ure  ? • acnematiu  orosa  oecuiori 
of  Deformed  Diaphragm 
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'o.  Oi*larc«  froir  C«nt«r  Undittorttd  Diopnrogm  in  mcht* 


Figure  4 - Integrated  Radial  Strain  Corresponding  to  a Station 
on  the  Undlstorted  Diaphragm 

The  slope  or  this  curve  ie  the  radial  strain  <r. 


and  the  conventional  thickness  strain,  is 

h " fco  , 9i 

**  “ ~h^  or  1 + 

Since  the  density  of  the  material  remains  rnnst.ant,  the  convention 
al  tangential  strain  *,  umi  be  found  fi'-oa,  the  equation  expressing  that  feet 

(1  + €r)(  1 + €,)(1  + €-)  - 1 (11] 

or 

••■Tf-rrr-'  <”] 


The  values  of  these  strains  were  found  from  the  experimental  data 
as  follows.  A graph  was  drawn  with  is  - r„)  as  oi’dinate  and  r„  as  abscissa 
as  shown  In  Figure  4.  The  radial  strain  t,  is  obtained  by  measuring  the 
slope  of  the  curve  graphically. 

Since  the  volume  remains  constant. 


h„  y.  1 x 1 = h x x lj 

where  and  l}  are  the  final  lengths  of  the  sides  of  the  grid  and  h0  and  h 
i are  the  original  and  final  thicknesses  of  the  material  within  the  grid. 

Then 


Thu3  k„/h  is  calculated  directly  from  tne  grid  data  given  In  Figure 
?.  f,  can  then  be  calculated  with  the  use  of  Equation  [12]. 

In  Figure  5 and  f,  are  plotted  as  ordinates  and  r0  is  plotted  as 
abscissa.  It  is  interesting  to  note  that  the  tangential  strain  e(  is  very 
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Figure  5 * Observed  Radial  and  Tahgential  Strain  on  a 
Circular  Diaphragm  under  Hydrostatic  Treasure 


small  at  the  clamped  boundary  of  the  diaphragm.  It  should  be  zero  if  trie 
boundary  io  perfectly  clamped. 

The  natural  strains  are  non  computed  from  Equation  |1]  as  e,  = 

In  (1  + «r)  and  « ln(i  + «,),  The  octahedral  shearing  strain  Is  finally 
obtained  from  the  relation 


Ft/  + t.t,  + <8 


16] 


A tabulation  of  r0,  (s  - r0),  tr.  hc/h  and  y Is  given  lh  Table 
1 . The  values  of  and  c , were  taken  from  the  faired  curve  of  Figure  fj. 

A specimen  cut  from  the  same  plate  as  the  diaphragm  was  subjected 
to  a standard  tensile  test.  A true  streRS~3train  curve  was  obtained  for  this 
coupon.  The  r-y  curve  of  Figure  6 Is  based  on  this  true  stress-strain  Curve, 
Figure  7 is  the  integrated  curve  with  %frdy  plotted  as  the  ordinate  and  y 

t—  * 

as  the  abscissa.  The  ordinate  gives  the  er.ergy  absorbed  per  univ  volume  cor- 
responding to  a given  value  of  y. 

The  area  of  the  diaphragm  before  distortion  is  divided  into  eleven 
annular  regions  bounded  by  concentric  circles  whose  diameters  are  0 Inch,  1 
Inch,  J lnch'.s,  and  so  on.  Hie  values  of  r„  at  the  points  midway  between  two 

consecutive  circles  are  1/4  inch,  1 inch,  2 Inches,  It  is  assumed  that 

fy»A  vsluc"  of  *'  the  stuticiiS  j’0  — i f\\  inch , 1 i nch t 2 inches^  , . , ths 
average  for  the  corresponding  annular  rings. 
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TABLE  1 


Observed  Charges  in  the  Dimensions  of  the  Diaphragm 
and  the  Calculated  Strains 


'■0 

(i  - rt ) 

* 

>' 

inchee 

Inches 

* 

0 

0 

1.288 

0.138 

0.138 

0.363 

1 

0.135 

1 .291 

0.136 

0.134 

0 359 

2 

0.280 

1.276 

0.133 

0.128 

0.3^7 

3 

0.402 

l .254 

0.127 

O.H75 

0.327 

4 

0.52? 

1 .236 

0.119 

0.105 

0.300 

5 

O.636 

1.212 

0.110 

O.0915 

0.272 

6 

0.?40 

1 .187 

0.097 

0.077 

0.235 

7 

0.838 

1 .150 

0.0815 

0.062 

0.196 

8 

0.905 

1 .108 

j,0oZ 

0.0**6 

0.14U 

9 

0.962 

1.078 

0.0545 

O.C275 

0.115 

1C 

1.015 

1 .062 

0.0535 

O.006 

0.0895 

Figure  6 - Octahedral  Sheen  i.itj  Stress-Strain  Curve 
Based  on  a Tensile  Test  of  ? Standard  Specimen 

The  volume  of  material  In  each  of  those  eleven  regions  and  the  cor- 
responding values  of  y and  ^JT<ly.  the  energy  per  unit  volume,  are  listed  in 
Table  2,  together  with  the  product  of  volume  and  energy  per  unit  volume.  The 
summation  cf  this  product  gives  the  total  energy  absorbed  by  the  diaphragm. 
This  summation  yields  a value  of  592, CCJ  Inch-pounds  aa  compared  to  383, 000 
Inch-pounds  as  calculated  from  the  observed  pressures  and  measured  changes  In 
volume. 
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TABLE  2 


Calculated  Energies  Aboorbed  Per  Unit  Volume 

lho  calculated  total  energy  (put  of  Coluvn  4)  la  coopered  with  the  ceaaured 
total  energy  abaorbed  by  the  diaphragm,  Colunn  5- 


Figure  7 * Energies  /'sorbed  per  Unit  Volume  of  Metal,  Corresponding  to 
Values  of  the  Octahedral  Shearing  Strain 
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■yv-.ua  it  will  be  observed  that  measurement  of  the  final  strains  on 
the  diaphragm,  coupled  with  the  use  of  the  octahedral  shearing  stress-strain 
relations  as  obtained  from  « simole  tensile  test  on  a conventional  coupon, 
suffices  to  permit  a calculation  of  the  energy  absorbed  hy  the  diaphragm.  The 
good  agreement,  in  this  case  within  2 per  cent,  la  further  verification  of 
the  utility  of  the  octahedral  shearing  stress-strain  relations  as  applied  to 
energy  calculations. 
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DIMENSIONAL  ANALYSIS:  AN  APPROACH  FROM  TRANS- 
FORMATION THEORY  AND  A CRITERION  FOR 
SCALING  MODEL  EXPERIMENTS.1 

BY 

j.  c.  t>hcpjs.» 

l.  ths  ;nvAKiAirrs  or  coimnooos  tra n sro rmatio n groups. 

In  a recent  article  in  this  journal,  Langhaar  (l)*  has  drawn  attention 
to  a method  of  dimensional  analysis  in  which  the  kinds  of  physical 
quantities  are  explicitly  given  a vector  representation.  The  crucial 
theorem  of  this  subject  was  proved  by  lainghaar  in  terms  of  theorems 
on  homogeneous  functions. 

The  author  of  the  present  paper  has  fo:  malized  the  subject  matter 
of  dimension  ;!  analysis  from  a slightly  different  mathematical  point  of 
view,  in  which,  however,  as  is  natural,  the  material  receives  a practically 
iHentiral  representation  Rpcause  of  the  relationship  of  the  following 
method  to  a very  general  method  of  discussing  problems  in  mathematical 
physics,  it  seems  worth-while  to  set  it  forth  here.  In  addition,  since 
the  development  is  aimed  at  the  treatment  of  scaling  laws  for  model 
experiments,  a new  criterion  is  given  for  the  possibility  of  satisfying  the 
scaling  laws  when  certain  restrictions  are  imposed  upon  the  variables. 

A fruitful  approach  to  the  problems  cf  dimensional  analysis  may  be 
made  by  regarding  any  physical  equation  as  the  expression  of  an  in- 
variant under  the  transformations  of  some  group.  Frequently  the 
knowledge  of  some  form  of  spatial  symmetry,  the  requirement  of  in- 
variance under  permutation  of  indistinguishable  particles,  or  the  neces- 
sity of  special  invariant  properties  which  must  obtain  under  transforma- 
tions simultaneously  involving  temporal  and  spatial  coordinates  has 
been  used  to  simplify  or  actually  to  advance  >;he  mathematical  descrip- 
tion of  the  physical  world.  Although  the  results  of  the  following  appli- 
cation of  invariant  theory  arc  all  rather  well  known,  the  method  itself 
is  rather  elucidating,  particularly  with  regard  to  the  derivation  of  the 
laws  of  similitude  which  govern  the  scaling  of  model  experiments. 

It  will  be  shown  bciow  that  all  of  the  results  of  dimensional  analysis 
follow  from  the  single  postulate  that  all  physical  relations  must  be 
expressible  in  a form  which  does  not  depend  upon  the  “magnitude”  of 
the  various  physical  units  of  measurement  requisite  for  the  description 
of  a given  physical  situation. 

1 Conti-ibution  No.  393  from  the  Woods  Hole  f»ceanogtaphic  lnsti'  uMcn. 

• Wuxli  Ho?e  Oceanographic  Institution,  Woods  Hole,  Mult.:  nov  at  Broun  University, 
P»ov«lpnra  Rlivnie  UUnd. 

J T he  UuldUoe  numbers  in  pAmnKeses  refer  to  the  list  of  references  appended  to  this  paper. 
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Such  changes  of  unit  magnitude  form  the  representation  of  a group 
of  continuous  transformations.  A group  of  continuous  transformations 
may  be  represented  by  the  quations: 

t‘  - x\  ■ ■ ■ x*;  X',  X*,  • - X-),  ^ 

in  which  the  barred  quantities  are  the  new  values  of  the  variables,  which 
were  originally  xl,  x1,  ■ ■ ■ **,  after  the  transfoimation  induced  by  the  set 
of  continuously  variable,  independent  parameters,  X'(j  - 1,  2,  - ■ ■ m). 
The  usual  postulates  for  a group  require  that  the  X'  can  assume  such 
values  as  will : 

1.  Induce  the  identity  transformation 

r‘  = $'(x'  - • x*;  Xt‘  • • A»“). 

2.  Induce  the  resultant  of  two  oi  more  successive  transformations  in 


one  step,  that  is,  «. 

i 

£'  *■  {‘(x1  • • ■ x*;  X,:  • 

' Xi“), 

fi  - . . . t.;  . 

• • x,“), 

then 

x‘  “ i'(x*-  • ■ x ■;  X,,'  • 

• • x„") 

3.  Induce  a transformation  “inverse”  to  every  given  transformation . 
that  is,  if 

i‘  = (‘(x‘  •••*»;  X,>  • ■ • X.-), 

■ -.*«;  X_,‘  •••  X.,-). 

It  may  then  be  shown  that  the  equations  of  transformation  (1.1) 
determine  a set  of  linear  partial  differential  operators 


which  represent  the  independent  infinitesimal  transformations  of  the 
group  (the  subscript  zero  for  df'/dX'  implies  that  the  derivative  is  to  be 
evaluated  for  those  values  of  the  parameters,  X»'.  which  induce  the 
identity  transformation;  without  loss  of  generality  these  values  may 
henceforth  be  assumed  to  fce  zero).  The  most  general  infinitesimal 
transformation  is  represented  by 

U * a’U t (1.3) 

in  which  the  a1  are  arbitrary  constants;  any  finite  transformation  is 


‘The  tummation  convection  of  tensor  notation  is  userf  throughout.  Thus 

).h  \ this  tm  ins • only  if  the  index  appear*  in  one  place  as  a superscript,  in 

another  place  at  a tubacriot. 
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generated  by  an  integration  of  the  differential  operation  signified 
by  (1.3). 

The  important  consequence  for  the  present  puiposes  is  that  if  any 
function  of  tite  variables  x‘,  say 

F(x\  •••*“)=  0,  <1.4) 

is  known  to  be  invariant  under  the  group  represented  by  (1.1),  then  it 
is  always  possible  to  express  (1.4)  in  terms  of  a complete  set  of  funda- 
mental invariants  y1,  y*.  • • • y*-',  which  are  determined  by 

Uy  = 0 (1.5) 

as  functions  of  the  x\  Thus 

Fix',  ■ ■ ■ x*)  = $(>',  ■ ■ • y"-')  = 0 (1.6) 

and  the  number  of  independent  variables  has  been  red  "ccd  by  r,  which 
is  equal  to  the  rank  of  the  matrix  |j  ^ ^ jj  • 

J.  DETERMINATION  OF  TBS  INVAH.IANTC  OF  A GENERAL  PHYSICAL  EQUATION 
UNDER  TRANSFORMATIONS  OF  TBS  UNITS. 

The  nature  ot  the  number,  x‘,  resulting  from  a physical  measurement 
oi  the  _?th  kind  of  physical  quantity  is  such  that  it  is  determined  only 
within  a transformation  of  the  type: 

x:  - exp  Qdj*')  (2.1)' 

— » < X1  < -p  x . 

'f  it  is  desired  to  deduce  the  possible  kinds  of  functions  of  the  niagni- 
tiuir*  oi  a basic  set  of  physical  quantities,  which  give  the  magnitude  of  a 
resultant  physical  quantity  derivable  from  the  basic  ones,  it  is  possible 
to  apply  the  principles  of  Section  1 in  the  following  manner.  The 

resultant  magnitude  itself  must  obey  a transformation  law  of  the  same 
form  as  (2.1) 

x = exp  r/(X0>  (2.2) 

in  which  the  value  of  / may  be  taken  as  zero  when  X'  =■  0,  all  j.  Then. 
Eq.  1.3  requires  that  the  relation  between  x and  x>  be  expressible  in 
terms  of  a function  y determined  by 

(£),*£! -»■  w> 

The  a*  being  arbitrary  constants,  (2.3)  is  equivalent  to  the  m relations 

= nA) 

dlnx*  VdAVod  In  x'  v ‘ 

it  = 2 , ?.,  ■ ■ • m. 

* Tt  is  clear  tnai  the  range  of  the  \f  indicated  will  contain  values  satisfying  all  the  group 
postulates  of  Section  1. 


156 


1 C.  Df.CIUS. 


(j.  F.  I. 


An  acceptable  solution  of  this  system  is 

y = nL-.  (2.5) 

i-i  x 

where  at  — ( ~ ) is  a constant,  so  that,  y being  actually  an  invariant, 

which  can  be  assumed  to  have  the  numerical  value  of  unity,  the  ac- 
ceptable form  for  the  combination  of  magnitudes  is 

-t  - n (*‘)*‘  (2  6) 

k~l 

with  the  transformation  law: 

± = exp  r<iiX*3*.  (2.7) 

It  is  immediately  perceived  that  the  numbers  at  characterize  the  kind 
of  the  derived  quantity  and  that  they  may  be  regarded  as  the  com- 
ponents of  an  tn-dimensional  vector  in  the  basis  in  which  the  fth  com- 
ponent of  the  jfeth  fundamental  quantity  is  the  Kronecker  symbol,  Ji*. 
I n other  words,  tho  goners!  symbol.  2/,  is  the  ordinary  exponent  oc- 
curring  in  the  conventional  dimensional  formula  for  the  *th  kind  of 
variable  relative  to  the 7th  fundamental  kind  of  quantity;  for  example, 
let  fs  1 designate  energy;  j — 1,  2,  3 correspond  to  mass,  length,  and 
time,  respectively,  then  Oi*  = 1,  a,'  = 2,  a,1  = — 2. 

Now  let  x‘  be  a set  of  derived  magnitudes  expressible  in  verms  of  the 
basic  set,  x1.  Then  the  transformation  laws  aie: 

£'  = exp  ,2  ™ 

i = 1,2,  •••  n;  j = 1,2,  m. 

Now  let 

F(x ')  = 0 

be  the  expression  of  an  unknown  physical  relation  in  terms  of  the  magni- 
tudes, x\  Equations  1.2,  1.3,  and  1.5  require  that  the  relation  be  ex- 
pressible in  terms  cf  ym,  the  solutions  of 

• dy'  n 

a’a.'x'- — — 0 
dx * 


= 0 

' d In  x' 


for  j — ! 

Solution  of  Eq.  2.9  gives 


1 if 


?•  = n (x‘)*‘. 

k = 1,  2,  - ■ • n — r. 
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where  Liit*  If  are  constants  determined  by 

- -'b*  = 0 (2.1  i) 

and  where  r is  the  rank  of  the  matrix  ||ci,ij. 

This  result  is,  of  course,  the  well-known  'jr-theorem”  as  described 
by  Buckingham  (2)  or  Bridgman  (3).  The  virtue  of  having  used  the 
transformation  theory  lies  chiefly  in  the  following  two  points: 

1.  The  “alias-alibi”  duality  of  any  transformation  immediately  al- 
lows the  conclusion  that  although  the  deductions  were  based  on  the 
assumption  that  the  “absolute"  magnitude  of  the  physical  quantities 
were  unchanged  during  the  transformation,  the  invariants,  y‘,  will 
certainly  satisfy  the  equation 

WV.V-;  - J 

throughout  a transformation  in  which  the  fundamental  magnitudes  are 
fixed  and  the  magnitudes  of  the  x‘  are  “actually”  changed  but  in  such  a 
way  as  to  keep  the  yk  constant.  In  other  words,  empirical  physical 
information  satisfying 

F(x')  = 0 

on  a given  scale  may  be  used  to  predict  r.  physical  relation  on  any  other 
scale,  provided  only  that  the  xl  are  varied  in  such  a way  as  to  maintain 
the  constancy  of  the  y‘. 

2.  The  simplification  of  a physical  problem  brought  about  by  the 
reduction  of  the  degrees  of  freedom,  n,  by  the  number  r,  is  not  mathe- 
matically different  in  kind  from  the  complete  solution  of  the  problem 
(the  determination  of  the  form  of  the  unknown  function,  r)  which  is 
obtained  when  (n  — 1)  independent  transformation  parameters  are 
obtained. 


J.  A FORMAL  SOLFIIOX  FOR  »,». 

Equations  2.11  are  equivalent  to  the  matrix  equation 

AB  = 0,  (3.1) 

where  A — ||a/||,  B — 1|&.-*|!.  The  rank  of  A is  .7  by  mere  rearrangement 
of  rows  and  columns,  the  non-vanishing  determinant  can  be  made  to 
appear  in  the  upper  right-hand  comer  of  A (under  the  last  r columns 
and  the  first  r rows:  it  will  be  supposed  that  the  subscript  is  the  row 
index,  the  superscript  the  column  index).  Call  this  portion  of  the 
matrix  Atl  call  the  first  (n  — r)  columns  and  first  r rows  let  the  last 
(m  — r)  rows  be  called  At  (if  r = m,  At  does  not  exist). 

Make  a corresponding  partition  of  B,  calling  the  first  (n  — r)  rows 


(J.  F.  I. 
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Bt,  the  remaining  rows  b t.  Then  Eq.  3.1  is  equivalent  to 
UtBx 


Bt 

A„\\ 1 

By 


= 0. 


13.2) 


But  since  the  rows  of  A 8 are  linearly  dependent  upon  the  rows  of 
any  solution  of 

AXB,  - - A3,  (3.3) 


automatically  makes  A a 


B 1 1 

I— I vanish . Since  | A 1 1 t*  o,  A r 1 exists  and 


n dl 


The  elements  of  3 , are  now  completely  arbitrary,  and  it  is  convenient, 
as  will  be  shown  below,  to  let  Bt  equal  the  negative  unit  matrix,  whence 


By  = A-' At. 


(3  5) 


Combination  with  Eqs.  2.10  and  2.11  gives  the  result  that  the 
invariants  are : 


r ( v ■— »*+  Vs*  5* 

? = n(— -f-— \ 

r-i  x 


(3.6) 


that  is,  since  the  y*  are  to  be  held  constant,  the  first  (n  — r)  variables 
must  be  individually  proportional  to  a set  of  products  involving  only 
the  last  r variables  which  may  be  changed  arbitrarily. 


4.  THK  SCM-ING  C1UTSRIOH. 

In  the  application  of  these  results  to  the  design  of  model  experiments 
certain  difficulties  arise  which  have  not  previously  been  considered  in 
the  general  case.  It  frequently  occurs  that  some  oi  the  variables  essen- 
tial to  a given  problem  may  not  be  readily  changed  with  scale.  As 
examples,  the  acceleration  of  gravity,  or,  in  certain  cases,  even  the 
properties  of  liquid  and  solid  media  cannot  be  reauiiy  altered  in  general 
so  as  to  satisfy  Eqs.  3.6  and  must  therefore  be  regarded  as  fixed.  In 
order  to  set  up  a genet  al  criterion  for  determining  whether  s.aling  is 
possible,  it  will  be  useful  to  classify  the  variables  in  three  types:  those 
which  are  fixed,  those  which  are  to  be  arbitrarily  (and  independently) 
scaled,  and  those  which  are  unrestricted.  We  shall  use  the  subscripts/ 
and  s to  designate  the  first  two  types  respectively;  r„  r,,  r,f  will  stand 
for  the  rank  of  the  sub-matrix  of  A corresponding  to  all  the  variables  of 
types  s,  /,  and  both  and  /,  respectively:  t;,  t,r  will  stand  for  the 

number  of  y‘  which  it  rolve  variables  of  type  s,f,  s and/or /,  respectively ; 
and  «„  n,  are  the  numbers  of  variables  of  type  s and  of  type  /.  A nee  s- 
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sai  y aiul  sufficient  condition  that  scaling  be  possible  is  that 

»,  + r,  = r„.  (4.1) 

To  prove  the  necessity  of  the  condition,  suppose  n,  + f/  7^  r,/. 
Since  r„  cannot  exceed  n,  4-  rf,  we  must  suppose  n,  *>  > r.»  or 
».  + n , - r„  > n,  ■ 


but  since 

T,t 

h - n,  - r, 


and 

we  should  have 

t.i  > */ 

so  that,  there  would  be  either  or  both  of  the  following  types  of  y*: 

1.  those  containing  arbitrarily  scaled  variables  oniy, 

2.  those  containing  arbitrarily  sealed  and  fixed,  but  not  unrestricted 
variables, 

neither  of  which  types  can  be  allowed. 

To  prove  that  the  condition  is  sufficient,  distinguish  the  two  possible 
cases: 

1.  t,/  - r 

2.  t,/  < r. 

In  case  (1),  that  part  of  A.,  with  the  r.f  X r,f  non-vanishing  de- 
terminant can  be  taken  as  4r,  consequently  (since  3uch  a determinant 
can  be  found  which  contains  columns  from  all  the  arbitrarii  scaled 
variables)  all  the  arbitrarily  scaled  variables  will  appear  in  the  set 
x*~'+r,  the  fixed  variables  (if  any)  not  contained  in  A , will  be  expressible 
ir.  terms  of  fixed  variables  in  Ax  only,  and  there  will  be  just  enough 
restricted  variables  to  complete  the  set  of  (•*  — r)y*’s  with  one  such 
variable  to  each  y‘  involving  arbitrarily  scaled  variables. 

If,  on  the  other  hand.,  case  (2)  obtains,  the  same  proof  will  hold  (with 
the  modification  that  some  unrestricted  variables  will  appear  in  the 
set  **-r+»)  provided  only  that  the  r,t  X r„  non-vanishing  determinant 
contained  in  A,i  is  contained  in  some  r X.  r non-vanishing  determi- 
nant of  A. 

That  thb  lattei  requirement  is  always  satisfied  follows,  for  example, 
from'ihe  definition  of  rank  in  terms  of  linear  independence  as  shown  by 
BirkhofT  and  MacLane  (4).  This  completes  the  proof  of  the  scaling 
criterion. 

In  concluding  this  section  it  should  be  remarked  that  the  criterion 
furnished  by  Eq.  4.1  is  independent  of  the  basis  of  fundamental  units 
adopted,  since  the  oniy  quantities  appearing  are  numbers  of  variables 
and  the  rank  of  various  sub-matrices,  taken  by  columns,  which  are,  of 
course,  all  invariant  under  the  group  of  homogeneous  linear  transforma- 
tions on  the  a/‘,  A — > A = TA,  | T|  X 0,  which  corresponds  to  all  con- 
ceivable choices  of  a basic  set  of  fundamental  units. 
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5.  APPLICATION  TO  HYPROOTMAMICS 

Consider  the  dimensional  composition  ol  the  variables  appearing  in 
the  analytical  description  of  fluid  flow.  The  Navier-Stokes  equation 
and  the  equation  of  continuity  contain  variables  of  the  following  dimen- 
sional types:  v - velocity,  p = pressure,  R = any  length,  t = time, 
p = density,  0 = viscosity.  If  the  external  forces  are  due  to  gravity, 
the  acceleration  of  gravity,  g,  is  included.  In  addition,  there  exists  an 
equation  of  state  which  expresses  p as  a function  of  P alone  in  case  the 
flow  is  assumed  to  be  isothermal  or  adiabatic.  The  implication  of  this 
last  condition  is  important  in  the  consideration  cf  possible  scaling  solu- 
tions: although  the  specific  ferm  of  the  equation  of  state  is  unknown,  it 
must  be  expressible  in  terms  of  variables,  such  as  the  bulk  modulus, 
whose  columns  in  A.  are  linear  combinations  of  the  columns  in  A repre- 
senting p and  p.  In  order  to  maintain,  temporarily,  the  generality  of 
the  discussion,  it  will  be  supposed  that  the  density  is  given  by  the  series: 

p - t P<(py  (5.i) 

»«a 

with  a S on. 

The  A rns.ti'ix  is  then  as  follows* 


A 

V 

P 

t 

P. 

M 

£ 

R 

M 1 

0 

1 

1 

0 

~<T 

L 1 

1 

-1 

0 

-3+t 

-1 

i 

1 

T \ 

-1 

-2 

1 

2 « 

-1 

-2 

0 

A model  experiment  will  now  be  considered  in  which  R plays  the  role 
of  the  dvtil>eralely  scaled  variables:  n,  = 1 Then  the  criterion  of 
Eq.  4.1  requires  r,<  = rf  + 1.  If  the  medium  is  unchanged  with  scaie, 
in  the  general  case  the  rank  of  (p„  y)  is  Z sc  that,  since  i / also  equals  3 ( 
scaling  is  impossible.  Even  for  an  incompressible  fluid  (p,  = 0 except 
for  » = 0)  a scaling  solution  with  fixed  g is  impossible  if  m is  nxed.  The 
idealizations  which  lead  to  the  familiar  scaling  approximations  in  terms 
of  the  Froude.  Reynolds,  and  Mach  numbers  are  described  in  Table  I. 
In  each  c-.se  the  set  of  variables  designated  as  "ignored”  are  shown  to  be 


Table  I. 

Scalini  Low s for  Hydrodynamics. 


Typical  Invmr mat 

Ifrv'rzble 

Variable* 

1 

f i 9 

t 

p* 

t* 

$ 

F ixed 
Variable* 

Froude  Number 
Reynoldb  Number 
Mach  Number 

p.(*  ft  0).  u 
Pi(*  ft  0),  g 
M.  1 

i : ' 

o j 6 

1 

2 
J 

(-0 

w> 

0 

(1) 

0 

(1) 

0 

t*'  2 

PC.  M 
Pi 

- 

Piii  * 0.  J),  P 

*1  ° 
1 

* 

[-i] 

<*> 

0 

PJ 
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required  to  follow  rather  impractical  scaling  laws,  but  by  assuming  that 
their  influence  on  the  flow  is  unimportant  in  a certain  range  of  velocities, 
a solution  is  obtained  bv  omitting  them  from  further  consideration. 
The  dependence  of  the  variables  is  expressed  in  terms  of  the  exponent 
b,K  in  the  expression 


(5.2) 


where  is  the  appropriate  value  of  the  *th  variable  on  any  scale  with 
a typical  length  R related  to  the  model  scale  with  corresponding  values 
*•*  and  R‘.  The  computation  of  the  b,K  requires  only  the  determination 
of  that  row  of  A rl  which  corresponds  to  the  column  of  A i in  which  R 
appears. 
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m.torla«l  Bocterounrt 


Ir.  oonn«ui;lor.  with  the  torpwdo-proteotlon  Ffogrsa  which  waa  conctuotwd  at  Uia  T.ylgr 
VMel  Rssin,  U,  S.  Navy,  during  th«  Vtar,  datailed  atudi  zz  itvrs  made  of  the  damage  done  by 
underwater  explosions  to  thin  motel  circuit!*  diaphragms,  air-backed,  and  held  rigidly  at 
their  peripheries  * The  idea  was,  that  if  an  adequate  description  ana  explanation  of  the 
phenomena  attendant  or.  the  damage  to  euch  an  apparently  simple  structure  could  be  obtained, 
some  progress  toward  an  understanding  cf  damage  produced  similarly  in  ruore  complex  structure# 
might  be  made.  At  the  came  time  smaller  metal  diaphragms  were  used  by  several  other 
research  groups  an  underwater  gauges  for  estimating  from  their  deformations  the  relative 
strengths  of  underwater  explosions.  These  investigations  led  to  certain  theoretical  develop- 
ments along  this  line  but  from  a point  of  view  different  from  that  taken  in  this  article.* 

Cta  a later  occasion,  the  necessity  arose  for  the  development  of  a simple  mechanical  gauge 
to  measure  the  velocities  acquired  impulsively  by  large  structures  when  they  are  subjected 
to  a very  great  force  of  very  brief  duration.  For  this  purpose,  a small  thin  lead  diaphragm 
wait  mount od  in  a rigid  closed  container  which  was  then  attached  to  a given  structure. 

When  an  impulsive  velocity  was  imparted  to  the  structure,  normal  to  the  plane  of  the 
diaphragm,  the  dianhragm  container  moved  and  the  diaphragm  material  tcr.lsd  to  remain  behind. 
The  resulting  deformation  was  of  course  the  same  as  if  the  diaphragm  itself  had  suddenly  had 
Impressed  on  it  an  equal  but  opposite  uniform  velocity  normal  to  its  plane  while  the 
container  remained  fixed.  The  theory  presented  'n  thi3  article  was  developed  in  an  attempt 
to  describe  the  observed  motion  and  deform  stal  diuphrngm*  under  *o»e  of  the 

conditions  encountered  in  thtse  experiments  *h  these  inatJT-u^nte. 

Observations  of  Deformation  of  Diaphragms 

When  a thin  rwtel  diaphragm  ia  held  rigidly  at  its  periphery,  and  a 
sufficiently  large  uniform  velocity  is  suddenly  Imparted  to  it  perpendicular  to  its 
initial  plane,  the  following  phenomena  have  been  observed,  Ae  soon  as 

*See  , for  example,  J.G,  Kirnwood  and  J,U.  Richardson,  "The  piaatic  deformation  of  circular 
diaphragms  under  dynamic  loading  by  an  underwater  explosion  wave",  03  RD  A2O0  (1944),  Tn* 
unclassified  report  is  a summary  of  moat  of  the  work  presented  in  two  earlier  reports  by 
Kirk'soo'1,  3>5D  793,  and  lli>,  also  i* classified. 
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tha  diaphragm  begins  to  cove,  the  material  at  the  outor  edge  is  jerked  to 
rest  by  the  rigid  constraint  there,  Ihe  news  oi  this  retardation  1=  carried 
radially  inwards  by  a rather  sharply  defined  bending  wave,  shown  in  Figure  1, 
•fci.eh  travel*  at  a nearly  constant  velocity  until  it  readies  the  vicinity  of 
the  center  of  the  diaphragm,  where  it  appears  to  speed  up.  The  material  in 
the  flat  central  region  of  the  diaphragm,  ahead  of  the  bending  wave,  continues 
to  oove  with  almost  its  initial  velocity  until  the  wave  reaches  it.  Then,  as 
tha  banding  wave  sweeps  over  it,  the  material  is  brought  quickly  to  rc3t. 
Finally  the  bending  wave  reaehea  the  center,  1 laving  the  diaphragm  deformed 
into  a characteristic  shape,  generally  a surface  of  revolution,  nearly 
conical,  with,  however,  a somewhat  rounded  apex,* 

Thickneas  measurement*  along  a generator  of  the  surface  of  revolution 
show  at  the  outer  edge  a relatively  large  and  ver"  local! red  thinning,  cs  if 
the  diaphragm  has  a strong  tendency  to  shear  loose  from  the  restraining  rim. 
Indeed,  it  Is  f,.und  necessary  to  round  off  the  snarp  rim  somewhat  at  its  innor 
edge  to  inhibit  this  shearing  and  to  obtain  the  type  of  motion  of  interest 
hero,  as  one  proceeds  inward, toward  the  center, t he  thickness  decreases,  gradually 
«t  first,  from  approximately  the  original  thickness  ciosa  to  the  diaphragm 
periphery.  Near  the  center,  the  thinning  become*  greater  and  greater  and 
finally,  right  at  the  center  there  is  usually  obasrved  a kind  of  dimple,  The 
thickness  at  this  dimple  decreases  with  the  total  amount  of  deformation. 

Measurement:)  have  also  been  cade  of  the  radial  ard  tangential 
strains  along  a radius  ff  a great  many  diaphragms.  These  measurements  allow 
that  the  two  strains  are  nearly  equal  at  each  point. 

* In  some  of  the  experiments  with  unden7ater  explosions,  further  deformation 
of  the  diaphragm  takes  place  which,  however,  is  attributed  t,o  causes  other 
than  the  initial  impulse,  and  is  therefore  irrelevant  to  the  present 
discussion t 


Surmises  Concernlm*  the  lotion 

.(e  ray  now  draw  certain  inferences  from  the  previously  described 
observations  and  maae  certain  surmises  as  to  the  details  of  the  motions 
and  as  to  the  mechanisms  inxclved.  Those  surmises  themselves  have  not  yet 
been  verified  experiment  ally,  out  ir.ey  seem  physi '•-."Hy  reasonable  i,  the 
light  of  present  knowledge  and  in  the  light  of  the  conclusions  to  which  they 
lead, 

At  the  initial  instant  the  diaphragm  material  has  a uniform  norma) 
velocity  component  vj  the  radial  velocity  component  is  certainly  zero. 

However,  the  restraining  effect  of  the  rm  must  be  felt  quickly  by  the 
diaphragm  material  adjacent  to  it.  This  is  considered  to  have  two  effects. 
First,  the  presence  of  the  rigid  edge  constraint  is  quickly  made  known  to  the 

J nterior  portion  of  the  diaphragm.  The  news  is  no  doubt  transmitted  by  an 

Inward 

elastic  stress  wave  travelinp^at  a high  "sonic"  velocity.  h’o  may  surmise 
that  this  wave  leaves  the  interior  of  the  diaphragm  in  a state  of  plastic 
flow  so  that  a non-zero  radial  velocity  distribution  may  be  superimposed  on 
the  uniform  normal  velocity,  which  itself  remains  practically  unaffected, 
Elementary  estimates  indicate  that  this  presumably  takes  place  in  a time 
which  is  very  short  compared  to  the  time  taken  for  the  complete  deformation 
of  the  diaphragm.  Second,  a plastic  bending  wave  is  generated  near  the  edge 
and  is  propagated  inward  more  slowly.  It  is  believed  that  one  function  of 
this  wave  is  to  inhibit  the  tendency,  as  evidenced  by  the  thinning  at  the  edge, 
of  the  diaphragm  to  fall  in  shear. 

As  the  bending  wave  sweeps  inward  over  material  flowing  outward  in 
a radial  direction,  the  material  lose?  most  of  its  velocity,  both  itc  radial 
component  and  the  original  Component,  v,  normal  to  the  initial  plane.  It  le 
surmised  that  little  or  no  impulsive  Lhiiudng  op  ether  form  of  plastic  working 
is  associated  with  tills  action;  that-  is,  the  bending  wave  in  effect  simply 
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til*«  e»*'v'  snnular  element  cl  11  =-.»ecp=  over  it,  removing  ita  kinetic 


energy.  This  Is  then  transmitted  to  the  central  region  where  it  is 


ultimately  converted  to  plastic  work  of  stretching  and  thinning.  In  this 


region,  the  diaphragm  is  3tiil  nearly  flat,  and  therefore,  in  tt>e  absence 


of  any  normal  for  ;e  components  it  retains  its  uniform  ncnaal  velocity} 


its  Initial  radial  velocity  distribution,  however,  nay  be  altered,  both  by 
disalpation  of  energy  in  plastic  work,  arvd  by  the  probably  non-uniform 


distribution  of  tension  resulting  from  non-uniform  radial  flow,  thinning, 


ana  worK-hardening, 


Because  no  notion  is  observed  in  the  diaphragm  material  behind  the 


bending  wave,  it  is  surmised  that  this  material  has  been  unloaded  and 


returned  to  the  elastic  state,  indeed  the  somewhat  conical  shape  aooumud 


: y the  di->rhraei-.  suggests  that  the  stresses  in  a particle  momentarily  behind 


the  beming  wsve<  although  possibly  near  "the  yield  point"  of  the  material. 


quickly  subside. 


As  the  bending  wave  sweeps  lmraid,  it  speeds  up.  This  is  possibly 


due  to  a rise  in  t.ie  stress  ahead  ox*  the  wave  because  of  work-hardening 


effects  in  the  plastic  material  in  the  flat  central  region.  This  3pce  Mrig 


up  accounts  at  least  partially  for  the  rounding  off  of  the  diaphragm 


profile  at  the  apex;  in  addition  it  is  probable  that  ths  bending  wave  has 


a finite  radius  of  curvature,  that  13,  it  may  have  a finite  -length"  in  the 


radial  direction,  which  would  also  help  account  for  this  founding  off. 


sin  SuqpobI 


The  exact  non-linear  partial  differential  equations  of  motion 


describing  the  dynamic  plastic  deformation  of  the  metal  in  a diaphragm  ouch 


as  u have  been  considering  are  ext  remely  complex.,  iven  if  it  were  possible 


s-o  solve  these  with  existing  mathematical  techniques  the  solution  would 
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without  dcubi  be  so  unwieldy  as  to  r.ccsasitaie  the  introduction  o?  radical 
simplifying  approximations.  Hence  it  s~em>  desirable  to  attack  the 
theoretical  problem  of  analysis  of  this  notion  by  the  artifice  of  replacing 
the  actual  mechanical  system  by  a fictitious  one  in  which  are  incorporated 
certain  constraints  which  do  no  work  and  which  operate  to  simplify  the 
equations  of  motion.  At  the  same  time  this  idealized  model  must  be  so  chosen 
that  most  of  the  main  qualitative  features  of  the  actual  diaphragm  notion, at 
described  or  surmised  in  the  forego  Lng,  are  preserved,  in  thle  wey  it  is 
hoped  that  the  motion  of  the  model  when  found  agrees  closely  enough  with 
that  of  the  real  system  so  that  certain  quantities,  such  as  thickness 
distribution,  central  deflection,  total  strain,  end  time  of  deformation  do 
not  dilfur  uu^ritui-T  from  their  actually  observed  valuer. 

Consider,  therefore,  an  ideal  thin  octal  circular  diopnragm  of 
uniform  thickneaa  h,  and  radius  a,  held  riptfay  at  its  periphery.  Initially, 
suppose  that  the  diaphragm  material  has  a uniform  velocity  component  v normal 
to  its  initial  plane.  Beesmae  in  the  actual  diaphragm,  an  elastic  wave  may 
then  quickly  set  the  aterlal  In  motion  radially,  we  shall  support  171 
addition  that  in  the  ideal  diaphragm,  there  may  be  ar>  initial  linear  radial 
velocity  distribution  superimposed  on  the  uniform  uoi-aal  velocity  v.* 
astiuter  of  the  magnitude  of  this  effect  will  be  made  in  o later  section. 

At  any  later  instant,  th»  situation  is  considered  to  be  as  follow* . 

A plastic  bending  wave  has  traveled  some  distance  from  the  edge.  In 

connection  with  this  wave,  we  shall  suppose  chat  its  «'n«pe  is  as  shown  in 
Figure  2j  that  is,  the  banning  wave  represente  a true  *'  ccorti'ntity  in  the 


initial  elastic  Jewess  pt.*,s#  he?  bran  investigated,  but  not  published 
to  the  writer's  knowledge,  b>  1 . JchnennlusL.  he  indicated  ore  11  y some  years 
ago  to  the  writer  that  the  c* rcuvferontiai  stress  r nrnt  rises  very 
quickly  bviiind  th?  elr.at  lc-stro --  wave  in  which  tli  .•  ca-viaishing  stress 
cocponsct  is  tt»  ermrij.-a!  r«Uia.  stress. 
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slop*  of  ths  inatuntanaau*  profile  of  the  diaphragm.  Aa  the  wave  aweepe 
over  each  annular  Material  aleaeut  in  the  flat  central  region,  in  effect 
it  tilts  It  into  the  shace  of  on  annular  truncated  conical  element  behind 
the  aave.  During  thie  piocese.  it  ia  assumed  that,  beeauee  of  the  thinneaa 
of  tiie  diaphragm,  no  oigftificant  aaour.t  of  la  dona  in  bending.  Moreover, 

no  impulsive  thlrning  is  au,  csed  to  take  place  in  the  bend  of  the  wave.  We 
further  suppose  that  the  util?  atreeaoa  of  importance  at  the  bending  ate  are 
• radial  and  circuofarential  principal  atreaeos  Just  ahead  of  the  wave,  and 

behind  the  wave  in  the  txlted  region,  a normal  stbas  ccaponent  along  the 
;'.»*rator  of  the  tilted  alenant,  a shear  stress  component,  and  a circumferential 
normal  shea a component. 

Mow  the  Material  passed  over  by  the  wave  shell  be  supposed  to  hawa 
cone  to  rest.  The  stresses  which  exist  in  this  region  are  supposed  to  ba 
such  as  tv  Just  nold  the  Material  in  equilibrium  - although  their  tendency 
to  cause  further  plastic  flow  or  not  is  a subject  for  further  inveetigetion, 
end  night  constitute  a partial  theoretics!  test  or  the  model. 

..lthin  the  central  region  which  is  as  yet  unaffected  by  the 
plastic  bending  ware,  the  dlaphrajpt  Is  still  supposed  to  be  fist,  and  therefore 
in  the  absence  of  normal  force  c capon  ants  it  rate  die  its  uniform  normal 
velocity  r.  At  the  aa»a  tine,  the  icaterxal  in  the  fist  central  region  is 
supposed  to  be  flowing  radially  outward  and  thinning.  To  avoid  the  extreme 
I complexities  of  considering  the  probably  non-uniform  distributions  of  tension 

and  thinning  in  an  actual  diaphragm,  *t  introduce  In  this  region  a distribu- 
tion of  constraint  farces  which  do  no  work  and  which  produce  a uniform  thinning 
over  the  region  during  the  motion,  These  constraints  mast  be  considered  to 
yield  a non-uni  form  "tress  ays  tan  which  is  superimposed  cn  the  stnsses  arising 
from  the  uniform  plastic  deformation  of  this  region.*  Their 

' ejiaiiceforth  these  letter  are  denoted  as  'plastic  atressvs"  to  distinguish  them 

fros  th*  at  re s° S3  arising  fro*  the  constraints. 
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total  effect  Is  simply  t.o  bring  about  a simple  radial  velocity  distribution 
and  to  afford  a means  of  transferring  the  kinetic  energy  lost  at  the  bending 
nave  into  kinetic  energy  of  radial  motion  in  the  flat  central  region. 

Kinetic  energy  of  thiming  ie  supposedly  very  tiny  and  is  neglected . 

•'«  regards  the  properties  of  the  metal  of  which  the  diaphragm  is 
compost,  we  ehall  suppose  the  following.  Because  we  are  here  ceding  with 
finite  deformations  and  strains,  ail  purely  elastic  offsets,  other  than  **><>»* 
of  the  Initial  stress  wave  which  have  already  been  mentioned,  would  seem  to 
be  negligible.  Consequently  we  shall  suppose  that  except  for  the  initial 
elastic  action,  we  are  dealing  with  an  ideal  incompressible  plastic  material, 
with  a zero  elastic  strain  r»nga.  This  1;  consistent  of  course  with  the 
surmise  of  the  initial  very  nigh  speed  stress  -ave  and  the  "freezing  " 

of  the  material  when  it  unloads  as  the  bending  wave  passes  by.  Furthermore, 
we  shall  suppose  that  there  are  no  strain  rate  effects  affecting  the  plastic 
flow.  He  shall  suppose,  therefore,  that  the  data  obtained  from  a tensile 
te»o  of  the  diaphragm  material  in  which  the  tensile  stress  ie  exhibited  as 
a definite  function  of  the  natural  elongations!,  strain,  are,  in  ccnbinat.ion 
wish  general  laws  of  plastic  flow,  sufficient  tc  specify  the  plastic  properties 
of  the  i«t trial, 

Nat  in  ally  the  mathematical  statement  of  the  problem  depends  to  a 
certain  extent  upon  the  choice  cf  the  type  of  plasticity  theory,  altioueh 
in  any  case  an  apparently  consistent  formulation  may  result.  Aa  a matter 
of  fact,  for  the  typo  of  notion  herein  Investigated,  no  differences  a rise 
whether  one  applies  the  pleatlc  deforaatioc  type  of  theory,  or  the  plastic 
flow  theory  of  plasticity.*  The  point  of  view  of  the  latter  ia  tak«n  in  tills  article. 

*For  a discussion  of  these  basically  different  theories  eee  Vf,  Pr«g«r. 

"Theory  of  Plastic  Plow  vs.  Theory  of  Plastic  Deformation",  J.  App.  Fhys,,  1$ 

JtO  [June,  19UO. 
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With  the  . J.  ng  nicture  in  m it  is  i\ 
develop  a consist**  -t.  ,eaatical  formulation  of  the  v.r. 
motion  so  as  to  s'  the  iu*.U,.raental  laws  of  mechanic.- 

ths  following  *•  <■<  . 

Mathematical  r'-j;  . •_*  .n  of  the  Theory 


j of  the  main 

‘ This  is  don*  in 


mr.oositions  and  assumptions  introduced  \ "le  Precedln<5 

ters  which 


Che 


The  ’ 

section  lead  t<-  . * jin  quantitative  relations  between  the  pai 
describe  the  c *'•  orations  and  state  of  the  diaphragm  material. 

\ 

development  o'  .l . se  relations  can  he  d . uided  into  four  main  pai 
has  to  do  w * nservsiion  of  momentum,  energy,  and  mass  ivolumei 

*,hu  bending  wave.  In  Part  2,  the  equations  of  notio:  ^ 
the  central  flat  plastic  sortie*;  are  derived,  and  in  Pa. 


Part  1 

'he 


neighborho • 
tfl«*  uiatfid 

plasticity 

specific 


•y  is  introduced  and  applied.  Part  U is  concerned  with  the  \ 
of  the  initial  state  of  the  motion. 


\ 


Part  1.  - j.-*  Itions  in  the  Ueighborhood  of  cie  Bending  ifave. 

■*  onose  that,  at  any  tine  t,  after  the  start  of  the  motion,  -.he 
dial  ' -•=  . the  bending  wave  from  the  center  of  the  diaphragm  ir  R,  as 
ahee  ■ i igure  3.  Let  dL  be  the  width  of  an  elemental  _ ring  of  thickness  H 
Ji  <'■.  ***-•  of  *.<• . be  iding  wave,  During  the  time  interval  dt,  tliis  ring  is 
*.  in*  .•  and,  i..  effect,  tilted  by  ine  bending  wave  as  it  is  propagated 
inwiif.  - i ■ . Science  traveled  by  the  wave  in  this  time  is  -R  dt, 
the  negative  sign  •.»->:*«*  R,  the  velocity  of  the  bending  wave, 

is  negative.  Let  the  nk'teriai  *.  ..*....  d>.  ahead  of  the  bending  wave 


* The  treatment  of  the  Initial  elastic  action  is  perhaps  not  qC . s 

satisfactory,  except  when  the  hypothesis  of  a aero  elastic  strain  ra.«*. 

is  rigidly  maintained.  This  appears  to  be  a subject  for  further  investigati*. 
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have  a radial  velocity  U outward,  so  that  it  moves  a distance  Udt  in  time 
dt.  Hence,  cs  ia  evident  frco  Figure  3,  the  rate  at  which  material  is 
swept  ever  by  the  wave  la 

dL  - -*  ♦ U (1) 

dt 

A:  • ••■vela  by,  the  material  ring  rf  width  dL  in  effect  is  tilted 

impulsively  into  a '••d  conicil  ring  of  width  dL  and  thicl-ness  H,  In 

deforming,  the  inner  edge  ■ * 'us  undurgc.ua  a dlepldcwsun'l  v c!t  normal 

to  the  original  plane  of  the  diaphragm  vi  . - 'iter  edge  remains  fixed. 

Actually,  then,  the  bending  wave  travels  a distance  u_  . * h»  generator 

of  the  conical  element  while  it  i3  traveling  inward  along  the  mu..  • •. 
distance  -Udt.  Hence,  the  rate  at  r.'hich  the  wave  travels  alciig  the  pro."..  I* 
of  the  defo’*med  aiapi'.ragm  1 5 given  by 

(2) 


It  Is  clear,  from  this  end  Fig'jrs  3,  that  the  generator  of  the  conical  elemei. 
makes  an  angle  £<  with  the  outward  pointing  radius,  defined  by  t1--*  relations 


dL 

(it 

cos  oC 

.it 

(3) 

dL 

sin 

• V 

(0 

dt 

which  together  arc  equivalent  to  (2). 

Let  be  the  total  ncr.nl  stress  component  parallel  to  a generator  jn  th-> 

diaphragm  et  a point  iust  behind  the  bending  .-.we,  arv*  let  ^ be  the  total 
shear  stress  component  parallel  to  a plane  element  normal  to  the  generator 
s.  t this  point  as  in  Figure  A,  3y  total  stress  i3  .utant  here  the  sun  of  the 
and  the  constraint  stresses.  These  components  exert  forces  of 
„ , HItd6  apd  3nu  Httds  respectively  on  the  outer  edge  or  a segment 

ij3gn-luUGQ  **** 

. ,uHtv.  4L  •^j,j'»y'"i,'kness  11  wh*-ch  subtends  an  angle  de  at  the  (tenter  of  the 

'■-v 


diaphragm, 
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In  time  dt,  this  segment  loses  all  its  momentum  component, 
pHHdCdLv,  nor'aal  to  the  original  plane  of  the  diaphragm.  If  the  change 
in  momentum  is  equated  to  the  impulse  f -S^HRdS  sin  °C  ♦ SptjHRdft  cos  «C  ] dt 
delivered  in  this  direction  in  time  dt,  there  results  the  relation 
p dL  y ■ sjyj  sin  oC  - cos  (5) 


Similarly,  if  Sjj  is  the  total  principal  radial  stress  component 
in  the  diaphragm  material  just  ahead  of  the  bending  wave,  as  in  Figure  4, 
the  net  radial  fores  component  on  the  same  segment  of  the  annular  element 
while  it  is  being  tilted  is  -ti^KHdd  cos  <X.  — S-^HRdO  - S^HHdO  since.  , 
lr.  time  dt  this  effects  the  re.aoval  of  the  radial  momentum  pHRdtt  1LU  from 
the  segment.  Again  if  the  change  in  the  radial  momentum  component  is 
equated  to  the  impulse,  we  obtain  the  relation 

pdL  U « Sj£  ♦ Sjyj  cos  oC  * 3^  sin  °<  {6) 

\a  the  bending  wave  sweeps  inward  over  the  element  depicted  in  Figure  4, 
t 'r,  does  work  of  amount  -S^HfidO  udt  on  it,  while  the  stresses 


and  S, 


'El.'  - "• 


of  constraint  forces  in  the  rigid  stationary 
rat.erial  ;>ch_-'.a  .*'e  wc\ ..  The  w. >r’*  which  is  done  in  the  time  dt 
equals  the  incr^'se  in  '.luetic  energy,  ... 


Several  consequences  of  3 rA  treat  can  bv  ^^ciuc«i  ■ -mL 'k..y  • : e.jvi -Mo.i*:- 

through  (7)  inclusive.  Secognizing  from  (1)  and  (2)  that 
U2  ♦ v2  • 2li'U  - ft) 

and  incor)'  . xting  this  ir.  (7),  and  combining  the  result  v.^cn  (() . we  find 
that  p J-..  ft  « S^a  cuo  oc  si,-,  (8) 
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Substituting  for  R in  (8)  ami  for  v in  (5)  from  (3)  and  (/,},  we  find,  since 
the  determinant 


sin  oc  j - cos  oC 


j»  0 


j cos  , sin  o«r  J 

that  the  speed  of  the  bending  wave  with  respect  to  the  material  on  either 
eide  of  it  is 


(9) 


and  that  th*  shear  stress  nehind  the  bending  wave  is 

- 0 (10) 
Substituting  the  value  of  U obtained  from  (1)  into  (6)  and  utilising  (3) 
and  (9),  we  find  that 


SRH  “ SH 


Ul) 


so  that  there  <■>  no  stress  discontinuity  and  ro  sbocK  in  this  sense  at  the 
bending  wave.  In  addition  (3)  and  (i,)  nay  be  combined  to  give 

tan  oC  » jji  (12) 

Similarly  (1)  and  (2)  yield 

U2  - 21R  - v2  - 0 (13) 

while  utilisation  of  U2  ♦ v2  = 2U(U  - ft) , obtained  previously  from 


(1)  and  (2),  in  (7),  and  then  substituting  for  (U  - ft)  from  (1)  and  for 

(&)  from  (2).  yields 
at 

P (ft2  ♦ v')  » Sh  (11) 


Equations  (9)  through  (1 4)  inclusive  are  entirely  equivalent  to 
*’>■*  original  six  independent  relations  described  by  (1)  through  (7;  inclusive, 
9 . >rly  we  nay  regard  these  equations  as  defining  the  six  quantities  rtL.  o' 

, R,  and  'J  in  teria3  of  v and  p,  and  S^. 


) 


/ 
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Pari  2.  Equations  of  Lotion  in  the  Flat  Central  Region 

Th«  component  velocity  o'"  any  particle  in  Lite  flat  central  region, 
perpendicular  to  the  original  diaphragm  plane,  is  supposed  to  have  the 
constant  value  v until  the  bending  wave  sweeps  inward  over  it.  This  normal 
motion  is  quite  independent  of  the  radial  motion,  which  In  general  might 
conceivably  be  much  more  complicated.  The  radial  motion  is  of  importance, 
for  upon  It  depends,  in  part,  the  distribution  of  thinning  in  the  diaphragm. 
Let  us  now  consider  this  radial  motion. 

As  mentioned  previously,  in  order  to  avoid  the  raatt.c  iaticul 
complication  of  non  uniform  thinning  in  the  flat  central  region  and  the 
necessity  of  attempting  to  solve  non-linear  partial  differential  equations 
of  motion,  we  introduce  a system  of  constraints  which  serve  to  maintain  a 
uniform  thichness  H throughout  this  region.  Consequently,  at  time  t * dt, 
a disc  which  was  of  radius  R - <JL,  and  uniform  thickness  H at  time  t,  has 
stretched  into  one  of  radius  R - dL  * Udt  and  uniform  thickness  H ♦ Adt. 
Since  its  volume  is  conserved  we  arc  led  to  the  equation 

a ♦ 2 jj  - o 05) 

H P. 

A similar  consideration  of  an  interior  diac  of  momentary  radius 
r at  time  t,  and  initial  radius  r , shows  that 


so  that  r_  is  a function  of  time  only.  Lquationt 116)  will  be  termed 

ro 

the  "constraint  equation^  for  the  flat  central  region, 

Low  the  forces  exerted  on  each  material  particle  in  the  central 
region  are  due  to  the  constraints  and  to  the  plastic  stresses.  We  are 
supposing  that  the  only  normal  plastic  stresses  in  the  cnitral  ragisn  are 
radial  and  circumferential  stress  components  (f v and  respectively.  On 
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In  elementary  segment,  of  width  dr  and  thickness  H,  which  is  e distance  r 
fros  the  center  of  the  diaphragm  where  it  subtend*  an  angle  d6,  these 
stresses  exert  a net  force; 


• (r  Cr)  - j;]  HdSdr  . 


But  from  the  constraint  expressod  by  (16),  it  is  clear  ti:4t  the  radial 
and  tangential  nlrains,  and  hence  the  radial  and  tangential  strain  velocities 
are  equal  and  functions  of  the  time  only.  It  follows  from  plasticity  theory 
that  the  radial  and  tangential  plastic  strc<«  components  are  equal  and  or j 
functions  of  the  time  only,  (vide  Part  3).  Hence  the  plastic  stresses 
exert  no  net  acceiere* ing  force  on  the  particles  in  the  flat  central  region 
interior  to  the  bending  wave.  The  only  possible  accelerating  forces  an  this 
region  are  the  constraint  forces,  that  is,  we  ray  define  the  outward  accelerating 
force  on  the  element  of  mass  pflr  dr  d®  by  a differential  quantity  d PdO  ■ 

P dr  dSfttxcept  for  elements  Just  ahead  of  the  bending  wave.  Co.-rblning 

J r 

(ro;  saf.  the  equation  of  motion  of  this  element,  we  find  that 


a.  ? .?  ' 

pti'-r  _d. 


dt 


i ±Ji  - -LL 

iwi  ? r 


At  the  bending  wave  itself  we  oust  have 


RH 


iwoc  ♦ r„ 


(17) 


(18) 


where  is  the  value  of  P when  r - R,  and  is  to  be  so  chosen  that  the 
constraint  forces  do  no  work.  This  means  that  the  rate  of  working  by  the 
whole  set  of  constraint  forces  is  zero,  viz., 

d f d9  - if  PR  U - 0 | 

if  this  in$egration  is  carried  out,  using  (15),  (16),  and  (j.7),  we  3ea  that 

(19) 


IT 


rH  - p H*  R3  d2  / 1 \ 
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Station  (17)  my  now  be  integrated  to  yield 

r-^M’UrS-«3)|^(^r)  <») 

as  the  quantity  defining  tie  distribution  of  constraint  forces  in  the  flat 
central  region. 

It  is  interesting  to  not a (and  a Chech  on  the  work)  that  if  me  now 

equates  the  total  rate  of  decrease  of  kinetic  energy  for  the  whole  diaphragm 

to  the  rate  at  which  energy  is  being  absorbed  in  plastic  working  of  the  material, 
2 

71*.  , the  resulting  relation,  after  a bit  of  manipulation,  is  identical 

with  (7),  as  it  should  be. 

Tart  1.  The  Application  cf  Plasticity  Theory 

To  couplet*!  the  discussion  in  the  previous  section  it  is 

necessary'  now  to  introduce  certain  stress  and  strain  relationships  in  the 

fiat  central  region.  Because  the  rates  of  change  of  the  principal  strains 

are  proportional  to  the  principal  strains  t.hpnselves,  as  a result  of  ths 

constrairt  relation  (3.6),  it  Is  not  important  to  formulate  the  plastic  flow 

relationships  ir.  a completely  general  fashion.*  It  suffices  to  write  these 

laws  in  terms  of  the  principal,  stresses  (7^,  Cb>>  CX,  and  principal  natural 

strains  £ , £ in  t.he  torn 

l'  2 ' 1 

? t,  + E*  t tj  * 0 

“d  ' *3  „ <r2  - <r3  . T(W 

f'x  - c?  <7^7  * 

The  first  st.-ii-s  the  low  of  conservation  of  vci-vae  while  the  second,  as  a 
consequence  of  the  first,  states  that  the  principle-  strains  (nore  generally 
the  strain  rateaj  are  proportions!  to  :h  deviations  of  the  stresses  irom 

* For  such  forculations , sue  for  example:  C.H.  Handeluan,  C.i.bir,  ffager, 

"On  the  mechanical  behaviour  of  nrtals  in  the  strain-hardening  range", 
tiuart.  Appl.  ilath  ^ 397-407  (1947).  In  the  present  report,  the  plastic 
flow  laws  reduce  to  a foru  identical  with  that  of  the  deformation  cheery  of 
plasticity. 
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an  Isotropic  stress  state.  The  factor  of  proportionality,  , is 

Y~ 

the  ratio  of  the  octahedral  shear  stress 

T - ) ^«rr  a2f  4 ( <r2  - cr,)2  ♦ (Cy  - <^)2 

to  the  octahedral  shear  strain 

r ' 


■w 


♦ 


♦ e^) 


and,  when  the  raterial  is  yielding  plastically,  the  ratio  is  a function 
of  y h34ing  * fora  deteriained  empirically  from  a tensile  test  for  example . 
According  to  or  previous  supposit  or  in  6 tensile  test,  the  toneile  stress 
CX’.j,  is  relited  to  the  natural  longitudinal  stnii,  £,  , by 

crT  - c rtt). 

In  a tensile  test  f • V~?~  , wHio  y > Vg  /r  , Hence,  we  .ay 

3 V 2 >■ 

rewrite  the  abovn  relation  as 

Ten  - j/Hchy?  r) 

3 

which  is  non  applicable  to  a more  general  stress  state  than  that  oC;.  Ting 
ir.  a tensile  test, 

Lett  ue  now  apply  these  laws  to  the  central  flat  region  of  the 
diaphragm.  In  this  case 


, cr2  - cr8 


V0 


l°SL£-»  f - f - log 


X* 

wh»re  <Xjj  is  the  principal  stress  in  the  thickness  direction,  and  £f,  £g, 

and  are  the  natui  rl  (logarithmic)  strains  in  the  directions  indicated  by 
li 

the  subscripts.  As  a consequence  of  (16),  £ ^ ~ 80  "• 


that 

and 


O',-®-. 


<T_  - Cf(iog  _hj 
r H 


(a) 

(22) 


Squallty  (21)  has  already  been  used  in  the  previous  section  ir. 
obtaining  (17). 
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P»n  the  Specification  of  the  Initial  State 

As  the  initial  elastic  stress  wavo  front  sweeps  inward  from  th« 
edge  it  may  accelerate  the  material  pertiolos,  leaving  Bny  reel  diaphragm 
in  t state  of  plastic  flow  with  the  material  flowing  radially  outwards. 
However,  for  the  ideal  material  with  which  we  hove  been  deuling,  with  « 

*ero  elastic  strain  range,  the  elastic  stress  wave  would  travel  at  an 
infinite  speed  from  the  periphery  to  the  center.  Consequently,  although 
the  discontinuity  In  stress  across  the  front  of  such  a wave  is  quite  high, 
Jumping  from  »ero  to  the  id  old  stress  <X « CT(O),  the  actual  impulse 
delivered  to  any  material  partial!  -..-apt  •>  -.,r  by  the  front  would  be  aero-. 
This  aaeu  to  be  possibly  a rather  extreme  case,  however,  and  sir.ee  the 
theory  does  permit,  the  assumption  of  an  initial  radial  velocity  distribu- 
tion of  a certain  kind,  a rough  estimate  of  the  possible  magnitude  of  this 
offset  will  be  made  ns  follows. 

In  accordance  with  the  constraints  placed  on  the  diaphragm 
material,  we  shall  assume  that  the  notion,  generated  in  the  elastic  deforma- 
tion, can  be  approximated  by  one  Of  u normal  typo  with  a linear  radial 
velocity  dl  sti  ibu‘.  ion  whlu'i  is  zero  at.  the  center  and  greatest  at  the 
peri  p*  •*ry.  Then  the  radial  .'.mate  r of  a particle,  initially  ct.  ro,  is 

r - r <1  ♦ alii) 

O a 

wh'rre  q is  the  normal  v-Ov-ii;  "“te  ,;f  ti.r  cc  '.strainod  tier.,  and  "a"  is  the 
radius  of  the  diaphragm.  The  ?la>*  .1  a...  for  auC.  a c,.tic-n  are 

<Jr  ■ O'c.  “ 

6 1 - V 

who- e E is  Your.n'r  modulus  y is  :-'ois--='..n.,  ratic,  The  raotiei.  begi'-'  ol 
time  t » u,  when  the  stre.  s at  th  ■ edge  r\f.e-.  s ddenly  to  thj  yield  st.'j3s.o, 
Konc«  the  equation  o'  motion  as,  niter  calculating  the  equiva 1 a at  rrass  from 
the  kinetic  energy, 

pa  q ♦ E q • o 

U 1-V  a 
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to  be  solvod  subject  to  4(0)  •»  0,  q(0)  » 0.  We  rind  that 


4(0  - #lnfj[pi5PT7 

q(t)  * a c r (1-  l1)  r 1 - COB  2\l  E ~~l  t] 

K I ‘ipTi^T  J 


When  q is  • mdnii,  the  stresses  in  the  diaphragm  reach  the  yield  point, 
end  from  that  time  on,  plastic  flow  takes  over.  This  happens  at  a time 


-ja_y  6i±=. 

h ) X 


±LL  i 


the  velocity  distribution  may  be  written 


3 r m 

3 t 


lc_  4(tE)  - v_£a  yZj|iTff  ik^El 


(23) 


The  time  for  complete  plastic  deformation  of  a diaphragm  may  ba  estimated 
roughly,  considering  the  bending  wave  to  travel  along  a radius  with  a 
speed  ft  -i  &'  , 

it  i ;hcs  the  center  at  a ti  w 
tjj  *«  a^T  ; 
the  ratio  of  to  to  ts  is  thus 


to  - S \[£jL±=iiI  m 3 'tfo 

% M E 


for  3ome  steels.*  Similarly,  elust:  consiaerotiv...  t.i.v.  the  radial  velocity 

at  the  periphery, 

. i — 1 . i— 

z .67*;  v 


1x1  - \fJor 1 

^kstic  II  E 


* Typical  values  of  parameters  for  obtaining  three  quick  estimates  are» 
<y  . 6 x 104  lb/in2  p « .75  x 10"3  lb.sec2/^.4  h - .05  in 

i - 3 i iO7  lb/in2  v » 103  in/sec  • * 5 in 

l3  « ,3 
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i i 1 <■  a rou;  h orh-r-  of  -v.j-nltu-Jv  .i  tv/iojl  plastic  ’ — >ii ia  <.  flow  mte  U 
•\.iy  b>‘  obtained  from  (13)  t 

.055  v , 


ao  that 


*--£ -s,V 

U /3r1 

/ 


IV 

Co 


-.XL. 

elastic  675 


3 o/c 


From  these  results  -te  soe  that  although  the  initial  «la3tic  effects  occur 
very  re-idly,  the/  oay  result  in  a radlil  velocity  distribution  of 
significantly  iarpc  order  of  nagnituie.  Because  of  this,  it  is  a tit 
unfortunate  that  the  estimate  (23)  i?  not  based  **»•  Orwer  foundation;  thi 
appears  to  be  a subject  for  further  investigation. 

The  remaining  inilia’,  conditions,  other  than  (23)  (whinh  now 
laVa  to  hold  at  t • 0)  nay  he  listed.  The  initial  radius  of  the  bending 
ware  ie 

R(O)  - a , 

the  Initial  t.Mclneaa  la 
H(0)  - h » 

the  initial  radtal  velocity  at  the  ^enJ i.ig  wave  i» 

0(0) 


(rt) 

(25) 

(26) 


3^i era  L * X,  fur  a .-ueterial  of  rer<->  elastic  strain  range. 

Flnallv  In  order  to  define  the  final  »hape  of  the  diaphragm 
profu-  we  introduce  the  distance  T.  (t)  of  the  central  flat  region  fioii 
th<  initial,  p— of  U.  dtaphrej^.  Clearly, 

Z - v •.  (27) 

eu  tha:  once  R Is  foi.ii  at  a function  of  t,  elimination  of  t between  K and  2 
will  yield  Z • Z(H),  thw  equation  of  tha  diaphragm  profile.  Thle  concludes 
the  wathawetical  f orwulat \ on  of  the  theory. 
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au,,wiry  of  the  hyj. ltlons  of  Votton 

For  convenience,  the  relevant  defining  relations  are  collected  here* 


In  (a)  the  quantities  on  the.  left  of  the  equations  are  defined  in  terms  of 
p,  h,  v, (7 (log  g) , t,  R,  and  H,  The  relations  (B)  constitute  a differential 
system  of  third  order  in  H,  U,  and  R,  so  that  (C)  furnishes  the  necessary 
three  initial  condition:; . In  order  to  solve  (B)  it  is  necessary,  in  addition, 
to  have  an  explicit  functional  fora  for  (T(log  jj).  For  example,  if  the  ideal 
material  is  onu  which  does  not  work  harden,  then  we  have  simply 

cr ciog  |)  - a (zs) 

wnero  a constant. 
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Ai.  islementarv  ■‘loornxlmBtlcn  to  the  Solution 


In  case  the  effect  of  the  constraint  forces,  that  is, 
acceleration  of  tho  material  in  the  Central  flat  eg:,  on.  is  snail  throughout 
most  of  the  no'  ion,  eo  that  it  may  be  neglected , the  equations  (n;  take  or. 
a particularly  simple  fom,  especially  if  the  material  is  one  which  does  not 
work  harden.  Then  the  order  of  the  set  of  differential  relations  becomes 
two,  so  that  only  two  initial  conditions,  those  on  11  and  on  H,  can  be  applied. 
Although  it  is  not  necessary,  it  is  also  convenient  to  suppose  *>st  ^ is 
a very  largo  nunfcer.  compared  to  unity,  which  is  centainly  true  for  many 
cases  cf  interest.  For  the  typical  values  listed  in  a nrevious  auction 


o' 

fV7 


. 80  . 


let  us  denote  the  constant  CT  by  d^,  Then,  neglecting  high 

P~ 


powers  of  v,  the  solution  of  the  equations  may  be  written 


a - d 


29 


M 


H - a - ch  (b) 
h * h (O 

so  that 

Z ■ J(,  - R)  (d) 


(29) 


These  equations  tell  us  that  the  radial  soeed  U is  a snail 
constant  at  t.he  bending  wave,  and  that  the  speed  of  the  bending  wave  from 
the  edge  to  the  center  of  the  diaphragm  is  a constant,  irdenendunt  of  the 
initially  imposed  normal  velocity  v.  The  thicuncss  distribution  in  the 
defci  iied  diaphragm  given  by  equation  (29)  (c),  shows  a dimpling  tendency  at 
the  centerj  in  fact  at  the  last  -orient  the  tnic',  ness  becomes  zero  at  the 
very  center  - no  doubt  a consequence  of  the  idealisations  and  approximations. 
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In  any  event,  the  variation  with  it  is  so  rapid  near  it  » 0,  c.l'j  tir.y 
pinhole  would  not  actually  be  experimentally  ver./  apparent,  furthermore, 
this  rapid  variation  o f thickness  indicates  tliat  at  the  last  :i»nent,  when 
U/a  «-  < 1,  the  neglect  of  the  constraint.  effects  might  be  more  serious 
than  otherwise;  however,  this  does  aot  turn  out  to  be  the  case  1.-.  general, 
as  shown  in  tho  next  section.  Equation  (29) (d)  shows  that  the  diaphragm 
assumes  a conical  shape,  as  indicated  by  experiment,  whose  certer  deflection 
is  proportional  to  the  initial  velocity  v.  Inis  last  is  the  basis  for  the 
use  of  such  diaphragms  as  impulsive  velocity  indicators,  as  described 
earlier.  Quantitatively  there  is  also  fair  agreement  between  these  results 
and  experimental  observations.  Indeed,  even  the  total  time  for  deflection, 
which  has  been  called  the  awing  tine  t_  , of  tne  riiaplu-aKm,  and  is  given  by 


is  seen  to  be  Independent  of  v,  to  this  order  of  approximation!  computed 

values  where  higher  power:  of  v are  included  agree  rather  well  with  the 

c 

experimentally  observed  ones. 

The  results  of  this  section  on  the  elementary  theory  ware  implicit 
in  the  writer’s  first  report  on  the  diaphragm  T n that  report,  as 

in  this  section,  no  serious  attempt  was  made  to  estimate  the  affect  of  tho 
motion  in  the  central  flat  region  on  the  explicit;  solution  of  the  problem; 
that  is, the  non-linear  partial  differential  equations  of  notion  for  this 
region  were  not  taker,  into  account  by  the  introduction  of  constraints. 

The  present  article  is  a generalization  of  the  former  one,  as  will 
be  seen  in  the  next  section;  < hero  the  exact  solution  of  the  equations  (B)  asii 
(C)  are  obtained  and  inform  us  as  to  the  effect  of  rqdial  motion  and  thinning. 


\ 

/ 


) 
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The  Exact  Solution  of  the  Equations  of  Motion  for  a Material 
with  no  Work-HardenlriK. 


Although  the  differential  equations  (B)  are  non-linear , still 
they  may  be  solved  explicitly  in  a finite  form  involving  a single  quadratures 
at  least  in  the  case  for  which  there  i.i.  ->  work-hardening.  Let  us  introduce 
the  non-dimensional  parameters 


e - *2 


C » vt_  - 2 
* % a 


p * U 

v 


Pv2^ 


\ * h * -ifAsnszii ' 

h \(  Sy * E 

where,  for  t -e  values  suggested  in  a previous  section  S - 320,  and 
K * 0 or  ,6?5. 

After  a certain  amount  of  algebra,  equations  Id),  reduce  to 


•f-2f  w 

Ztf'-fS-l  (b)  <30) 

(2  - ) p1  + (3  - l)/*-  (c) 

where  a prime  means  differentiation  with  respect  t"  5 , These  equations  are 
to  be  solved  subject  to  the  initial  conditions  (U)  which  may  be  rewritten* 
f - 11  » 1,  M.-X  , when  £ " 0.  (d)  (30) 

By  dividing  the  aides  of  (30) (c)  by  the  corresponding  sides  of  (30) (b),  the 
variable  JT  is  eliminated,  and  we  are  left  with  an  integrable  equation  whose 
variables  are  separated,  relating  (3 , and  f*.  Similarly  by  multiplying  the 
right  side  of  (30) (a)  by  the  left  side  of  (30) (b)  and  conversely,  and 
employing  the  previous  integrable  oppression  to  eliminate  fl,  we  .‘ind  an 
integrable  relation  involving  ^ and  yi.  finally  £ is  found  m quadrature 
form  in  terms  of  f*-,  and  JJ(^i)  from  (30)(b).  This  explicit  solution  may  be 


exhibited  as 


(a) 


II 
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It 

a 

a 

h 

2 


(b) 


(31) 


(c) 


'.There  x^,  x2-  are  the  smaller  and  larger  (positive)  roots  respectively  of 
the  quadratic  equation 

x2  - (2$-  3b:  ♦ 2 =■  0 (32) 

and  , Unfortunately  (31) (c)  is  not  integrable  in  terns  of  eie.nentirv 

functions,  in  generalj  still  a great  deal  of  information  can  be  gained  from 
an  analysis  of  (30,  (31)  and  (32),  and  frost  a consideration  of  special  eases. 
For  positive  vaittes  of  S , which  arc  the  only  ones  of  physical 
interest,  the  root:  of  (32)  occur  in  pairs  of  positive  values,  for 
3 * yiTS  S s °°  , and  as  pairs  of  negative  values  for  0 i $ £ 2 -Y2'  vory 
small  range).  For  Internediate  Values  of  o , the  roots  aro  complex.  We 
shell  be  interested  only  in  values  of  £ ^ the  lower  limit  of  this 

range,  corresponding  to  very  large  v,  or  srrall  O'  values,  we  have  x^  ■ X2  -V7. 
as  S becomes  very  large,  ~\[2'  > x^, — » 0 and  YiT < Xj  — . 


Special  Cases 

2 

A,  A case  of  considerable  interest  arises  When  X coincides  with  one  of 

2 

the  roots  of  (32) , How  from  (31)  we  see  that  the  only  possibility  is  for  y- 
itself  to  be  constant  and  equal  to  From  (30)ft)we  then  find  that  either 

1 or  -1,  in  order  for  p*  to  be  negative.  The  first  case 

only  is  admissible,  since  the  second  precludes  initially.  Thus  we 

have 

Og  y « *.2  « « ( £ - f i ) " - 2 J 1 

and  $ £ 3, 
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The  solution  of  (30)  nay  now  be  written  a 
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-2TT 


_ 1 - :r 


« ‘ h(^ 

u - Xv 

5-44  ■ 


where,  it,  will  be  remembered,  C* 


I K2  * 2 


n 

V?  ■ 


For  K*  1,  3,  and  v c,  and  the  deformed  diaphragm  is 

cylindrical,  i.e.,  it  ruptures  completely.  (Possibly  in  practice,  rupture 
would  occur  before  this,  duo  to  excessive  thinning  at  the  center,  or  shearing 
st  the  edge)  experiments  indicated  the  central  failure  to  occur  first  with 
properly  designed  edge  restraints,  the  above  value  of  v might  be  regarded 
as  ar.  upper  limit-.) 

for  other  allowed  values  of  this  solutionis  quite 

similar  to  the  elementary  approximation  presented  earlier,  even  quantitatively 
so,  for  large  & values.  For  then 


\l  /J?  1 , 

* ~W^ 

and  (33)  reduces  to  (29). 


V ^ <A»  3) 

2c 


£>.  Still  another  case,  pernaps  even  the  most  important  one  for 

purposes  of  this  paper,  arises  if  we  suppose  that  K.  osy  have  any  desired 
positive  value,  within  reason,  and  that  5 is  very  large,  so  that  is 

small  and  x«  is  large.  M®  ahsli.  assume  further  that  JL  <<■  1.  as  is 

* , *A 
1Z-  (since  j*.  varies  from  X to  X,).  Under  these  simplifying  conditions 

Jt 

it  is  possible  to  derive  an  approximation  to  the  integral  (31) (c)  but  in  a 
somewhat  indirect  way,  much  too  long  to  reproduce  nere  in  detail.  We  find 


I 


188 


. 1 

J 


*2  ?2$»1, 


where  S , it  nill  be  remembered  la  4 £3 


Z ► vt 

v -*  y 


,48* -9 


then,  provided  S is  large  enough 
(a) 


H -/R^e* 
h 


]J  - v_ 
v 2c 


{i*  (th.2 


5 


(b)  (3/.) 

(0) 


It  can  be  shown  that  this  approximation  is  uniform  over  the  rang"  '•! 

V 

from  x to  f «nd  the  rarge  of  § from  1 to  0 j but  the  nearer  < is  to  1, 

the  larger? suet  be  . Mow  we  may  distinguish  several  possibilities.  If 

X-  0,  which  is  the  case  of  a material  which  tas  strictly  no  elastic  strain 

range,  w«  find  that  the  shape  of  the  deformed  profile,  described  by  \3t) (a)  , 

Is  conical  near  the  center,  with  a center  deflection  identical  with  that 

given  by  the  elementary  theory.  At  the  edge,  the  elope  la  aero  (as  required  by  (30)  (b). 

The  thickness  distribution  is  identical  with  that  given  by^oi-ementary  approximation, 

2 

while  rrem  (j<*){c),  the  radial  velocity  increases  very  rapidly  from  zero  to 

As  X.  increases  the  solution  approaches  ths  elementary  approximation,  the  slops 

at  the  edge  increaeing,  until  when  K - , the  shape  i»  exactly  conical  as  in  (29). 

Aa  X increases  further,  the  slope  at  the  edge  becomes  greater , the  center  deflection 

remaining  the  same,  however,  as  does  tho  thickness  distribution.  The  radial  velocity 

2 

1),  at  the  bending  wave,  decreases,  again  very  rapidly,  from  Xv  bo  ^ . These 
results  all  seem  physically  quite  reasonable  and  might  hevo  been  expected  nn  such 
grounds.  A calculation  indicates  that  there  is  actually  very  little  other  effect 
of  different  H values  on  the  profile,  as  long  as  5 is  very  large. 

Apparently,  then,  ws  nay  conclude  that  the  elementary  approximation 
is  even  more  reliable  than  could  h«ve  been  hoped  for,  «*  long  as  there  is  no 
work  hardening  | indeed,  under  ths  conditions  noted,  the  entire  discussion  con- 
cerning equations  (29)  is  applicable.  In  the  next  section  we  consider  some  effects 


of  work  hardening. 
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Considerations  of  <Vork  Hardening 


In  lino  with  this  results  of  the  last  section,  it  s..:ens  apropos, 
when  introducing  thu  complication  of  wor’.-  hardening,  to  neglect  the  radiil 
motion,  insofar  as  its  inertial  effects  are  concerned.  This  wag  done  in  tv  ha 
development  of  ths  elementary  approximation  in  the  previous  soction,  as  it  is 
in  the  following. 


Bow  the  stress  function  of  a naterial  which  wcrl:  hardens  :a.y  he  written 

cr(iog  wiog  h 05) 

where  as  before  ff  is  the  yield  3tress  and  to  is  the  ''orl:  hardening  stress  per 
unit  natural  strain  in  a tensile  teat,  and  has  a value  cf  approximately 
100  x 103  lb/in2  for  some  medium  steels.  Ouch  a stress-strain  relation  is 
not  at  all  inconsistent  with  .-many  enpirical  data. 

After  introducing  (35)  int.o  the  general  equation*  iil) , with  the 
constraint  forces  deleted,  the  differential  equations  of  notion  can  be  writLeu 
in  terns  cf  t.F^acn^Siicsnsior.ai  notation  with  the  addition  of 


If,  furthermore,  we  let 

5 -Y-*  * 1 + t **  \ 

the  equations  t*v«  the  simple  form 

f^2  * zy-tj  _ 1 - 0 

(a) 

4 2-  --i-  -lid? 

(b) 

* r 

(=) 

(36) 


where  for  the  time  being  £ , not  <;  , may  be  considered  to  be  the  Independent 
variable.  Although  these  equations  can  be  solved  explicitx/  with  but  one 
indicated  quadrature  remaining  (.from  (3o)  (c)) , the  solutions  are  so  complicated 
that  it  is  more  instructive  to  consider  a special  case  in  which  the  approximation 
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r 


f »1  may  be  made.  ]t  le  clear  that  for  th»  typical  values  we  have  been 

S 

utilising  this  is  the  case  (e.g,,  — » 80).  Thus  (36)(a)  immediately  yields 

4 


y - - 5 * \Z?3  * 1 - 2^~  * (37) 

tfter  some  manipulation,  the  solutions,  to  this  order  of  approximation,  can 

H 2 (T 

be  rewritten  with  § , or  j,  as  the  independent  variable.  Thus,  with  c - “ » 

as  before,  and  & « — , we  have 

H - h 'i  (b)  08) 


2-  vt.-|J 


. 2,*  R 

where  p 2 ^-2-  log  - . It  is  interesting  to  note  that  ae  d->0,  that  is, 

1 c4  a 

the  work-hardening  stress  becomes  small,  the  above  solution  reverts  to  the 

elementary  auDroximtion  (29),  since  $ vanishes  like  d2  in  the  limit.  One 

major  difference  stands  out  between  i.h«  above  and  the  previous  solutions  - at 

the  center  of  the  deformed  diaphragm,  {—)  vanishes.  That  is,  the  apex,  of 

dK 

the  conical  shape  is  rounded  off,  in  oonplete  qualitative  agreement  with  the 
observations,  and  with  the  surmise  made  in  an  earlier  section.  It  is  also 
of  interest  to  observe  that  the  center  deflection  of  the  deformed  diaphragm 
is  somewhat  less  than  that  of  a diaphragm  whose  material  does  not  work-harden, 
but  whion  nas  the  aamc  y„3ld  limit  and  initial  conditions.  These  observations 
are  illustrated  by  the  diagrams  of  Figure  5,  in  which  are  compared  the  deformed 
diaphragm  profile?  for  two  materials,  one  of  which  dees  not  work-harden.  The 
profiles  of  the  diaphragms  whose  material  work-ha raens  were  calculated  by 
integrating  numerically  (38) (c)  (which,  incidentally,  my  be  put  in  the  form 
of  an  incomplete  P- function) , It  is  probable,  that  by  taking  account  of 


I I ! 
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strain-rate  effects,  which  haw  not  yet  been  incorporated  into  plasticity 
theory,  on  even  more  marked  rounding  off  would  occur  at  the  centor  than  is 
evident  from  Figure  5. 

One  should  note  that,  as  a result  of  neglecting  the  constraint 

forces  in  the  approximate  solution  for  a work-hardening  material  the  initial 

2 

value  of  U is  coicpletely  determined,  and  “qual  to  ^ , as  in  the  elementary 
theory.  A more  general  solution  including  tho  constraint  terms  would  of 
course  allow  this  initial  value  to  ba  given  arbitrarily.  Although  such  a 
solution  has  not  been  investigated,  it  is  likely  that  U would  quickly  approach 
the  value  given  by  (38)(a),  after  performing  its  initial  task  of  increasing 
cr  '*«' leasing  the  slope  of  the  diaphragm  profile  near  the  edge. 


Cvnuiubicna 

In  partial  conclusion,  before  sunning  up  the  accomplishments  of 
this  theory,  it  might  be  well  to  point  out  some  of  its  shortcomings.  First, 
the  constraint  forces  imposed  on  tho  center  flat  portion  are  seer,  actually 
to  yield  an  infinite  constraint  tension  or  stress  JuBt  at  the  center  of  the 
diaphragm.  However,  other  idealized  theories  have  frequently  led  to  similar 
paradaxesf  e.g,,  tns  assure  (wiiloh  is  actually  a constraint  stress)  imposed 
by  the  assumption  of  incompressibility  is  infinite  at  a sharp  comer  in  the 
theory  of  potential  'low  of  a liquid.  Second,  the  imposition  of  rigidity  on 
the  material  behind  the  bending  wave  is  an  obvious  artificiality^  finally, 
the  assumption  that  the  bending  wave  is  an  actual  discontinuity  in  slope  is 
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not  strictly  in  accord  with  tha  facts.  It  would  indeed  bo  pleasant  to  be 
able  to  rolax  some  or  all  of  theso  idealizations!  however,  it  is  clear  that, 
having  recognized  the  artificialities  for  what  they  are,  it  has  been  quite 
necessary  to  invoke  them  in  this  paper  in  tha  isma  of  mathematical  simplicity, 

aquations  (A)  (B)  (0),  together  with  an  empirically  determined 
stress-strain  relation  (analogous  to  (2B)  or  ( 3 ^ ) ) , specify  completely  the 
motion  and  plastic  deformation  of  any  diaphragm  of  *radius  a,  thickness  h, 
and  initial  velocity  v.  For  instance,  one  may  calculate  the  following! 

1,  The  radiua  K of  the  bending  wave  as  a function  of  the  time. 

2,  The  diaphragm  profile  at  each  instant. 

3,  The  thickne3o  distribution, 

4,  Displacement  - time  curves  of  particles  in  the  diaphragm, 

5,  Stress  and  strain  distributions, 

6,  The  center  deflection  a3  a function  of  v. 

7,  The  total  tine  for  the  deformation  to  take  place. 

The  viewpoint  presented  here  admittedly  has  led  to  a kind  of  short-cut 
procedure  which  ia  designed  to  circumvent  certain  mathematical  difficulties 
inherent  in  a more  rigorous  theory.  Because  of  this  method  of  attack,  it 
may  be  necessary  in  the  future,  in  order  to  make  the  results  more  generally 
applicable,  to  reexamine  some  of  the  basic  assumptions  jmu  ■ herein.  Out- 
standing among  thsse  is  the  question  of  the  initial  radial  velocity  and  stress 
distribution  (although  the  results  saera  to  indicate  that  this  has  only  a 
slight  effect  on  the  final  answer).  Other  investigations  might  consider  such 
effects  as  the  magnitude  of  the  energy  absorbed  at  the  bending  wave,  equili- 
brium of  the  region  netiir.d  the  bending  wave,  and  the  possibility  (which  Booms 
small)  of  plastio  flow  in  it,  and  the  possible  non-uniform  radial  flow  and 
tension  in  the  central  flat  region. 
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To  conclude,  the  theory  presented  herein  describes  a dynamically 
possible  mode  of  motion,  and  one  which  nan  be  handled  simply,  in  a mathematical 
sense.  Because  the  theory  is  baaed,  for  the  most  part,  on  experimentally 
observed  facts,  there  ie  a strong  possibility  that  the  motion  derived  from  it 
approximates  olosely  that  of  a diaphragm  deforming  plastically  after  having 
been  given  an  initial  uniform  velocity  normal  to  ita  original  plane. 

In  acknowledgment,  the  writer  expteaae"  hia  appreciation  to 
Professor  E,  H.  Kennard  for  hia  many  useful  euggestione  and  helpful  oritioiema 
in  regard  to  tho  original  development  ox  title  theory;  to  Hr  a.  a,  L.  Hiller 
who  performed  the  calculations  leading  to  figure  5;  to  Bias  U.  Pfeiffer  in 
helping  prepare  the  final  manuscript)  to  Ur.  U.  Storm  for  proofreading  and 
checking  the  mathematics)  and  to  his  wife  for  her  patience  during  the  aeveral 
attempts  at  writing  this  article. 


Figure  1 - 


(A)  The  diaphragm  receives  an  initial  impulsive  velocity  v, 
denoted  by  vertical  arrows. 

(B)  The  material  has  n radial  velocity  distribution, 
denoted  by  horizontal  arrows,  and  is  restrained  from 
moving  at  the  periphery. 

(C)  The  bending  wave,  shown  by  the  sharp  corners  in  tne 
profile  has  progressed  inward  from  the  edge. 

(D)  As  the  diaphragm  deforms  further,  the  central  region 
remains  flat  and  moves  with  its  initial  velocity  vs 
The  bending  wave  is  traveling  into  the  central  region 
and  progressively  deforming  it. 

(E)  As  tha  bending  wave  nears  the  center  it  speeds  up 
slightly. 

(F)  The  speeding  up  of  the  bending  wave  results  in  rounding 
off  the  apex  of  the  conically  deformed  diaphragm. 
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FLAT  CENTRAL  REGION 


FIGURE  2 


Cut-away  Sketch  of  the  Diaphragm  at  Some  Instant  After  the 
Motion  Has  Begun, 

The  fiat  central  plastic  floe  region  ahead  of  the 
bending  wave*  the  wave  ite«lf,  and  the  (informed  region 
behind  the  bending  wave,  in  which  the  material  is  supposed 
to  be  rigid  and  at  rest,  are  clearly  shown. 


FIGURE  5 l rof iles  of  Completely  Deforced  Diaphragm^, 
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NOTE  ON  THE  MOTION  OF  A FINITE  PLATE  DUE 
TO  AN  UNDERWATER  EXPLOSION 

S.  But';«r worth 
Aupult  1942 

* * * * * * * 

in  the  report  'Carnage  to  snip's  plate*  hy  underwater  explosions"  ® theory  of  th*  notion 
of  on  air  oackea  circular  plat*-  in  otherwise  rigid  wall  unset  the  action  ,fr  a submarine  explosive 
# wave  «u  dnv.  lot*-rt  assuming  that  wwter  cculo  oh  regarded  as  incarpressibl*. 

Recently  u.  I.  Taylor  In  tne  report  'Tno  pressure  ana  i*;-lse  of  kubnar  is  explosion  waves 
on  plates*  ms  put  forvaro  a theory  ©f  the  motion  of  an  Infinite  plate  under  the  action  of  an 
explosive  wave  oropegatnd  nt  tv  velocity  of  sound  in  w-*t*r,  fris  theory  jivc-s  results  w*iich  are 
totally  4lff*>mnt  from  those  of  th-.  report  *0011; -g*-  to  ship's  pi  to  ay  underwater  explosions*. 

In  particular  it  leads  to  tne  conclusion  that  if  water  could  be  woe  incompressible  the  plate  woul0 
su#?er  no  notion  ,t  all  under  tno  action  of  an  explosive  w*vr.  Although  In  tne  Apper4>x  to  the 
report  ’■'OaTegs  to  snip’s  plains  by  underwater  explosions*  qualitative  reasons  were  given  for 
preferring  tn?  theory  there  .advanced,  it  si-urtt  now  important  to  jxumlnt  the  differences  more  closely 
In  view  of  tna  r^vivtl  of  the  old  theory. 

Regard  the  plcite  *5  0 piston  of  mss  m per  unit  .»rcn  ■■.cd  let  It  be  rermj  inward  with 
velocity  U Jt  time  t. 

Eac*  element  of  tne  plate  sends  out  ovpic's  into  tnc  w^.ter  which  jive  reaction  pressures 
on  the  rest  of  the  plate.  According  to  srt.vpr.ix  iCuusviu  wwory  the  reaction  pressure  at  « distance 
r from  an  clerk:nt  cf  area  os  Is  - ^ jjV  occurring  at  a tine  r/c  later  than  «.  where  p Is  th© 
density  of  iM*r  and  c toe  velocity  of  5CUKJ  ;«■  enter. 

Tnus  th«  reaction  pressure  at  tr*  centre  of  tre  plate  (assumed  circular  and  of  radius  «/  is;- 

-p  |”  §1  { tilt  - j)  } 3r  ■ pc  { u(l)  - u(o)  1 (1) 

* « 

s<  lory  as  l < fi/c.  When  t > R/c  the  Integration  stops  at  » and  the  reaction  pressure  Is:- 

~p[  Or  ■ -pc  { u(t)  - u(|)>  <J) 

*0 

( If  the  applied  pressure  Is  e*‘,£  ant  If  *•  approximate  oy  assuming  that  the  reecilcn 

pressure  a.',  the  centre  Is  that  for  the  whole  platu,  :■«  equation  of  motion  Is:- 

■ % ■ *c  - pc  U (J) 

so  long  as  t < fiVe  and  y ■ 0 when  t • 0 and 

* w ■ *0  ^ { u(t)  - u ft  - T)  > - !») 

when  t > K/c  { « T ). 

equation  (3)  it  ti»i  used  In  the  report  “The  pressure  and  impulse  of  submarine  wxploslo" 
waves  on  plat  os*  end  hulda  for  all  t i*:  an  infinite  pleto. 
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tquation  13}  and  (•)  |lv*  strai;ntforwjrd  sctjtions  wnicn  ch.mj''  fum  at  ifttviVifa  T. 
8y  fwj*iUrloj  tin:  in  each  case  ttj.\  thu  s-^nnlng  pt  *»r.n  of  tn.iSd  intervals  we  navi*:- 


ST  ’ pg  ' 


W 


eh 

■ TT 


* - /» 
,-nT  ^-nl 

-2nT  -ot 


fK  !-J,  - tf.l 


Intejt.tlnj  and  aOJiftj,  w*  -Jtl 

r 

3 j O T 


m IL.  ■ u • a,  - . , 

* 1 77*” 

or  the  fine!  velocity  ii:- 


-pet 


X < T 

T < t < 2T 
iT  < • < >T  | 


<*) 


* a TSf  ^ pet]  * n p*) 


(«) 


this  rtsylx  ii  irtleoendsnt  of  c ana  (to  the  apufoxitMl  ion  taaJe  *oov»*}  mould  agree  with  the 
solution  glvc.i  in  the  report  ’Oiira-jp  to  snip’s  plat*  s 0/  jndcr*At»i  ?*plcs ions’.  becoming  to 
wqu-atlon  (2*)  of  tnat  i>a^r  the  vatu*-  of  is  f-/«  (™  * 

The  factor  arises  tnrough  losing  into  account  Vne  difference*  In  react iun  pressures 
over  the  pUU  area. 

The  way  In  whicn  tnc  final  velocity  is  rcacrv.0  is  Illustrated  in  ri;jr?  i wnleh  holes  for 


r-  - 2<\27  ^nis/sa.co.  (l.Ci3  <nc.v.»  iren  pUt'O. 

A » AIS.S  SwCOhOS 

c * $0C?  f.p.s, 

S ~ s.i®  f^t. 

Tre  >olg«  of  n is  acp-'oKiiMtety  that  occur-ing  on  the  fletoftfttion  of  ?50  ID,  torpe*.  Tne 
reimlnihj  figures  \r*  choson  so  *•;  to  <ivc  tnt  round  values  pt-i-w  • 12  end  nT  » 0.»0  thus  simpHfyihS 
the  calculations. 

in  figure  l tre  Velocity  C«rv»  up  io  nt  ■ O.a  is  that  of  Taylor’s  theory.  |f  water  »it!  not 
stanfl  t?nsion  then  thn  plate  «cquir®s  th#  -naxinjiTi  velocity  snow"  in  this  stag*  o<  tne  curv,.,  and  th* 
rest  of  the  curve  is  IrivKvnnt,  Out  if  vntcr  will  stand  tension  then  the  eff.ct  of  n.*ductlon  of 
relief  pressure  i.ico'vs  apparent  -ift.r  t • T ind  tn.  velocity  shu*s  a further  inert.  *s*:,  tenons  oy 
S s^rlris  of  oscl nations  to  the  vsIju  jivon  oy  (6). 

Moure  i »t.c.np  *hs  nett  pressure  accf-leratli*/  tiu-  elatr.  for  tne  trwor>  to  hold..  the 
tensions  shown  on  that  curve  f«uSt  not  ,-XCv C tnj««  wnlcn  *attr  can  stars1?. 

The  trr»o,*y  ilvpn  Is  only  appro*  i<fe‘.c  and  depends  oft  whether  the  centre  pilot  can  he  taken 
as  typical  In  represent Iny  tha  whole  reaction  pressure  over  HiO  plate.  It  does,  howwt?r,  snow  In 
what  way  the  Infinite  plate  theory  is  tinned  with  tr»at  cf  a finite  plata  In  an  Incompressible  fluid. 


) 


\ 


uslnj  this  up  to  nt  “ 0.2  ana  then  uclrvg  (1)  anj  (j)  step  by  step,  the1  curve  sha«n  in  figure  '* 

Is  ootalncd. 

Comparing  with  the  aouro<lmate  curve  {figure  l)  it  Is  Sven  that  the  regions  o'  falling 
velocity  (i,e.  tension  on  surfxrn  <jf  ulatc)  nave  d i ^appeareo.  also  ine  curve  Is  lending 
reasonably  satisfactorily  to  the  ultimata  value  of  u vl*:- 

Ifo  “ *Qn  ("' * * 0. 19 71  P^mn. 

Tne  absence  of  regions  of  tension  in  the  example  calculated  is  flue  to  the  choice  of  a 
presru'e  waver  in  which  n is  not  too  large.  If  n had  cetn  made  large  so  as  to  suit  smlt  charges, 
the  ripple  srv>n  In  the  approx  tiwtc  theory  would  again  nppc  ,r. 
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THE  BODILY  MOTION  OF  A SPHERE  SUBJECTED  TO  THE 
PRESSURE  PUISE  fROH  AN  UHOEjmgR  JXElBSIfllL 


Summary, 

(•)  Tp>«  ex«ct  solution  l*  given  for  the  bodily  notion  of  o iljld  sphere  subjected  to\n 
uwjerwatar  pressure  pul  so  on  the  assmnptlenj  that  the  pressure  pulsii  con  bo  trwatoo  at  of  cuoll 
amplitude  ik«i  the  bodily  notion  la  rail  conporoa  with  the  radius  of  the  sphere, 

(jt  Tri*  conclusion  given  bj  C.l.  Taylor,  that  a apner*  which  Is  Just  buoyant  docs  not  ruvarsu 
In  action  If  glvan  an  initial  velocity.  U not  nucesssfily  true  for  the  notion  produced  oy  s 
pressure  puts*  In  tho  w^tof.  Oo>nt  Itativulr,  however,  the  ruvjrs*  motion  In  tne  latter  case  la 
cf  vary  smill  veljcl*y  c-nparc^  t.  th*  fjnwfd  m-tlon, 

(c)  Saiults  or  too  analysis  Illustrate  tno  equal  lastlor  of  long  pulaes  round  tno  sphere  ano 

sac*  that  the  impulsive  offset  or  a posltivw  pulse,  even  of  short  duration,  car.  bi  iiAjoct 
eventually  W sfprnr,“*l«  diffraction. 

(<j)  In  thu  casol  Of  a large  explosion  (long  pulso)  at  a large  olatanee  of  a rail  explosion 
(snort  pul t%)  at  n no*r  distance  It  is  conduced  that  tre  major  drag*  caused  oy  tne  pressure  puls* 
will  In  generttl  bo  reasonably  ImJepsndcnt  of  whothsr  ths  tnrget  1*  fixeo  or  noi. 


Introduction 


in  connexion  with  tno  ust  of  iwpewed  targets.  or  gsugwa  In  undor^tor  explosion  experiments 
It  Is  scmstlmei  dssifablo  to  obtain  an  estimate  of  the  ooolly  notion  due  to  the  pressure  pulse  and 
for  this  purpose  tno  solution  for  tno  Cast  of  a sphorlcal  tarflot,  wnicn  can  bo  alnply  obtalnro 
theoretically,  la  of  vaiue. 


The  diffraction  problem  of  it  sphorlcal  wav*  striking  a sphere,  not  necessarily  fixed  Out  of 
unyielding  surface,  is  one  capable  of  formal,  rothematie&l  solution  by  assuming  In  addition  to  tno 
incident  wave  an  Inflnito  snries  of  wavw-aulut! jns  of  tno  form. 


oo 

7.  r** 

j«o 


f a V 

' »|  (ct  - r>  "j 

l r ^ J ' 

r r 

J 

f.  (Cos  6) 


(1) 


r*erw  r.  S,  art  spnor Ical-poUr  co-ordinates  with  contra  of  sphere  as  origin,  t is  tlmo,  c Is  ww 
volocity,  J is  Integral,  and  Fj  is  Leger.drc’o  functionof  srd*r  j. 

For  tno  special  cast  of  a plant  wavo  striking  « flxod  rigid  tphsrg  such  fcrmai  mathematical 
solution  was  conildoreo  by  the  writer  and  a.j.  Hmrrls  In  connection  with  tno  diffraction  of  blast- 
waves  in  air.  It  i«s  then  found  thet,  while  excessive  algebra  and  numerical  calculation  would  bo 
nacuat'iry  to  evaluate  the  preos ire  at  various  points,  the  not  force  acting  on  the  sphere  could  be 
simply  obtained  since  It  depended  on  only  one  tom  (J  ■ l)  In  tho  Infinite  series. 


Since  tho  only  knowledge  cf  pressure  requirw  to  determine  the  bndllv  motion  of  tno  apserc 
when  rot  fixed  is  the  total  not  ferct  on  tno  sphere,  tno  solution  for  suen  motion  also  depends  only 
on  tno  one  tone  In  tne  complute  series  solution  and  can  be  derived  directly  In  the  manner  given 
dc low  without  ra^ourae  to  the  complete  solution. 


Comoros  xoju tVon. 

Consider  a sphere  of  radius  s auojectoa 
ta  from  the  centre  of  tte  sphere.  Tri  pressure 
sphere  so  that  the  usual  wavo  equation  holds  and 
Sphere  is  Mail  conpnreg  wiin  iia  isuiua. 


to  s presswv  puHe  from  a point  sourtt  distance 
pulse  will  no  asiirvd  of  rail  amplitude  «t  the 
it  will  also  be  assumed  that  the  movrant  of  the 
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*08 


tn,  1 1 or*  of  *ai*»i  sywnetry  *r>d  «c  t nut  r,  6,  to  ot  the  a**-.1  spnirleal-poler 

co-or; injttc  r-»-;rr*g  to  *nc  Ctntf i o?  th#  soft* nr  u orljin,  tn*  Un*S  joining  this  orljfn  :.o  thu 
point  Lclnj  S - Q. 


*t\c  p*C4t<l>*«  pul*  fr»'«  khv  *»'•  ■«?  SOjfC*  Is  tnktn  to  0# 

f, 

r*  - . - 

p 


r* 


t 


(!) 


«M ft  f It  OltMnCO  fro*  tno  point  Monet,  e It  <■«•  uotOCIty.  s0  It  attlnut  prttturt  In  point  tt 
tnp  flists/K#  corresponding  to  of  tpn#ra,  #rv?  i is  tips  mtturad  from  tha  srrivsl  of  thj 

ineiut  mVi>  jt  tna  na^ruit  point  of  tnc  spnur#;  th*  norwafavnaijnst  function  t will  thus  o*  nrc 
tor  nfjatlvi  vstuvn  of  its  **'juw.nt» 

In  Appsndi*  4 i l I a imn  (Mt  tn#  faU^inj  rslstio.'i  *t  ties  tj  for  toy  solution  p 

of  th«  wsvs-oomt ion. 
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CutOm 
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' J t*t  j-We 


SlnSM  0* 


(5) 


w*ro  tM  svMstion  ostands  o*ar  «il  urfacas  Nounalnj  tM  ration  within  atiicti  tno  »av*  squstlo* 
nol  os  and  n It  the  nomsl  to  the  turf  set  armm  Into  this  rtjion. 

tia  apply  og option  0}  to  tot  prpssnt  proel*ra  c,  coiitiotrinp  too  rtpion  be  »#d  sxt#rr«’ty 
Sy  a tpnor*  of  v try  Urpt  radius  * -«  sno  inUrnsllj  by  tut  sphere  r » « «no  a • -r»  of  ver>  «sii 
radius  € — P furnauNflinj  tfte  pair?  *t~riw.  Tna  oontrlDution  to  SQuallon  (j)  fre „ tns  l«rpo  spharu 
Cicotfts  lit  as  *•*•<*  since  for  finito  tl  (Mr  intsjnsno  is  thon  to  ot  evaluated  for  nsjstlvn  Haws 
(«1  - n/c)  pri^r  to  *M  setting  up  of  tna  prstaur*  puls*  froo  IN#  point  sourct. 

<nt  cpntf Is jt Ion  to  aquation  {})  fro*  tn*  tpnsrt  r ■ s const  solsty  from  tr»j  first  tana, 
|lnc«3W^«  0,  sod  lc:*» 
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«»t.-l/c 


cot  0 sin  i?  a 0 

(t) 


Tut  contribution  to  oquotlen  (3)  rro»  tno  Moll  tp*»rt  turrcunolnj  tno  point  tcurct  will, 

»»  t - ",  srlto  toiel,  from  tut  ttmt  In  i la}  aim  to  trio  Incloont  prottorc  polo*,  wncr 
jobttllptlnc  'roocooptlon  (J)  in  -n  (3)  tno  Itlllnj  * *•  0 00  »li>0  for  thlt  flr»l  contrlpotton, 
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o 


lot  If  ^ it  tn«  velocity  potent  It)  and  * >e  the  velocity  of  the  sphere  k»>  fro*  the  point 
source  tf#n.  Moving  «'<Mnt  «f  IM  sphere  tmM  elth  respect  to  Its  fadlw,  ■*  have  u boundary 
condition  it  the  eurfeco  of  the  sphere, 

« - V Co*  et  r - * <») 


ehenee  It  folloat  that 

2b  m ..  p ■ p - — Co»  9,  r • o (*| 

dr  3r  ^t  a dT 


Alio  If  tho  tote!  nvt  force  on  t*  sphere  ir  the  direction  nay  from  tin.  point  scores  he  denoted  c* 
f,  then 


P • 2 7t  A 


1 T 

Jo 


£ sin0  o f 


(10) 


Menen  suostitut Inj  frow  (0)  and  (lO)  In  equation  (7)  we  nave  p«rfon»ln0  U* 

intag  rations, 

ai  ♦ lit  * i»  ♦ »."*«'  J . 3‘  l 

«r  6t  i | at1  (i  f 

* « it  tj  4*  { v (r)  * j ' (r)  ) (a) 

If  the  noil  of  the  sphere  be  N t*on  the  equation  of  notion  of  the  sphere  Is 

M £ • r (11) 

St 


of  . H 

St  HC 

f*m  equation*  (11)  and  (lj)  tn*  final  equation  oetc"»lnlng  * is  ihus, 

2i  • ik  !!  i « r • tv  f t*  { f • (T)  ♦ ± » (T)  > 
dT*  dT  ° * 

j«-  i ♦ iiiia. 

) a 


(i3) 

(») 

(13) 


far  a given  tone  of  incident  save,  oquatlon  (iei  it  a tlmplcr  linear  ol  f ft  rent  lal  equation 
to  dot  a mine  r,  whence  the  velocity  Y can  bo  obtained  from  equation  (y).  The  displacement  a Is 
then  given  by 

t • [ v at  - f J vox  (it) 

J»  h 

The  Initial  conditions  for  f are  given  by 


T - ■»  C (IT). 


The  first  of  these  Is  an  uovloui  physical  f«qulro*ent  enlle  the  second  corresponds  to  the 
physical  condition  of  InltUl  c;«plete  reflection  at  tne  e1er*nt  ;f  the  sphere's  surface  nearest 
the  source* 


ft 
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It  aay  to  hot  00  tMt  tM  mcM  tarn  In  tM  anprtsalon  Far  1>  glvan  In  aquation  (it)  It  tM 
•Hilo  «t  tnt  might  af  dltplactd  aatir  to  tnt  aslght  o'  tM  ipnart.  In  aott  unfa  rant  a r axploalon 
axparlmnta  *Un  tubaargad  tarpata  tnli  ratio  till  M lots  than  or  aqua!  to  unit/  ao  tnat  2k  alii 
lit  butdatn  tM  valuta  1 tnd  } eorratposdlng  to  tnt  ptyalcat  conaitlona. 


t k • 2,  Inflnttaly  km)  or  flat*  aoh.ro 
1 k • J,  buoyant  apMra  jolt  aattltorna* 


(»ni 


(•  »or  ora.lt/  tkla  cata  till  et  roftrrod  to  or  *b  wyant  tpMrt*  In  tM  raaalndar 
of  tM  paptr). 

For  k < t,  Ktiloh  Includaa  tM  Urn  ran, a,  tM  coMlanwitary  fraction  of  tM  attfarantlal 
aquation  (U)  la  parlodlc  ana  tM  fon»1  aototlon  of  thlt  aquation  auOjact  to  tM  Initial 
COM  It  Iona  (if)  la 
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For  tM  particular  coast  of  fluid  and  euo/ant  apMra  tM  valoat  of  k and  a art  tnua 
k • I,  a • t.  f land  aoMrt  1 

k * J/l.  a « /?/»  buoyant  apnera  r ™ 
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jotuftow  for  txfinttttial  frttturt  put  to. 

«Mn  tM  Inoldant  praaaura  oil  at  la  aaponontlal  In  run  aa  Mva 


f (T) 


an)  IM  danaral  volution  (in)  la  aaaily  Intagratad  to  givt 
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Fro*  aquation  (U)  tM  velocity  of  tM  apMra  !a  than  gluon  Oy 
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cm  M ilny'r  oBUlMd  frea  Motion  [Ml  By  ylrtuc  or  tM  roUtlon 


a s«_y 
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TM  *ot»l  laMlM  «|  ClMClIy  IneMont  on  tM  ipMn  con  bo  ootolMd  fra*  oquotiono  i<), 
(to)  biuI  (1»!  «c.!er>  give. 


il  * — /l-»,  ♦ (»*  * z)  v **  - i 1 

*»  ’*  l J 


For  o plans  Inclose*  save  (x  -*®)  eo  -ots  tM  t Aj  ■ *j,  wn;»e  p0#  art  s^  are  tM 
asxlavo  praseur*,  vaiobuy  9f*i  Jleplaceasnt  in  tro  Incident  wave. 

ih«  preceding  aquation*  ensbls  tM  notion  of  tM  sffters  to  0#  calculated  for  try  special 
COM.  f or  too  purpose  of  obtaining  qualitative  conclusions  tho  solutions  for  tM  llaltlf^  cuti 

of  Incident  pMlM*  long  and  snort  rotative  to  too  disaster  of  tno  sphere  will  now  bo  given. 

|i)  Short  pul  of. 

for  snort  pulses,  l»t.  pulsos  In  Which  tM  pressure  oocmm  Mgllglble  In  a tint  mall 
co aparrt  with  tho  tins  taken  by  tM  pulse  to  travel  past  tM  ethers,  tM  value  of  q is  large  sno 
retaining  only  tM  •redrwlnant  Itms  tho  preceding  equal  lens  fiscms. 
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t»)  IBM  PUl MB. 

For  long  pul  sot  where  q Is  sosll  wo  snail  give  tM  alapHflnd  pryaptetfe  form  or.  tno 
oooit*orw.i  assumption  that  I Is  tsrgo  since,  as  discussed  lator.  tM  present  anolyele  Is  not  of 
praeticsi  op  d teat  Ion  to  underwater  Motoslone  Wan  qX  la  aaallsr  than  order  unity.  On  those 

assumptions  <»• 
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ftiUMlffl  of  ilffilU- 

(J)  Mllgtlllhi  of  urueroator  explosions. 

conslMrlrg  tna  first  fundnaaontai  aasmaptlun  of  tut  analysis  mat  tno  Incident  puIm  con  Do 
treated  oo  of  anal’  «eg*!lu*e  It  *u  oMon'Io  appendix  t of  tho  report  *tfto  reflection  of  o apharlcel 
•eve  fro*  on  Inf  Inlto  plots*  that  tftlt  It  reeeonaOly  oceorolt  for  distances  6 sack  tkot  q Cf o V • 
about.  TOg*  too  pulto  un  bo  rcptrsoO  OS  of  toll  aaplltudo  toon  ot  tho  Morott  point  of  tho 
opMro  If  <|  (i  - l)  > 4.  and  beyond  tuck  a dletoree,  corroopondlng  to  oboht  IS  charge  dlamtere,  too 
etetyale  Might  Do  expected  to  plot  reasonably  accurate  predictions.  ot  aoMat  closer  Olotonctt 
tho  Malpolt  begins  to  toto  In  occur acy  Dot  oo  o first  approalaet  ton  It  any  still  do  goto  to  giro 
tho  «rn«r  of  oognltuOo  of  easily  velocity  In  to  for  at  this  It  Dot  tc  too  prttturo  pulto.  Thoo 
'■vr  tno  rueulta  giver.  op  VuMy,  oo  tot  that  ot  o radius  of  throt  ckorgt  oleasters  iw  aaxim 
protturo  It  toot  Ml  greater  tnoia  mu  Do  axpscted  If  too  prottort  nod  continued  to  Inc  mono 
Inversely  ot  tno  dltlonco  «on  opprqtetlng  tho  aoptoo'on.  Tea*  ot  throo  ckorpt  slant  tort 
corresponding  to  about  q (x  - i)  • ui  tho  present  analysis  la  likely  to  Do  accurate  olthln  o 
fecton  «f  too  and  It  con  thus  Do  uand  for  thato  cloaoi  dlatancoa  In  cams  rfiero  It  It  only  dttlrad 
to  .now  order  of  aegnltuds,  a.g.  shatter  tho  Dodlly  vclKlty  It  snail  or  largo. 

Tht  sacond  fundgntntol  ttltiaptlon  of  tho  onolytla  It  that  the  aouwnnt  of  the  sphere 
It  anil  olth  rot  poet  to  It:  radius  tad  for  any  particular  coao  thlo  lo  ooat  ooolly  cnnck'i*  a 
poatarlorl  ty  using  tna  praatnt  pnalyala  to  oatlaoto  tho  dlaplocaanit.  in  thl»  -comet I on  it 
Ohould  t;  notod  tnot  ahllt  tho  oWdtn*  exponential  fora  la  a reasonable  r,  presentation  of  on 
undo.«*:u.  explosion  pressure  oolpa  amtl  I tno  prooouro  hoc  coat  tool)  It  It  not  rspfeeentellve  of  tno 
outMqisM  stages  during  ohlch  Inc caapraai Ibid  floo  (alnatlc  ooou)  offbeto  ora  ot  aguol  or  grantor 
relative  Inpartonco.  In  partlul ar,  tht  lift  tan  of  aquation  (If),  corrao ponding  u it  dona  to 
on  oftorfloo  offset,  ont  Do  corn kio rod  .a  llialtad  by  tug  condition  that  q T la  not  too  largo  ohan 
not  looting  tho  dlaplacnraont  duo  to  tno  pressure  pul  so. 

(l)  Olfaction  of  option  and  dlttroctlcr  ;»*'a. 

S.l.  Taylor  hot  Blown  In  a provloua  paper  that  ; Sahara  onlch  la  just  buoyant  never  rovoicoa 
In  notion  ohon  given  an  Initial  voloclty.  0 alnllar  conclusion  Is  not  ftecdsairlly  truo  for  tho 
notion  produced  by  on  urnaramtnr  proa  sure  Pulad.  thud,  for  tho  case  of  s abort  pulao  fren  a distant 
aurce  {X  -CD)  an  eo-  frae  aquation  (ja)  that  tno  uo'oelty  of  tho  iphsrt  disc  aasy  n«  a oaaped  alnu 
■tvs  and  tnua  bccoooa  negative  for  certain  porloda;  for  thio  cans,  taking  k • VI,  It  ohould  Du 
notaa,  remover,  Shot  the  naxlaaa  nogatlva  velocity  la  ont/  -«MS  tlaoa  tho  caxlaua  poaltlve  voloclty 
ao  that  quantltatlvoty  tha  rearerse  notion  la  relatively  uniagonant. 

Scats  featwo:  of  tha  r«."ect .on  ana  diffraction  of  the  Incldant  neve  by  tha  sphere  can  Do 
Illustrated  by  considering  tna  anxious  unbalanced  Inputae  acting  an  the  encore  as  Ubulatsu  for 
certain  cnees  In  Table  1, 
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for  e long  pglM  (g  Ml] ] fre*  a distant  lourca  m m fra*  fault  1 tint  tho  noxlaun 
unbalanced  ImuIm  It  Mil  cowered  arttn  ti.  total  InclOtftt  lopulM;  phyalcally,  tliU  It  tut  to 
equal ieetlon  of  pmtjrt  round  tM  where  nMn  the  preeeuro  la  nolntelned  for  t tl**  long  coopered 
mI th  that  taken  by  a pranaun  rax  to  travel  round  tM  sphere. 

for  a chart  tultt  frat  a dlttant  wire*,  hoeev.r,  tnt  boIm  unotlancad  iapoltt  It  of  tnt 
tout  ardor  of  aagnltodt  at  too  Incident  Inputs*,  cor  rot  ponding  In  tho  caaa  of  a flood  epMra  to  an 
overall  rofloct Ion  factor  of  !•>*.  a point  apaclally  oorthy  of  notloo,  anlth  la  toon  fro*  egottlon 
(31)  alth  x-*®.  It  that  tM  uMaltnced  lopulto  tone*  to  com  alth  Inc  rooting  tine  shoeing  that, 
offer rcr  taort  tM  polM,  I ta  Input  tlx  tfftet  It  tv«..;_‘,  1/  diffracted  behind  tM  tpMra. 

a dial  tar  effect  it  raepoMlblr  for  tho  fact  tnoan  oy  Topic  1 that  for  inert  pul  mi  frat 
dete  tourret  *»*•  t)  .he  unSolsncri  Imulse  It  “.>»  grants'  ♦*»<!  tn*  directly  Incident 

lapulto.  in  wen  cotut  tM  atjcr  contrloutloa  to  tM  awlna  unbalanced  lanules  cones  rraa 
diffraction  of  tM  Incldtnt  oulto  on  to  tnt  port  of  tM  front  of  the  tpMra  altlch  It  In  tht  tludoo 
and  rot  f'ea  the  wall  portion  ouojoctod  olrtctly  to  tM  Incident  puleo. 

It  antmld  bo  noted  tMt  the  v.: uot  fof  X * t hen  noon  gluon  in  "able  I to  ohoa  too  Haiti 
for  mil  valuet  of  X - t;  ouch  noil  voluti  ora  potolblo  for  largo  0 without  Invalidating  tM 
conditions  discussed  In  ptragraph  (1)  above. 

<> 5 tffoct  of  fixing. 

In  vita  of  prttont  Intoratt  In  tho  potslble  di*forc->cu  In  denage  tuotolnod  Oy  0 find  and  0 
tuopended  torgot.  It  lo  of  vain  to  aao  *net  ovldvnco  con  bo  cotolnid  fno  the  protect  cnelytit 
coaporlng  tM  two  cane  of  e • 1 (find)  ana  h ■ Mi  (buoyant). 

Cowering  on  tM  0»l<  of  unOnlencoO  lapulto  It  It  Man  fra*  <oblt  1 'not  thli  It  from  1/3 
to  1/1  jraiter  man  tM  tphert  It  flood.  For  long  puitot  fra*  dlitant  tourcet,  Iwoovor,  tho 
uMtlanc*d  lapulto  It  Mil  rtlttlvt  to  tno  incldtnt  point  Mather  the  tpMra  bt  flood  or  buoys, n. 
fhut  In  thla  cut,  CbrnipoMIng  to  0 relatively  large  axulualffi  ,t  6 t.,,.  unitnu 
effect  of  tM  prwtura  pulto  It  ■ uniform  lapulM  :'l  ;—id  gghurt  ohlen  It  torpo  coaponod  alth 
an/  local  IncrooM.  Out  to  fixing,  of  the  urbtlancad  lapulto. 

for  short  puitot  tress  distant  cxplotiono,  houavtr,  tM  unbalanced  lapulM  It  of  the  am 
order  u tM  Inclwnl  l-uvlse  and  tM  pottlolllty  of  appreciable  tfract  of  fixing  ennnot  bo  olaolMod 
cn  tno  pratt.it  tral/tlt. 

Dtp  that  It  at  f I rat  tight  trm  of  thort  pul  mi  fna  near  tiplotloer  out,  on  tht  otMr 
nano.  In  practical  exawl  at  of  thU  typo  tM  dutoglng  tffoct  tend!  tn  M concentrated  In  Intensity 
ever  tho  portion  of  target  does  to  *ho  explosion. 

In  order  to  eontlfcr  the  effwt  of  fixing  on  tnla  ntor  portion  It  It  ntCMItry  to  <*/»•  thet 
•Hi  vuspluti  wtuilim,  u“  ,u,n  equation  mi.  for  ino  two  cuot  or  fixoo  and  ouoyont  tpharo  Olffor 
only  In  the  taeond  ttra  J • l which  it  alto  tM  ttm  ratpontlbli  for  tM  tout  not  fjrcr  end  the 
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ursalancei  Impulse. 


in  vies  of  this  *t  la  yatlly  iMm  that 

. M*f-0 


&•> 


■Kara  tta  avf  fixes  f ana  0 denote  fixed  and  buoyant  sphere  retpmctlvely,  I It  the  Impulae/unlt  im 
at  tno  Min*  of  th*  iphe?*  neereet  tne  source  ahiit  a «•  uefore  i«  th*  unoe lanced  Impulse. 


Hob  for  very  start  p.l**#  inu  ttiiwi  value  of  which  occurs  Initially  and  alii  M 
da  no  tad  by  l‘.  It  approx  Imatuly  talcs  th*  Incident  Impulse/unlt  area,  whence 


2 t a, 

1 " (jT-  iTn  a7 


(W) 


from  equat  lo'«*  and  (M)  aa  thus  have 


3(*-0 

8X 


(•I) 


T|*  tax  I aua  value  of  thlt  «xpr*aelon‘la  alto  uowlated  In  Table  1 and  at  ta#  that  for  dote 
Mall  explot  Iona  It  It  null  rising  to  order  i?»  for  distance  atari  pulses* 


~m  wfaa6.it  analytic  it  baaed  on  tne  assumption  that  tea  turfaca  of  the  sphere  la  of  itealf 
rigid.  Any  yielding  of  the  front  surface  alii,  however,  tend  to  leaaen  the  bodily  Motion  and  where 
c endue  lone  far  any  ur^leldlng  tphera  indicate  little  effect  of  auch  wotloo  they  art  not  libel/  to 
be  Invalidated  by  yielding, 

*t  can  therefore  still  conclude,  in  the  two  case*  of  (i)  Urge  explosion  (long  pulse)  at 
large  d 1 atone*  end  (ii)  snail  explosion  (short  pulae)  at  nuar  distance,  that  fixing  hee  U*t1e  effect 
or  tf.C  acting  locally  cn  the  turfaca,  this  csr^!us!sr.  tslr*  Halted  !r.  the  second  case  to 

the  part  of  tha  tphera  rear  the  explotlon  where  In  practice  the  wejor  damage  will  generally  occur. 

The  preceding  conciuelon*  regarding  tittle  effect  of  fixing  on  th*  Magnitude  of  locally 
applied  impulse  car  probably  In  most  cases  ta  Interpreted  aa  applying  alto  to  Magnitude  cf  resultant 
dswege  tine*  this  agrees  jlth  such  experimental  dnte  on  fixing  ea  are  available! 

for  any  particular  example  it  la  probably  beat  to  chacv  auch  Interpretation  by  uaing  the 
present  analyst*  to  estimate  tne  [teximum  bodily  velocity  glvan  to  an  aqulvalant  buoyant  spr.crc  srd 
compere  with  the  aaxifwt  vulocl.y  given  to  local  areas  of  the  surface  on  astsMptiont  «uch  as  that 
of  the  report  "The  pressure  and  impulse  of  eixmrln#  explosion  waves  o*»  plate?',  A nuntrlcal 
example  of  such  comparison  la  give.-  In  Appandlx  a. 
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i 


AppOftdlX  A., 


! C) 


AfrSDII  A. 

fhs  proof  of  tr»#  rotation  ^lv«o  In  (3)  Vilum  analojona  Ilf-**  to  fh*  proof  of 

Rlrchoff'i  juntral  solution  of  tut  nvi  aquation  jiv«n  by  JHm,  "Thp  kathawatlcsl  fnaory  of 
(l«ctrte'*j-  and  fegnotisn*,  «tn  Coition,  paragraph  5t0,  ptj«f  521-97*.  equation  (5*3)  of  JMW, 
Mitt.  *1 1 jhtljr  chingtd  notation,  it 


L-fll 
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f r — - 0 5.2  ] <&  ay  ji 
i 3 1 3 t I 

v J J-  r 


^*rt  p and  0 aft  ony  two  solution#  of  th*  wava-aquatlon,  tht  situation  1$  takon  civ#r  all  tM 
lyrfacrv  Poinding  tnt  rag  Ion  qj  tht  Vm'm  h>tagral  and  In  «nich  tna  ■nv**«quaiion  holds,  n Is  the 
nortkil  to  tr*  turfacs  dr*«n  into  this  region  q?d  t*  and  - t*  ara  posttlvs  and  ntgstlvo  tints 
rwytctiy«1|. 

Si  net  0 can  bt  any  solution  of  the  wave-equation  wt  tr.ks  it  to  be 


f - r <«,♦  ')  1 cM  6 


i i ! 

J»  » 

I i 


-m 


c 2-S  • t *1  f (et  . r)  C si  9 
d n r o n 


_ I-5  ~ * - ] r (e*  * r!  c*  g 

If  f n rdnj 

_ i l£  F-  (et  ♦ r)  5 In  6 

r 6 n 

r . 

* 1 I-1  ♦ T r !«  * 0 Cm  g 
.'an  r a » 

♦ %$  r (ct  ♦ r)  Jin0 


lnt.jr.tlnj  tM  flr»t  thrt.  t.r™.  of  (AS)  Ojr  part.,  m otuin. 
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p *'  (ci  * 
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r)  dt 


r,\n  6 ±& 

cr  Bn 


o F (rt  ♦ r) 


SI  (\6  3^ 
cr  B ft 


f (ct  ♦ r>  *t 


*s  Jha»,  w*  now  isha  F,  whlcn  is  ss  y«l  an  arbitrary  function*  to  bt  au£n  that  It  and  all 

Its  Qsrivativat  vanish  except  for  s«ro  srjmsnt.  for  which  particular  valoa  t bscorws  Inflnltt  in 

lucn  a M/  that  Its  Integral  Is  unity,  »•  also  taxs  ('  sufficiently  larpa  «o  that,  for  e.H  value# 
of  r consiOwrso,  rha  valuk  of  r - ct*  Is  negst Ivtj,  and  wo  nets  that  sines  t*  t»  positive,  ihe 
vaiua  of  r ♦ ct*  Is  always  positive,  with  thest  aswsptl&nt  It  # t,um  *een  firstly  th*t  tha 
rljht-l»nd  aids  of  (si)  («  cwro  at  both  liAlti  and  secondly  thst  tits  intagratad  parts  of  (Aa)  (AS) 
and  (si)  also  venlan  at  both  Units  thus  contributing  nothing  to  tha  left-hand  slda  of  (AT). 

Finally  tha  InttgmH  on  tnw  right-hand  fldus  of  (AS),  (as)  -tnd  (*♦)  and  also  tha  utallar  Integrals 

of  tha  last  two  t*nw  <n  (*})  contribute  to  (si)  merely  tho  vaiuas,  at  tliso  t * - r/e,  of  ths  far  tors 

Hilt  I plying  F (ct  ♦ r). 


Col  lasting  those  ten*  together  wo  tn*n  hava 
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(AJ) 


Since  tha  rwro  of  cina  is  arbitrary  wa  nave  only  to  noplace  t 0 - r/t  by  1 • 1*  - r/c  to 
obtain  squat  lor.  (3)  of  ths  wain  Paper. 


Appendix  S 


a«  ft  nufttrlcftf  «m lr«  , .io.  e effect  of  fixing  * tsrgwt  let  «■  consider  • apha* 
•f  rwdlus  • fe«t  subjected  to  the  prt  s • puls*  from  a charge  of  5 lo».  T.d.Y.  with  It*  centra 
of  gravity  at  i5  \Cii*ZZ  from  the  ^Mnu  joint  of  the  sphere.  TM*  cat*  ha*  b#«n  Ct*oaan  as 
ilmuletlng  the  case  of  a telf-ccelo  Cylindrical  wgat  for  enle*  no  difference  In  demsgd  mi  found 
wtwther  tho  target  mm  suiptwded  or  ratting  on  tha  hot  ton,  Tno  tpMr*  hat  oo*ft  Chonan  to  have 

approximately  tha  taa  voltsw  at  tht  Cylindrical  t argot  ana  m at  tuna  It  juti  nterbome.  Tha 
numerical  valuae  of  conttantc  for  thia  c*s«  art  than 

x ■ l.»  a ■ i/2 

q » $ a - /1/2  (II) 

Ninea  q (x  — tl  • ].»  It  ehould  os  ostsd  that  tw  cat#  it  ona  of  a relatival y cloat  explosion 
what*  tha  pnaant  ansi/ale,  while  it  cannot  give  an  accuratt  a.itlmatt,  should  give  tha  correct 
orsj«r  of  maxim*  bodily  velocity. 

Ualng  tna  valuta  for  eon-mater  of 

• ss  Tea • /cubic  fact 

c • SPOO  f«*t/ second  (**) 


and  tna  experiments!  relation  for  T.x.T., 

7 w*/1 

c - ■■■-■  ■ tona/tqgara  Inch  (>9) 

0 0 

where  H is  weignt  of  charge  In  lot,  and  0 la  distant#  In  fast  w find,  tinea  0-5, 

• S3  faet/s«  cord  (as) 

Using  tna  values  given  by  (81)  and  (M)  we  than  find  by  using  atjuatlon  (»)  that  tha 
xttKlmn  Oodllv  velocity  I* 

' 12*6  feet/seco no  (15) 

it  aay  be  noted  that  the  bodily  displacement  of  the  sphere,  is  given  by  equation  (27),  during 
tha  tine  In  which  the  preaaure  pulsa  conMunicatas  auev  a velocity  la  .19  inches  which  easily  satisfies 
the  assumption  of  tha  analysis  that  It  Is  trail 1 rotative  to  tha  radius  (5  feat)  of  tha  sphere* 


Thus,  if  the  Cylindrical  target  red  been  strong  enough  to  *1  tha tang  tn*  explosion  without 
dishing,  we  should  have  expect*?  the  pressure  pulse  to  give  It  * maximum  oooily  velocity  of  order 
19  fact /second  anils  in  the  presence  of  dishing  th«  maximum  valoclty  would  t-nd  If  anythin*  to  oe 
of  lower  order. 

tn  order  ;o  consider  whether  a bodily  velocity  of  tnlt  ordur  is  likely  to  affect  fto  Oorag# 
we  note  that  the  mujur  damage  was  fall  1y  cunc«ntratea  near  the  chafjo  and  we  then  calculate  the 
velocity  given  Initially  to  the  plating  nearest  the  Charge  by  using  the  results  in  thy  repurt 
■Tho  pressure  and  Impulse  of  submarine  oxploslan  wives  on  elates*,  assuming  the  plating  leaves  tha 
water;  for  plating  u.S3  Inches  tnick  wo  than  obtain  a plating  velocity  of  >80  feet /eocene. 

Tna  energy  comuni  rated  by  the  pressure  pulse  is  thus  mainly  concentrated  in  the  fore*  uf 
nigh  plate  velocity,  of  order  1W  fest/aecono  maximum,  over  tha  near  portion  of  the  target  while  on 
tha  other  hand  the  total  comaun  letted  Impulse  will  only  produce  f bodily  vo'sclty  of  order 
19  feat /second. 


Owing  to  tna  concsntratod  ntturi  of  ths  olow  thsrt  seems  little  possitllify  of  the 
condition*  on  tho  btch  Ml f of  the  target,  I, a.  whether  fixnd  or  opposed  purely  by  its  owf.  and 
inertia,  cal.^g  of  any  Importance  until  wftor  most  cf  the  energy  nat  already  been  absorbed  by  pisnlng 
at  tha  front  uf  the  target. 

This  conclusion  i»  m agreement  -!tn  tn*  experimental  results  of  which  ’t  is  not,  of  course,  a 
full  #xplMMtl(-i  since  the  kinetic  «av«  and  pulsating  gas  hub&l-  e'fec4*  Mw  not  baen  considered  but 
It  aeon*  probable  that  those  effects,  If  of  any  iryv'rtanco,  mare  also  too  concsntrat.id  ?g  be  effectod 
by  condl lions  on  the  back  of  the  target. 
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APPBHIpII  C 


Calcul otio«>  for  a buoyant  st>b*n 


Ptwmrlcai  calculation*  o'  velocity  h*v#.bten  cerrleO  oat  tor  the  cut  of  • *pher*  whl'-h 
it  just  buoyant,  i,t»,  of  mm  density  equal  to  th«  density  of  ins  water. 


from  •quttk'fl  (2l),  h • 3/2,  n • S tor  * buoyant  spurt  end  Inserting  these  values  in 
equet Ion  (21}  the  ncn-d  lawnslonal  ratio  V/vQ  can  be  Calculated  ot  t function  of  the  noiv-dlisenslonal 
time  T for  given  pel  re  of  value*  of  the  parametei*  q «rw  qt.  If  «*  utt  th*  tens  'pulio-ttngtn' 
at  to  an  exponential  pule*  to  man  th°  distance  «/q  tht  petit  has  travelled  while  the 

pf'eeturt  at  any  point  decay!  In  ratio  l-'e,  then  tno  parameter  q It  tSe  ratio  of  «|>h«re  radius  to 
•puiaw-length*.  Similarly  qx  it  the  ratio  of  distance  *a*  between  pulse  centre  end  sphere  centre, 
to  tne  •pulew-lengtn*. 


The  gsnsml  trap#  of  tne  velocity-time  curves  is  siteUer  for  all  cases  calculated  end  « 
typical  set  le  ihown  lr.  figure  i ccrriinondlnj  to  thn  limiting  cnee  qX-»«o.  i.t.  a plane  Incident 
pal It* 

Denoting  the  maximum  and lly  velocity  Dy  V^f  values  of  tne  ratio  XJ*0  are  jlvun  In  Table  2, 
and  in  brackets  In  ths  sane  table  we  give  value*  of  T at  wnicn  these  naxliwn  velocities  occur* 
Thence  tM  moan  acceleration  up  to  maximum  velocity  can  be  evaluated  if  desired. 


refuse  of  Ij  vfl  and  (in  {rockets.1  of,  f g>t 
(tie  of  rntximtim  velocity. 


q/qX 

2 

T 

5 

10 

20 

05 

0.1 

0.913 

o.seo 

0.656 

0,049 

0.043 

(a.»l 

(2.9) 

(2.5) 

(2.*) 

(J.») 

0.2 

O.S53 

0.  785 

0.164 

0.  ?w 

0.713 

(2.5! 

(2.2) 

(2.1) 

(2.1) 

(2.1) 

0.737 

0.627 

0.395 

0.500 

0.466 

0*5 

u.i) 

(».•) 

(1.2) 

(l.D 

(1.2) 

0.634 

0.M7 

0.44S 

0.**> 

0.413 

(2-0) 

>i.«) 

(1.5) 

<!.»> 

<1.4) 

2.0 

0.35* 

0.300 

0.200 

0.269 

(i.«) 

(1.2) 

(1.2! 

d.i) 

5.0 

0.2*0 

n.i7r 

0.149 

0.131 

(l.s) 

(1.D 

(0.95) 

(O.sii 

Intervale  in  T of  0,1  for  0 f T f l and  P.2  for  l < T ( 3 were  used  end  the  vetoes  of  vffl/v(J 
In  Table  2 ere  correct  to  en  error  of  one  or  teo  U the  third  digit  whilst  tnt  values  of  T et 
v"  erw  correct  to  about  cna  quarter  of  an  Inlrrvat,  l.e,  to  0,0}  for  T > j and  0.025  for  T < 1. 
Further  sgo-Jlvitlon  of  Interval  would  nave  been  necessary  to  obtain  reasonably  accurate  values  of 
wax)***  acceleration  from  the  velocity  calculations  ana  this  mi  not  att«eted.  Graphical 
ostlmtes  were,  ntmmver,  obUlneJ  from  the  maximum  step**  of  curv“i  such  as  xnezr  In  figure  l and 
these  indicated  that  tn«  moxlr^um  acceleration  varied  between  about  1.6  to  *.»  lines  tne  me.rn 
acceleration  up  to  time  of  maximum  velocity.  Approximate  estimates  of  maxlewm  acceleration,  correct 
to  order  22?  lees,  can  therefore  be  obtained  oy  using  Teal*  ? t0  o*r|ve  n*on  acceleration  ano 
then  (Wilt  I plying  ny  a factor  1.1.  Accurst*  oat I mat hi  for  any  particular  case  arc  boat  obtained 
by  use  Of  equation  (23)  wnlch  glv.s  the  net  force  on  sphere  at  any  tl«w. 


i 


) 


.1 


i 


) 


. 

I 

■l 

i 
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For  abort  pulses  q-®.  the  ratio  n^/v^-*  o cut  the  product  qV^'v  remains  finite  and  Is 
given  In  Table  .1*  the  values  in  which  sfe  correct  to  me  tnlni  decimal  place. 


Table  3 


i 


5 


Values  of  q F^/v0  for  limiting  cost  o 
vtry  short  f>vl*os 


0,  Hi  j Q.JUU  \ I 0»5J*  I <>.«>•  | 0.7JS  0,M*  | 0.91J 


For  ^plication  to  th a ermu<‘#  pulta  fro«  an  undaraatar  tuploolon  th#  calculation!  are 
»jsj«ct  of  coona  to  tm  I ini  tat  Iona  OIKJtitO  In  tM  main  pepaf.  In  particular  tha  antry  for 
gl • t,  q • I In  Tabta  1 corrtapondt  to  a contact  axploplon  anc  la  jlron  only  for  mterro  atiu* 
ourpoiaa.  » alnllar  rmara  appllat  to  tna  antry  for  X • t In  T«ola  >» 

float, nf  ftania phtrt  tubject  to  a frraatura  tutu  from  vtrUcoUy  btlow . 


It  nay  oa  not  no  tnat  tna  anatyala.for  tna  apaara  tan  oa  aoptloo  atao  to  tha  ran  or  a 
nMltpnora  floatli*  alta  alanatrat  piano  In  tha  aurfaca  of  tha  xatar  ana  aoOjactad  to  a polio 
orrlvinj  vartieally  fron  boloa,  l.o.  th»  polaa  eantfa  la  vartlcally  oil»  tna  apnara  centre. 

In  affect  «e  a*va  anty  to  raft  pet  tnls  precis*  *r  the  aorfoct  of  the  aatar  and  ensnp*  tna  aiyn 
c»  ta;  tanja  poia"  «o  taa  «aa»  It  la  equivalent  to  tha  problem  e»  a buoyant  apnara  In  an  Infinite 
liquid  auhjacteo  to  aqual  poaltlva  ano  negative  polaca  «!tn  centrae  dlewtrleelly  oppoalta  at 
aqua)  dlatanca  fron  tha  tpMta.  Slnca  tha  pocltlva  and  nejetlw  pulaaa  plve  aqual  contrlbotlona 
to  the  ooollr  iwtloa  of  tha  apher?  «»"  rainforcp  ona  anotnar  tha  notion  la  alnllar  to  that  oua 
to  tna  alnjle  poaltlva  polaa  Dot  of  deubla  nainltuoa. 

Tnua  tna  raaolta  of  TaMaa  > and  > can  Da  liaaadlataiy  appllad  to  tM  "—I apnara  proolan 
By  Haply  Hoxilnj  tM  antrlaa  tor  *■/»_• 
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SUMMARY  OF  FORMULAE  RELEVANT  TO  REFLECTION  OF 
EXPLOSION  PULSES  FROM  A PISTON  IN  AN  INFINITI 

Fir. ED  wall 


221 


Marsh,  liia 


Tht  Infinite  wall  is  tucn  as  the  plero  a • o.  and  >11  aowrcee  of  puieee  m lying  to  the 
right  of  thll  plane  (x  > ©},  the  total  pmfwro  In  the  Incident  pelt**  srfMng  at  tine  X at  any 
point  on  the  plane  x * o being  denoted  by  p,. 

rnon  xlrcnoff'e  general  eoiutton  of  the  •**#  wvatlon.  the  pretear*  p at  tine  t at  any 
point  of  the  piano  x • o aatlaflai  the  emotion 


•ns"*  !M  surface  Integral  U life  an  Oytr  x • 0. 

Per  * piston  in  tn  Inrtnltn  rigid  r;l>  1st 

p • nil  tanltii  «)  wisr 
c • nsvs  velocity 
s • cm  of  piston 
s ■ psriaslsr  of  plstx. 
a « mnt/unl  t arse  of  piston 
U • 'velocity  rf  piston  sap  from  sources 
f v Cltpltconmt  pf  piston  oaoy  from  sourw 

ii  ■ Po  * * 

The  boonOcry  condition  at  x ■ * la  than 


with  notation  aa  before  (fgjr*  I), 


<c)  ... 
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(c) 


(4) 

(«) 


<*) 


A.*. 

C-® 


u$ii%a  bar*  to  Of  not*  avarice  valom  xakpn  over  the  platon  at  aby  line,  the  neari 
pressure  on  the  piston  is 


p • 2 ?.  - pc  l)(0  4 fX* 

1 n 3 

-jbL  t H l . ™xt 

2 n S J 1 J r 


(8) 


•herb  both  Hnt  integral*  «r*  ttun  round  s,  f is  th*  distance  between  d*j  and  0*?, 
•hi  Im  aM  X2  are  the  angles  between  tha  chord  r and  the  ln»ard  norms)*  to  » at  o*l 
end  d*2  respectively  (Figure  2). 

For  a circular  piston  of  radius  a aquation  (9)  reduces  to 


si,  - /x  u(t)  ♦ l&  jB/1  nit  - ) co«* a te 


(*) 


the  h st  t«o  term  ef  which  represent  the  relief  pressure  as  -given  oy  luttanirorth 
»o  equation  (i)  of  tie  Appendix  of  the  report  'Note  on  the  notion  of  a finite  Plata 
due  to  an  underwater  explosion*. 

For  a rectangular  piason  uf  ®'-dcS  2s  cos  25  *!*met»r  H.  equation  (5)  gives 

i * 2 p,  - pc  uit)  t j-(t) 

1 it  ab 

- _*L  {fjtu-c,  !*-¥> ft  (t-T>> 


sr  i 


- («  - £-*S^)  «»6>a0 

0 i0 


(?) 


. ed  jurr<s'4  ( co.  e 6 e 


If  tne  piston  Is  subject  to  en  elastic  restoring  force  t.\e  aquation  of  motion  Is  of  for* 

* 

Ot* 


i-f  t *5  • p 

rtf* 


(■) 


For  a circular  piston  motions  (a)  and  (8)  give  an  Integro-dltferential  aquation 
•high  can  be  so‘*vod  step  by  step  as  in  the  report  "Note  on  the  motion  cf  a finite 
plat*  Quo  to  an  yndorwater  exploalon** 

For  a rectangular  piaton  equation?  (6)  and  (8)  involve  the  solution  of  ordinary 
linear  differential  equations  with  constant  coefficients,  but  such  solution  w.wild 
have  to  ne  carried  jut  for  «uccesal«4  interval*  uf  tine  such 

9 4 t < 2a/c(  2a/c  < t 4 2b/c 

depending  on'tne  relative  magnitudes  of  a and  b. 

Incompress  >M<»  flow. 

The  corresponding  formulae  For  incdnpressib'k  flow  are  obtained  simply  ay  lettlrqj 
in  tha  preceding  eauatlona. 

For  a circular  piston  subject  to  no  elastic  resistance  aquations  (6)  and  (8)  give 

(») 


ffl  - ip.  . a& 
ot  * > tt  dt 


- J - 


’,23 


for  « point  r.ource.  at  dfatsnes  } on  the  axis  •?*  the  piston,  emitting  a wave  o>'  exponential 
fom,  p,  • p0  e**1  at  centre  cf  piston,  the  kinetic  energy  c^nunlcsted  finally  tp  the  piston 
is  then  given  Oy 

‘ 1 *,>Tr  9 [m]  T . 

wh«re  tan  8 • j 

arasOj,  the  energy  in  the  wave  (neglecting  at tsrflov  contr Ibutionl  directly  incident 
on  the  piston  it  given  by 

n.  - "JjL (..) 

1 pw 

Kqimtien  (lO)  Is  the  sober  ice 1 wave  analogue  of  tuitensortn'e  equation  (2s)  of  report 
•sou  on  the  notion  of  a finite  plate  duo  to  an  underwater  explosion"  to  which  It  reduces  when 
I-*®  provides  i in  lutterwprth's  equation  Oc  correctly  interpreted  as  twice  the  incident  impulse. 


(10) 

<u> 


a. 3*  Surface  effect. 

Tim  effect  of  e free  surface  above  the  piston  et  right  angles  to  the  rigid  rail  which  is 
then  seni- jnf  inite  can  he  taken  into  account  by  the  method  of  Inages.  the  problem  then  becomes 
tnat  of  an  infinite  well  containing  too  similar  pistons  subjected  to  the  wives  fren  positive  and 
negative  sources  sy*«ir}ca1ly  situated  with  r»spc>ct  to  the  pistons.  for  a rectangular  piston 
in  equation  eiisil.tr  to  aq^tl^  (r)  opt  wf"  *0™  leant  ay  ca-  be  ootalnwd  In  this  wav  to  nil  on 
fpr  cffict  of  s-rfi-e,  h*t  In  view  of  possfbl*  cavitation  (see  paragraph  a.s)  exact  calculation 
cf  surface  effect  is  of  doubtful  use. 

for  Inc  oppress  I bit  flat  t;«e  energy  canwwn Icatcd  finally  to  s circular  piston  of  radius 
a r«th  contru  at  depth  K talas  thL*  suffice  Con  ta  express'#  iS  a «he«T  flg  Is  given  by  equation 
(lO)  and  a Is  given  *ppra*k">t&1y  Dy 


‘ " 32  IJ3) 

(u) 

where  tor,  ^ * — 

* 

(3’) 

in  equation  (l3)  the  denominator  represents  the  affect  of  the  "Inage  piston"  to  the  first 
order  In  a/H,  anile  the  nu>«rator  gives  tne  effect  of  th*  "Image  source",  the  ratio  of  the  mean 
‘ncldent  pressures  from  the  source  and  its  imago  being  taken  approx  Irately  as  the  ratio  of  the 
incident  pressures  at  the  centre. 

A.s,  Effect  of  cavitation. 

The  preceding  equatin'*?  arc  all  based  on  Ira  assumption  that  no  cavitation  occurs,  i.«, 
that  tenslou  can  oe  dv /Hoped  up  to  any  required  magnitude  between  the  wntor  and  the  piston  and 
in  the  water  itself.  a conflate  quantitative  account  of  the  effect  of  any  cavitation  sterns 
unooteirablo  at  present  but  two  qualitative  points  seem  worth  mentioning. 

Firstly,  csvLtstion  at  or  near  the  oltton  can  be  caused  by  the  piston  tending  to  mown 
faeter  than  the  we  ter  at  csrtain  stages  of  tne  notion,  T tv*  point  to  bo  noted  in  this  eo*of 
neglecting  surface  sff.icl  co'cxldsred  later,  is  that  uflt>  ouch  c?vit»tlon  the  wete'  will  still 
e*  following  up  t»*e  pUton  and  can  thus  communicate  furtmr  energy  If  and  vfmn  it  catches  up  ths 
piston.  It  is  thus  by  r.o  wens  certain  that  *uch  cavitat Ion  wl  I)  imply  a drastic  reduction  in 
the  energy  conraunleated  finally  to  tne  piston. 


Secondly 


Secondly,  the  tana  lie  wave  reflected  from  the  free  iat«r  &vr*aC*  «>n  lopljr  phyelcelly  that 
th*  water  near  the  pielo»  li  wl ng  pulled  my  frr  ti*  Utter  by  tw  «Ui  near  the  terrace.  If, 
therefore,  c«viUtlon  occurs  tea  to  this  tattle  ««a,  the  wur  on  tr*  surface  aide  of  each 
cavitation  cmirt  to  «aft  any  pull  on  the  water  near  the  piston  and  the  Utter  «rt«r  will  tnus 
■ora  anally  wove  in  tha  directly.  &*  th#  platen.  Expressed  othemteo  the  assort  I on  of  no 
cevltstlon  used  in  deriving  aquation  (l»  fora  way  imply  quite  large  net  tensions  In  thl  wafer 
near  tha  piston  and  it  it  difficult  to  aao  hoe  such  tension*  can  arrive  near  the  sis  ton  tinea 
they  will  proOaoly  neve  caused  prior  cavitation  In  *.ht  eater  near  the  surface.  * It  would  therefore 
aeeo  that  neglect  of  cavitation  In  calculating  a at  In  equation  Uj)  will  i«ply  If  anything  en 
oveaor  faction  for  surface  »:ff«ct. 


>\ 
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< speed  of  sound  in  water 
g acceleration  due  to  gravity 
L a convenient  linear  dimension 
m mass  p*>'  unit  area  of  a plate 
n distance  from  a surface  along  its  normal 
p pressure 

pk  breaking-pressure,  at  which  cavitation  occurs 
P£  cavity  pressure  or  pressure  In  cavitated  region 
Pk  hydrostatic  pressure 

p,  p"  pressure  in  Incident  and  reflected  wave-trains,  respectively 
p0  see  Equation  (12)  on  page  12 
q see  Equation  [16]  on  page  15 
v particle  velocity 
u„  v,  cartesian  components  of  v 

»4  particle  velocity  Just  ahead  of  a hreaklng-front,  reckoned  as 
positive  away  from  the  front 
component  of  vt  normal  to  the  boundary 
vs  particle  velocity  in  a cavitated  region,  reckoned  as  positive 
toward  a brer.klng-fron;  but  away  from  other  boundaries 
tit„  component  of  vc  normal  to  the  boundary 
vc„  v.,,  ti„  cartesian  components  of  vc 

y„  velocity  of  propagation  of  a bret.king-fror.t 
Ve  velocity  of  propagation  of  a closing-front 
*,  Vi  * cartesian  coordinates 
a see  Equation  [12] 

ij  fraction  of  space  free  of  water  In  a cavitated  region 
p density  of  water 


5 

\ 
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EXDLOUIVE  LOAD  ON  UNDERWATER  STRUCTURES 
AS  MODIFIED  BY  BULK*  CAVITATION 

ABSTRACT 

Whereas  cavitation  is  most  commonly  observed  at  the  Interlace  be- 
tween water  and  a solid  surface,  there  ars  indications  that  it  may  also  occur 
in  the  midst  of  a mass  of  water.  Such  cavitation  may  modify  th*  action  of 
explosive  pressure  waves  upon  structures.  This  is  possible  wherever  reflec- 
tion of  the  wave  gives  rise  to  tension  In  the  water.  An  extension  of  hydro- 
dynamical  theory  to  cover  such  cases  is  described  in  this  report. 

It  is  shown  that  cavitated  regions  should  be  formed  through  the 
propagation  of  breaking-fronts  moving  at  supersonic  velocity.  The  cavitation 
should  usually  take  the  form  of  small  bubbles  continuously  distributed,  rath- 
er than  of  large  voids.  Subsequently  the  cavitation  will  be  destroyed  as  the 
boundary  of  the  cavitated  region  uontracts  and  sot?  a3  a closing-front.  The 
relevant  mathematical  formulas  are  cited. 

Similitude  relations  are  discussed,  and  the  theory  Is  applied  to  a 
plane  wave  falling  normal?."  upon  a plate,  and  to  the  explanation  of  the  dome 
that  is  formed  over  large  charges  exploded  in  the  sea. 

INTRODUCTION 

The  study  of  the  behavior  of  ship  structures  when  loaded  by  an  ur.- 
d3rwater  explosion  is  a major  project  at  the  David  W.  Taylor  Model  Basin. 

Good  progress  has  been  made  toward  an  understanding  of  the  pressure  field 
in  open  water,  with  all  boundaries  well  removed,  and  to  this  extent  the 
groundwork  has  been  laid  for  defining  luad.  Important  gaps  still  exlat  in 
this  line  of  information,  however.  The  energy  balance  is  still  incomplete, 
so  that  it  Is  not  yet  possible  to  say  what  fraction  of  the  explusive  energy 
is  made  available  in  the  first  cycle  of  pulsation  of  the  gas  globe.  It  is, 
therefore,  still  impossible  to  evaluate  the  effect  of  the  displacement  of 
the  gas  globe  which  nay  put  its  center  at  a point  nearer  the  target  at  the 
end  of  the  first  cycle  than  at  Its  beginning.  Questions  of  this  sort  have 
led  others  also  to  conclude  that  sound  fundamental  data  ere  still  most 
necessary  (1  >.** 

Questions  relating  to  the  properties  of  the  target,  as  distinguished 
from  the  load  which  the  explosion  puts  on  the  target,  are  set  aside  for  sepa- 
rate consideration.  It  may  be  assumed  that  In  this  report  the  load  is  treated 


This  ten  is  rather  new;  It  will  be  defined  and  discussed  in  the  report. 
Numbers  In  parentheses  indicate  references  on  pege  25  of  this  report. 
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in  terms  o'  t rget  of  arbitrarily  assumed  properties,  such  as  might  serve 
to  measure  ctly  the  pressure  in  the  water. 

" } L'**havior  of  an  acoustical  wave  incident  on  a solid  or  free 
boundary  in  water  is  rather  fully  understood;  and  the  shock  wave  radiated 
from  an  explosion  in  water  partakes  in  large  degree  of  the  nature  of  an 
acoustical  wave.  Even  in  such  waves,  however,  the  continuity  of  the  medium 
is  believed  to  be  broken  at  times  by  tensile  effects  to  which  the  water  re- 
sponds by  cavitation.  In  the  shock  wave,  where  pressures  are  a whole  order 
higher  than  in  an  acoustical  wave,  cavitation  naturally  has  that  much  more 
significance.  Among  the  problems  which  must  be  solved  before  interactions 
between  field  and  target  can  be  subjected  to  study  by  calculation,  that  of 
cavlt&tlcn  must  rank  high  in  importance. 

HYDHODYNAMICAL  THEORY  OP  CAVITATION  IN  BULK 

In  practical  experience  cavitation  usually  originates  between  water 
and  a solid  surface,  such  as  a propeller  blade.  There  are  come  indications, 
however,  that  it  may  also  occur  in  the  midst  of  a mass  of  water,  a3  for  ex- 
ample when  explosive  pressure  waves  are  reflected  from  the  surface  of  the  sea. 
To  determine  the  effect  of  such  cavitation  upon  the  motion  of  the  water,  a 
certain  extension  of  hydrodynamical  theory  is  required. 

in  tne  present  report  the  ..ecessary  extension  of  the  theory  will  be 
described,  but  the  complete  mathematical  details  will  be  published  elsewhere 
(2).  The  theory  is  based  upon  certain  simple  »-numptions,  which  are  laid 
down  without  entering  upon  the  complicated  question  as  to  the  nature  of  the 
cavitation  process  itself.  Two  applications  of  the  theory  will  be  discussed, 
dealing  respectively  with  the  impact  of  a pressure  wave  upon  a plate,  page  10, 
and  upon  the  surface  ol*  the  sea,  page  19. 

The  following  assumptions  will  be  made: 

i a ) cavitation  occurs  wherever  the  pressure  in  the  water  sinks 
to  a fixed  value  p^,  called  the  breaking- pr* a ure; 

(b)  upon  the  occurrence  of  cavitation,  the  pressure  Instantly 
becomes  equal  to  a fixed  value  pc,  called  the  cavity  pres- 
sure, which  cannot  be  less  than  pt,  so  that 

J>t£pc  I’] 

(c)  when  the  pressure  rises  above  pc,  the  cavitation  disappears 
instantly. 

How  far  these  assumptions  correspond  to  the  actual  behavior  of  wa- 
ter is  not  yet  known.  The  value  to  be  assigned  to  p„  is  discussed  briefly 
on  page  17.  The  cavitation  will  undoubtedly  take  the  form  of  small  bubbles 


scattered  through  the  water.  Such  bubbles  have  often  been  observed,  but  In 
nany  cases  they  seem  to  contain  air  In  addition  to  water  vapor,  and  they  do 
not  always  disappear  when  the  pressure  Is  raised.  All  such  complications 
will  be  Ignored  here,  however,  In  order  to  obtain  a tractable  analytical  the- 
ory. The  bubbles  may  be  supposed  to  be  so  small  that  t.hs  esultlng  lnnomo- 
genelty  of  the  water  may  be  neglected;  and  p,  may  be  supposed  to  equal  the 
vapor  pressure  of  the  water. 

The  discussion  will  be  limited  to  motion  that  Is  lrrotatlonal  or 
free  from  vortices,  motion  such  as  can  be  produced  by  the  action  of  pressure 
upon  frlctlonlese  liquid.  Furthermore,  all  variations  of  pressure  will  be 
assumed  to  be  small  enough  so  that  the  usual  theory  of  sound  waves  Is  appli- 
cable to  the  unbroken  water;  but  no  limit  need  be  set  upon  the  magnlcude  of 
Its  particle  velocity. 


BREAKING-FRONTS 

Cavitation  will  begin,  according  to  the  assumptions  Just  made,  in 
a region  where  the  pressure  la  falling,  and  at  a point  of  minimum  pressure, 
at  the  Instant  at  which  the  pressure  sinks  to  j>r  A cavity  will  form  and 
this  cavity,  for  reasons  lying  outside  the  assumptions  of  the  analytical  the 
ory,  will  at  once  become  subdivided  into  bubbles.  Since,  however,  the  pres- 
sure will  be  sinking  In  the  neighboring  water  also,  the  same  process  will 
soon  occur  at  neighboring  points  as  well. 

Thus  a cavltated  region  will  fora,  sur- 
rounding the  point  of  Initiation.  The 
boundary  of  tnls  region  will  sweep  out 
Into  the  unbroken  water  as  a breaking- 
front,  Flguro  1,  Since  the  pressure 
gradient  at  the  Initial  point  of  mini- 
mum pressure  Is  zsro,  the  velocity  of 
advance  of  the  breaking-front  le  seen 
to  be  Infinite  at  first,  just  as,  when 
a rounded  bowl  Is  lowered  Into  water, 
the  boundary  of  the  wettec  region  movis 
out  at  first  at  Infinite  speed.  Hence 

cavitation  occurs  almost  simultaneously  throughout  a considerable  volume,  re- 
sulting in  a fairly  uniform  distribution  of  bubbles;  there  is  no  reason  to 
expect  the  immediate  formation  of  a large  cavity  anywhere. 

The  speed  of  propagation  of  the  breaking-front  relative  to  the  wa- 
ter ahead  of  It,  Vt,  can  be  shown  never  to  sink  beiow  the  speed  cf  sound,  c. 
Usually  Vb  Is  greater  than  e.  This  means  that  no  influence  can  be  propagated 


Figure  1 - m Expanding  Breaking- 
Front,  where  p * pb,  Surrounding 
a Cavltated  Region 
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past  c breaking-front  into  the  region  aheaa  of  it.  The  production  of  the 
cavltated  region  is  thus  a consequence  solely  of  prtcoeaes  occurring  In  the 
unbroken  water  or  on  its  boundaries,  as  a result  of  which  the  pressure  in 
successive  portions  is  lowered  to  the  breaking-pressure;  the  front  is  raeVly 
a particular  surface  of  constant  pressure  advancing  in  accordance  with  tne 
ordinary  equations  of  wave  propagation.  Its  speed  of  advance  Is  found  to 
be  (2) 


&i>i  dv , + 6v, 

vt  pc’  — !* — -2S>  1*1 
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where  dp/*»  denotes  the  normal  pressure  gradient  or  the  rate  of  Increase  of 
the  pressure  along  a normal  to  the  front  drawn  into  the  unbroken  water,  and 
v,,  vt,  v,  are  components  of  the  particle  velocity  taken  in  the  directions 
of  cartesian  axes.  In  order  that  the  pressure  nay  sink  as  the  front  ap- 
proaches, the  numerator  in  Equation  [2]  must  be  positive. 

If  p,  is  less  than  pt,  there  Is  a discontinuity  of  pressure  at  the 
breaking-front,  so  that  the  pressure  is  p,  ahead  of  it  and  pt  behind  it. 

Thus,  while  the  front  is  traversing  an  element  of  water,  the  element  is 
kicked  forward  by  the  excess  of  pressure  acting  on  its  rear  face.  If  vh  is 
the  particle  velocity  Just  ahead  of  the  front,  and  if  vhn  is  the  component  of 
this  velocity  in  a direction  perpendicular  to  the  front  or  to  the  boundary  of 
the  cavltated  region,  taken  positive  toward  the  unbroken  water,  and  ir  v,  and 
vcn  denote  corresponding  quantities  in  the  cavltated  region  JuBt  behind  the 
front,  then  the  analysis  (<;)  Indicates  that 
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Components  of  velocity  parallel  to  the  boundary  are,  however,  left  unaltered. 
Thus,  If  pt  «=  p{,  the  particle  velocity  is  left  entirely  unaltered  by  the 
passage  of  the  breaking-front,  but  if  pt  is  less  than  there  is  a discon- 
tinuity in  its  component  perpanilcular  to  the  front. 


THE  CAVITATED  REGION 

Conditions  within  the  region  of  cavitation  must  be  comparatively 
simple.  Since  there  is  no  pressure  gradient,  and  the  pressure  is  uniformly 
equal  to  pc,  the  particle  velocity  must  be  constant  in  time,  retaining  the 
value  at  which  It  was  left  by  the  passage  of  the  breaking-front. 

If  pi  ■ p..  the  particle  velocity,  being  unaltered  by  the  passage 
of  the  breaking-front,  retains  Its  expanding  character.  In  this  case,  ac- 
cording to  our  assumptions,  the  fraction  p of  the  space  that  is  occupied  by 


bubbles  Increases  steadily  from  an  initial  value  of  zero.  If  pt  is  less  than 
pc,  however,  a certain  volume  of  space  is  freed  at  once  by  compression  of  the 
water  as  Its  pressure  rises  from  pt  to  . The  general  formula  for  q at  any 
point  In  the  cavitated  region  at  time  t is  (2) 


where  tb  Is  the  time  at  which  cavitation  occurred  at  this  particular  point 
and  vc,,  v,,,  and  v{,  are  the  components  of  the  particle  velocity  ve  In  the 
directions  of  tne  x,  y,  and  t axes.  Apparently,  if  pt  Is  less  than  pt,  n may 
either  Increase  or  decease,  or  neither,  after  the  breaking-front  has  passed. 

THE  CAVITATION  BOUNDARY 

When  the  boundary  of  the  cavitated  region,  advancing  as  a breaking- 
front,  arrives  at  a point  beyond  which  Vt  as  given  by  Equation  [2]  would  be 
less  than  the  speed  of  30und,  c,  the  analysis  showB  that  it  must  halt  abrupt- 
ly. Thin  may  be  regarded  as  happening  either  because  the  liquid  ahead  of  the 
front  is  not  expanding  with  sufficient  rapidity,  that  is,  the  numerator  in 
Equation  12]  Is  too  small,  or  because  an  excessive  pressure  gradient  has  been 
encountered,  that  is,  the  denominator  Is  too  large.  The  boundary  may  then  do 
either  of  two  things.  Which  It  will  do  is  found  to  depend  in  part  upon  the 
particle  velocity  In  the  neighboring  cavitated  region,  but  in  larger  degree 
upon  conditions  in  the  adjacent  unbroken  liquid. 

One  alternative  Is  that  the  boundary  may  stand  still  as  a stationary 
boundary,  as  shown  in  Figure  2,  where  any  waves  of  pressure  that  may  be  Inci- 
dent upon  It  from  the  unbroken  side  are  reflected  as  if  from  a free  surface. 
This  must  occur  whenever  the  Incident  waves  are  very  weak. 

The  other  alternative  la  that  destruction  of  the  Cavitation  may  be- 
gin, that  la,  tne  boundary  may  recede  toward  the  cavitated  region,  leaving 
the  liquid  unbroken  agali  t uquIHu  it.  Such  a boundary  may  be  called  a closing- 
front.  Apparently  it  may  be  of  either  of  two  dis- 
tinct types.  p.p, 

ChOSINO-FRONTS 

Closing  of  the  cavitation  may  result  from 
a contracting  motion  In  the  cavitated  region  Itself, 
when  the  distribution  of  the  values  or  ve  at  differ- 
ent points  are  such  that  tne  bubbles  tend  to  decrease 
in  size.  This  can  happen,  however,  only  If  Pl>  is  pigwe  2 . A stationary 
less  than  p„;  for,  as  already  remarked,  if  pb  - p(  Boui.darv 
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the  water  retains  the  expanding  motion  which  brought  about  the  cavitation. 

If  contraction  of  the  buobles  cccurt  near  a part  of  the  boundary  at  whioi. 
t)  • 0,  this  part  of  the  boundary  will  advance  Into  the  cavltated  region  ae 
a closing- front.  A closing-front  of  this  type  may  be  called  an  intrinsic 
one;  the  analysis  shows  that  It  muBt  advance  at  a speed  exceeding  the  epeed 

of  sound;  else  it  will  at  once  change  into  the  other 
type,  to  be  described  next. 

When  recossion  of  i-ha  boundary  of  the  cav- 
ltated region  la  caused  by  conditions  in  the  un- 
broken water,  the  boundary  may  be  called  a forced 
closing- front,  figure  3.  Its  motion  la  essentially 
an  Impact  process,  similar  to  that  which  occurs  when 
a locomotive  picks  up  the  slack  in  a long  string  of 
cars.  Layer  after  layer  of  the  cavltated  water  is 
compressed  impulsively  from  pf  to  so.ee  higher  pres- 
sure p,  and  its  component  of  velocity  normal  to  the 
boundary  is  likewise  changed.  It  is  assumed  in  the 
Idealized  theory,  as  already  stated,  that  the  cavitation  bubbles  close  In- 
stantly sb  the  cloaing-front  passes  over  them.  If,  In  reality,  they  contain 
a kernel  of  air  or  other  foreign  gas  which  requires  time  to  redlssolve  In  the 
liquid,  the  proceeB  will  be  modified. 

It  can  be  shown  that  a forced  cloBlng-fi-ont  cannot  move  faster  than 
sound,  relatively  to  the  unbroken  liquid  behind  It.  but  exact  equations  cov- 
ering its  motion  are  difficult  -to  formulate  in  the  general  case.  The  reason 
can  be  said  to  lie  In  diffraction  of  the  waves  that  are  Incident  on  the 
boundary . 


THE  0NE-D1MEKSIQNAL  CASE 

The  oie-dimensional  case,  on  the  other  hand,  is  easily  treated  in 
more  detail.  If  the  motion  Is  confined  to  one  dimension,  ubb  may  be  issue  of 
the  familiar  fact  that  any  one-dlmenslonal  disturbance  in  unbroken  liquid  le 
equivalent  to  two  superposed  trains  of  plane  waves  traveling  in  opposite  di- 
rections. One  of  these  two  trains  will  fall  at  normal  Incidence  upon  the 
plane  boundary  of  the  cavltated  region,  while  the  other  will  be  leaving  It 
continually  as  a reflected  train  of  waves.  Simple  equations  can  then  be 
written  in  terms  of  these  trains. 

Let  p‘  denote  the  presRure  In  the  incident  wave  train,  and  let  vc 
danota  the  particle  velocity  In  the  cavltated  region,  measured  positively  now 
toward  tho  cavltated  side  or  the  boundary.  Then  the  analysis  (2)  indicates 
that.  If 

p'  £ -|{pt  + pe«c) 
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p > p * p 


the  boundary  remain*  at  lo . „ » v< 

rust,  except,  of  course, 
as  it  may  move  slightly 
with  the  panicle  veloc- 
ity of  the  water.  The 
incident  waves  are  re- 
flected as  if  at  a free 
surface  at  which  the 
pressure  is  always  pc; 
see  Figure  4.  This  case 
will  occur,  for  example, 

whenever  the  Incident  waves  are  waves  of  tension  but  are  not  of  sufficient 
strength  to  cause  fresh  cavitation. 

If,  on  the  other  hand. 
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Figure  4 - A Plane 
Stationary  Boundary 


Figure  5 - A Plane  Forced 
Closing-Front  advancing 
toward  the  Right 


P'  > + pcvc) 


the  boundary  advances  toward  the  cavltated  region  as  a forced  closing-front; 
see  Figure  5-  For  the  pressure  p and  the  particle  velocity  v of  the  unbroken 
water  Just  behind  the  front,  the  latter  taken  positive  toward  the  side  of 
cavitation,  and  for  Vc,  the  speed  of  advance  of  the  front  relative  to  the 
cavltated  water  ahead  of  it,  the  following  formulas  are  obtained  (2) 

[51 


_ (l  -nlpcw’ 

"c  — 2\u  + n (c  — 2 w) 

w + ?j(e  — to) 
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where 

» “ JT^V'  ~ Pc)  - u< 

p is  the  density  of  water  and  c the  speed  of  sound  in  it,  and  ?;  is  the  frac- 
tion of  space  that  is  occupied  by  bubbles. 

According  to  Equation  [7),  Vc  “ c if  jj  = 0.  The  boundaries  at 
which  n - 0 constitute,  however,  a 3?ngular  case  which  will  usually  be  of 
momentary  (iiirHi.i;«.. 

The  most  Interesting  example  of  sucn  a boundary  Is  a breaking-front 
which  has  Just  ceased  advancing.  Usually  the  advance  ueases  because  V4  has 
sunk  to  c and  would  go  below  this  value  if  the  front  advanced  farther;  then, 
by  Equation  [4],  rj  «=  0 at  the  front.  Furthermore,  by  Equation  [3],  in  which 
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v4„  ■ - v,,  v6„  « - v4,  and  In  view  of  the  differences  In  fne  choice  of  the 
positive  direction  for  velocity,  as  illustrated  in  Figures  1 and  4, 


Here  pk  and  represent  pressure  and  particle  velocity  just  behind  the  front, 
so  that  ph  “ p'  + p"  where  p"  is  the  pressure  in  the  reflected  wave;  whereas 
by  Uie  usual  acoustic  equations  pcvt  *=  p'  - p".  It  follows  that 

p'  “ \ (p,  + pcv c) 

Comparison  of  this  equation  with  inequalities  previously  written  involving  p’ 
shows  that  the  further  behavior  of  the  boundary  will  depena  upon  the  subse- 
quent course  taken  by  the  Incident  pressure  p' . If  p’  increases  as  tine  goes 
on,  the  boundary  will  at  once  start  back  toward  the  cavitated  region  as  a 
forced  closing- front;  whereas,  if  p'  remains  constant  or  decreases,  the 
boundary  will  remain  stationary,  constituting  a free  surface. 

FINITE  GAPS 

Cavitation  In  the  midst  of  a mass  of  liquid  must  ordinarily  consist 
of  small  bubbles  which  can  be  assumed,  for  analytical  purposes,  to  be  con- 
tinuously distributed.  There  appear  to  bo  only  two  ways  in  which  large 
spaces  or  gaps  can  be  formed  in  a liquid  by  hydrodynamic  action  not  involving 
the  motion  of  solids. 

Rotational  motion  may  have  the  effect  of  lowering  the  pressure  to 
the  breaking-point,  as  in  an  eddy,  and  then  forming  a cavity.  Such  motion, 
however,  1b  excluded  in  the  present  discussion. 

If  the  motion  is  of  the  irrotational  or  potential  type  a gap  can 
form  only  if  p4  < pc,  where  a wave  of  tension  falls  upon  the  boundary  oi  a 
cavitated  region  already  formed  and  causes  the  surface  of  the  unbroken  water 
to  withdraw.  Such  a gap  will  presumably  take  the  form  of  a layer  of  especial- 
ly large  bubbles  between  the  broken  and  unbroken  water. 

When  cavitation  results  from  the  impact  of  a wave  of  tension  upon 
the  interface  between  water  and  a solid,  its  character  will  depend  upon  the 
relative  magnitudes  of  the  breaking-pressure  for  a water-solid  and  for  a 
water-water  surface.  If  the  breaking-pressure  between  solid  and  water  is 
higher  than  that  within  the  water  itself,  breaking  will  occur  first  at  the 
solid,  with  the  formation  of  a gap  or  cavity,  otherwise  continuously  distri- 
buted cavitation  will  form  in  the  water,  a layer  of  which  will  be  left  in 
contact  with  the  solid.  What  the  facts  are  in  the  case  of  explosive  pressure 
wave0  impinging  upon  painted  or  corroded  steel  Is  not  yet  known. 
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The  subsequent  closing  of  a gap,  provided  It  does  not  contain  an 
appreciable  amount  of  air  or  other  foreign  gas,  will  result  in  the  usuai 
water-hammer  effect.  If  the  gap  closes  against  a rigid  boundary  moving  at 
fixed  velocity  v",  and  v'  is  the  particle  velocity  of  the  advancing  water, 
the  pressure  rises  Instantaneously  from  p,  to  p(  + pc{v'  - v").  When  a gap 
closes  In  the  midst  of  the  water,  however,  with  a difierer.ee  v'  - v"  In  the 
particle  velocities  on  the  two  sides  of  the  gap,  the  impact  pressure  is  only 
- v-');  here  the  pressure  at  the  gap  rises  instantaneously  from  p to 
pt  + -lpc(v'  - v The  action  is,  in  fact,  the  same  as  if  the  two  masses  of 
water  had  impinged  simultaneously  and  from  opposite  sides  upon  a thin  solid 
sheet  moving  with  the  mean  velocity  of  the  water  or  a velocity  tj  ( u ' + v"). 


: i 


i i i 


! § 


CAVITATION  AND  DYNAMICAL  SIMILARITY 

Cavitation  in  tha  midst  of  a liquid  differs  in  its  effect  upon  re- 
lations of  similarity  from  cavitation  at  the  surface  of  a solid. 

A glance  at  the  differential  equations  of  sound,  or  at  some  of  the 
equations  written  in  this  report,  shows  that,  In  constructing  a possible  mo- 
tion similar  to  a given  one,  but  on  a different  scale.  It  is  necessary  to 
preserve  unchanged  at  corresponding  points  the  values  of  the  two  dimension- 
less quantities 

where  p is  the  pressure  referred  to  any  chosen  datum  or  zero  of  pressure, 
v Is  the  particle  velocity, 

p is  the  density,  and 

c is  the  speed  of  sound  in  the  liquid  in  question,  here  water. 

In  a given  liquid,  with  fixed  p and  c,  it  follows  that  both  p and  the  par- 

ticle velocity  must  be  preserved  at  coriespondlng  points.  The  only  transfor- 
mation that  is  possible  is  thus  the  sit. pie  one,  familiar  in  the  discussion  of 
underwater  explosions,  in  which  all  linear  dimensions  and  all  times  are 
changed  in  the  same  uniform  ratio.  The  occurrence  of  cavitation  at  fixed 
values  of  p6  and  pc  alters  nothing  in  this  conclusion  so  long  as  cavities  of 
appreciable  size  do  not  form. 

If  large  gaps  occur,  however,  gravity  toy  play  a role  In  their 
neighborhood.  Then,  from  such  equations  as  i ■ \gtz  and  p « pgh,  where  s is 
the  displacement  in  time  t or  h is  the  static  head,  it  is  evident  that,  for 
similarity  to  hold,  an  additional  quantity  must  be  preserved.  This  may  be 
written  in  various  forms,  such  as  gs  t 2/s2  or 


r.wpg- 
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where  L Is  any  convenient  linear  dimension.  It  is  clear  that  L,  like  v , 
must  be  kept  constant.  Thus,  if  cavitation  within  the  midst  of  a liquid  la 
accompanied  by  the  formation  of  cavities  of  considerable  size,  no  transfor- 
mation of  similarity  is  possible  at  all. 

The  inclusion  of  effects  of  viscosity,  on  the  other  hand,  requiring 
preservation  of  the  quantity 

...» 

v 

wheie  v is  the  viscosity,  is  known  to  destroy  the  possibility  of  similarity, 
irrespective  of  whether  cavitation  occurs  or  not. 

In  experiments  ouch  as  those  on  eavi  tnti  rtg  propeller*,  t rare  forma- 
tions of  similarity  can  be  made  for  tyo  reasons.  In  the  first  place,  the 
compressibility  of  the  water  can  be  neglected,  as  well  as  the  viscosity  ef- 
fects, so  that  only  two  quantities  need  to  be  preserved  In  value,  suen  as 

V jjL 

pt* ’ V* 

In  the  second  place,  only  a single  cavitation  pressure  is  usually  recognized, 
and  this  can  bn  taken  as  the  datum  pressure  which  is  held  constant.  The  usu- 
al change  of  scale  then  becomes  possible  in  which  all  linear  dimensions  and 
also  the  excess  of  pressure  at  each  point  over  the  cavitation  pressure  are 
changed  in  proportion  to  v*.  If,  however,  it  became  necessary  to  distinguish 
between  two  cavitation  pressures,  a breaking-pressure  and  a cavity  pressure, 
then  the  fixed  difference  between  these  two  would  require  all  pressure  dif- 
ferences to  be  ilxed,  and  consequently  similar  motions  on  different  linear 
scales  could  not  occur. 
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APPLICATION:  CAVITATION  BEHIND*  A PLATE 

The  simplest  case  to  which  the  analytical  theory  of  cavitation 
can  be  applied  is  that  of  plane  waveB  or  pressure  railing  at  normal  Inci- 
dence upon  a uniform  plane  sheet  of  solid  material,  where  the  sheet  is  so 
thin  that  elastic  propagation  through  its  thickness  need  not  he  considered; 
see  Figure  t. 

Various  aspects  of  this  case  have  been  discussed  in  several  reports 
(3)  (4)  (5)  (6).  If  the  pressure  wavo  is  of  limited  length  and  of  suffi- 
ciently low  Intensity  to  make  acoustic  theoiy  applicable,  and  if  water  can 
support  the  requisite  tension,  then  it  has  been  shown  that  the  initial  for- 
ward acceleration  of  the  plate  is  followed  by  a phase  during  which  It  13 
brought  to  rest  again  by  the  action  of  tension  in  the  water.  The  final  dis- 
placement of  the  plate  is  equal  to  twice  the  total  displacement  of  a particle 

Co  the  aide  acted  \r.  by  the  explosion. 
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of  water  due  to  the  incident  wave,  or  the  same  as  the  displacement  cf  the 
water  surface  when  the  plate  is  absent. 

The  effect  of  cavitation,  on  the  other  hand,  will  vary  somewhat, 
according  to  the  point  at  which  it  occurs.  There  are  two  possibilities : 

1.  The  plate  way  break  loose  from  the  water,  or 

2.  cavitation  may  occur  first  in  the  water  itself. 

l.  The  plate  may  break  loose  from  the  water;  sse  Figure  7. 

The  pressure  at  which  this  occurs  may  be  either  the  cavity  pressure 
pe  or  some  lower  pressure  pk'.  In  either  case,  the  surface  of  the  liquid 
ihei:  becomes  a free  surface  at  which  the  pressure  13  constant  and  equal  to 
p,,  and  the  remainder  of  the  Incident  wave  is  reflected  from  this  free  sur- 
face. The  plate,  meantime,  will  continue  moving  forward  until  it  is  arrest- 
ed by  other  forces.  The  pressure  pk,  atmospheric  or  otherwise,  acting  on 


Figure  6 - Diagram  representing  ?lsne 
Waves  of  Pressure  p in  Water, 
falling  upon  a Large  Thin  Plate 

This  plats  is  backed  by  gas  at  th»  proscura  p^ 

A reflected  r-re  of  pressure  p"  travels 
beck  Into  the  water. 


Figure  7 * Diagram  illustrating  the 
Case  in  which  Cavitation  occurs 
at  a Thin  Plate 

Here  the  cavitation  takes  the  fora  of  & defluite 
cavity  in  which  the  pressure  is  pc. 


the  opposite  face  of  the  plate,  may  be  asBUi.ied  to  exceed  the  pressure  p,  in 
the  cavity  behind  it;  the  difference,  pk  - p.,  will  suffice  eventually  to  ar- 
rest the  motion  of  the  plate  and  to  cause  its  return  to  contact  with  the  wa- 
ter. There  may  also  be  other  forces  of  elastic  or  plastic  origin.  It  may 
happen,  however,  as  suggested  by  professor  G.I.  Taylor  (5),  that  opray  pro- 
jected from  the  water  surface  will  tend  for  a time  to  support  the  outward 
motion  of  the  plate.  When  the  returning  plate  Btrlkes  the  water,  an  impact 
wave  of  pressure  will  be  produced  in  the  water  as  the  plate  comes  exponen- 
tially to  rest. 

If  the  incident  wave  is  of  exponential  form,  explicit  formulas  are 
easily  obtained.  This  case  is  discussed  at  length  by  Taylor  (5),  but  a few 
details  may  be  given  here. 


12 


23S 


The  equation  of  motion  for  the  plate  is 

« frf  " P + P"  1 9 J 

where  p is  the  excess  of  pressure  in  the  incident  wave  above  the  hydrostatic 
pressure  ,<>„,  which  is  assumed  to  be  the  8amc  on  both  sides  of  the 
plate, 

p'  is  the  excess  of  pressure  over  pk  in  the  reflected  wave, 
to  is  the  mass  of  the  plate  per  unit  area, 

* is  the  positional  coordinate  of  the  plate  in  a direction  perpendicu- 
lar to  its  surface,  and 
t is  the  time. 


Elimination  of  p"  gives 


a x 

<u i 


dt 


2p 


where  p is  the  density  of  water  a'.d  c is  the  speed  of  sound  in  it, 
here  Equations  [9]  and  [10]  on  page  24  of  TMB  Report  48o  (4). 

The  solution  of  Equation  [10]  for  p ■ 0 Is 

dt 

dt  “ “°e 


lioj 

Compare 

Hi] 


With  a suitable  choice  of  the  constant  u„,  this  solution  will  represent  the 
motion  of  the  plate  after  returning  to  contact  with  the  water  if  t represents 
the  time  measured  from  the  instant  of  contact  and  u0  is  the  velocity  of  the 
plate  at  that  instant. 

To  represent  the  impact  of  the  pressure  wave,  we  set  p - 0 for 
t leas  than  0 and,  for  t greater  than  0, 


p - p(t)  - pat 


In  terms  of  two  constants  p0  and  a.  It  is  assumed  that  the  displacement  of 
the  plate  during  the  effective  time  of  action  of  the  wave  Is  negligibly  small. 
The  solution  of  Equation  [10]  that  represents  the  plate  as  starting  from  rest 
at  x * 0 and  t « 0 Is  then  easily  verified  to  be 


dx 

dt 


[13] 


see  TMB  Report  480,  page  25. 

The  corresponding  total  pressure  on  the  plate  above  hydrostatic  is, 
from  Equations  [9]  and  [13], 


, d*x 

v + v ” « jpr 


— atns  ) [14] 
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If  the  simple  assumption  is  now  made  that  cavitation  occurs  at  the 
surface  of  the  plate  as  soon  as  the  pressure  sinks  to  a certain  value  p,/, 
the  time  at  which  it  occurs  can  be  found  by  putting  p + p"  « pr  - pk  in 
Equation  [14]  and  solving  for  t.  The  corresponding  value  of  dx/dt  as  ob- 
tained from  Equation  (13)  is  then  the  velocity  with  which  the  plate  leaves 
the  water. 

For  the  special  case  in  which  pA'  ■ pt  - pk,  this  velocity  is  also 
the  maximum  velocity  acquired  by  the  plate  and  has  the  value 


dx 

dt 


- qTh 

am 


if.] 


where 

• -£-  i’6> 

as  given  on  page  7 of  TMB  Report  489  (6).  The  formula  for  can  also  be 
written 


fc  (171 

where  k is  a dimensionless  number  and  pjp c represents  the  particle  velocity 
aesoelated  with  the  maximum  pressure  in  the  incident  wave.  A plot  of  k 
againct  q is  shown  in  Figure  8. 

If  pb'  is  less  than  pA,  the  plate  is  slowed  down  somewhat  by  the 
action  of  the  pressure  pA  on  its  opposite  face,  assisted  perhaps  by  tension 
xu  the  water,  30  that  it  leaves  the  water  with  a velocity  less  than  v™, . 

The  initial  velocities  of  diaphragms  acted  on  by  explosive  pressure 
waves  as  measured  at  the  David  W.  Taylor  Model  Basin  have  always  been  less 
than  the  calculated  v**,,  but  never  less  than  half  os  great.  Details  will  be 
reported  elsewhere. 

2.  Cavitation  may  occur 
first  in  the  water  Itself;  see 
Figure  9. 

Consideration  of  this 
case  is  new.  If  a fixed  breaking- 
pressure  pA  is  assumed,  the  point 
at  which  cavitation  starts  nay  be 
found  by  examining  the  resultant 
pressure  distribution  in  the  water 
near  the  plate.  The  reflected 
pressure  p"(t)  at  the  plate  Itself 
is,  from  Equations  112]  and  (14], 


The  broken  curve  continues  the  righi-hand 
part  oT  the  curve  backward 

on  the  r-cne  ss-xln. 


1 


) 


'i 


14 


241 


ao  long  as  cavitation  does  not  occur, 

P'”'*)  “ TT^osT  [2p1*  * - <p«  + ""»)  t T 8] 

Let  i represent  a distance  from  the  plate,  measured  positively  In  the  direc- 
tion of  propagation  of  the  incident  wave.  Then  the  pressure  at  any  point  be- 
hind the  plate,  within  the  distance  to  which  the  reflected  wave  has  traveled, 
will  be 


p - p(t  - f-)  + p"(t  + f-) 
2pe 


- ■££(' *?)  _ pc  taw  -•( 
pc  - am  * pc  - am  * 


« + *>] 


(191 


Cavitation  will  begin  where  p as  given  by  this  equation  first  sinks 
to  the  breaking-pressure  p4.  From  this  point  a breaking-front  will  advance 
toward  the  plate,  perhaps  all  the  way  up  to  it,  while  another  one  travels 
back  into  the  water.  The  latter  front  travels  forever,  in  the  present  case, 

provided  p is  less  than  0,  but  the  cavi- 
tation behind  it  soon  becomes  negligible. 
This  is  because  the  incident  wave  soon  be- 
comes inappreciable,  ana  the  receding 
breaking-front  soon  becomss  Indistinguish- 
able from  that  particular  reflected  wave 
at  which  p"  « p4  - pK  and  travels  with  this 
wave  at  the  speed  of  sound.  Equation  [4] 
then  gives  tj  « 0 Behind  the  front. 

The  particle  velocity  v,  ahead 
of  the  front  becomes  that  of  the  reflected 
wave  or  vin  - - (p4  - p„)/pe;  hence  oy 
Equation  {51.  in  which  V4  « e and  the  signs  of  vt,  and  vtn  must  be  changed  to 
allow  for  the  difference  in  the  direction  chosen  for  a positive  velocity,  the 
particle  velocity  behind  the  front  is  - (pc  - pk)/pc.  Thus  the  part  of  the 
reflected  wave  from  ?p0  to  p4  travels  on,  with  a discontinuity  at  its  rear 
face,  leaving  the  pressure  uniformly  equal  to  pc  and  the  velocity  uniformly 
equal  to  - (pc  - pk)/pc  behind  it.  Only  a limited  region  of  cavitation  is 
formed  near  the  plate. 

Tho  process  oy  which  the  plate,  after  being  returned  by  other 
forces  ouch  as  air  pressure,  destroys  the  cavitation  again,  can  be  followed 
by  numerical  integration  in  any  particular  case  that  may  arise. 


Figure  9 “ Diagram  Illustrating 
the  Case  in  which  Bulk 
Cavitation  occurs  in  the  Water 
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F OF  CAVITATION  ON  PRESSURE 
The  action  cf  an  exponen- 
tial v.uve  upon  a plate  Is  Ulus- 
trated  In  Figures  10  and  11,  which 
are  drawn  to  represent  very  rough- 
ly the  action  of  the  shock  wave 
from  300  pounds  of  TNT  upon  a plate 
of  steel  1 Inch  thick,  or  from  1 
ounce  of  TNT  upon  a plate  1/17  inch 
thick. 

Figure  10  shows  the  ex- 
cess pressure  on  the  plate  itself, 
above  hydrostatic  pressure,  plotted 


Figure  10  - Pressure  on  a Plate,  In  the 
Absence  of  Cavitation,  plotted 
on  a Time  Base 


Figure  11  - Distributions  of  Pressure  behind  a Plate  at  Successive 
instants  of  Time,  in  the  Absence  of  Cavitation 

Th©  Incident  wav©  approaches  froa  the  left,  I.ence  dlotmc©  (Vein  the  plate  is  plotted  In  that  direction. 


on  a basis  of  time.  The  time  scale  Is  labeled  to  correspond  to  300  pounds  of 
TNT;  for  1 ounce  the  times  would  be  I /1 7 as  great.  One  erve  shows  the  inci- 
dent pressure,  or  tne  pressure  that  would  exist  in  the  water  at  the  location 
of  the  plate  if  the  plate  were  absent,  as  given  by  Equation  [12].  The  ether 
curve  shows  the  actual  pressure  on  the  plate,  as  given  by  Equation  [14]. 

This  may  be  thought  of  as  made  up  of  the  Incident  pressure  p together  with  a 
c disponent  of  pressure  p " due  to  a reflected  wave  that  travels  bar*  into  the 
water. 
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Figure  11  - Distributions  of  Pressure  behind  a Plate  3t  Successive 
Instants  of  Time,  in  the  Absence  of  Cavitation 


Figure  11.  on  the  other  hand,  shows  the  Instantaneous  distribution 
of  pressure  In  the  water  adjacent  to  the  plate,  plotted  against  the  distance 
from  the  plate.  The  distances  shown  in  the  figure  correspond  to  ?00  pounds 
of  TNT;  for  1 ounce  they  would  be  1/1 7 as  great.  The  curves  are  calculated 
by  Equation  [19]  where  t + x/c  is  positive,  and  by  Equation  [12]  elsewhere. 
Curve  A shows  the  distribution  of  pressure  at  the  instant  at  which  the  pres- 
sure wave  first  reaches  the  plate  (t  » 0).  Curve  B show."  the  distribution 
0.2  millisecond  later  (t  * 0.0002);  at  this  time  the  reflected  wave  has  ad- 
vanced 1 foot  from  the  plate.  Curves  C,  D,  b,  F refer  similarly  to  times 
about  0.4,  0.8,  1,6,  2.4  milliseconds  after  the  arrival  of  the  incident  wave. 
Curve  F serves  also  to  represent  the  final  lorm  of  the  reflected  wave;  the 
incident  wave  has  by  this  time  completely  disappeared. 

These  figures  will  be  modified  by  the  occurrence  of  cavitation  in  a 
way  that  depends  upon  the  laws  governing  the  cavitation. 

Cavitation  may  occur  at  t-i#  plate.  It  may  occur  as  soon  as  the 
pressure  sinks  to  the  hydrostatic  pressure  pki  this  will  be  at  the  Instant 
marked  t,  in  Figure  10.  In  this  esse  the  plate  leaves  the  water  with  a ve- 
locity equal  to  ae  given  bv  Equation  [17],  ar.d  the  curve  for  the  pres- 

sure on  the  plate  In  Figure  10  coincides  with  the  axis  of  zero  pressure  from 
the  time  t,  onwards.  An  alternative  possibility,  however,  is  that  cavitation 
may  not  begin  until  a lower  pressure  pk  is  reached,  at  a later  time  such  as 
that  marked  t2  in  Figure  10.  In  this  caBe  the  plate  leaves  the  water  at  the 
time  t j with  a velocity  less  than  vrM  . The  pressure  on  the  plate  after  t2 
will  than  be  the  constant  cavity  pressure  pc.  If  pt  ••  pt‘ , the  curve  will 
extend  horizontally  from  the  point  t2.  as  shown  by  the  lower  of  the  broken 


lines,  instead  of  continuing  downward.  If,  on  the  other  hand,  pt  in  greater 
than  pt' , the  pressure  on  the  plate  will  rise  suddenly  to  the  value  j»,  at 
the  instant  t,  and  will  then  remain  constant,  as  illustrated  by  the  upper  of 
the  two  broken  lines  in  Figure  10. 

The  distributions  of  pressure  in  the  water,  as  plotted  in  Figure  11, 
will  be  modified  in  ways  to  correspond.  The  part  of  the  reflected  wave  that 
is  reflected  from  the  water  surface  after  the  occurrence  of  cavitation  will 
be  modified  so  as  to  contain  higher  pressures,  since  the  pressure  at  the  wa- 
ter surface  is  higher  than  it  would  have  been  if  the  water  had  continued  in 
contact  with  the  plate,  ir,  Figure  11,  on  each  of  the  later  curves  there  will 
be  a point  representing  the  instantaneous  position  of  that  part  of  the  re- 
flected wave  which  was  reflected  .lust  sb  cavitation  began;  such  a point  is 
indicated  by  a on  Curve  E.  The  press  e to  the  right  of  this  point  contains 
a component  that  was  reflected  from  the  free  water  surface  instead  of  from 
the  plate  and  hence  will  lie  somewhat  higher  than  it  would  In  the  absence  of 
cavitation,  aa  is  suggested  in  Figure  11  by  the  broken  line  ab. 

As  an  alternative,  cavitation  might  beg  in  in  the  water  itieif.  Xu 
such  a case  the  analysis  given  in  foregoing  sections  becomes  applicable. 
Cavitation  will  start  at  a definite  position  as  well  as  at  a definite  time. 

It  might  begin,  for  example,  At  Q in  Figure  11 ; thiB  point  would  then  repre- 
sent the  position  of  that  plane  in  the  water,  parallel  to  the  plate,  at  which 
the  preaaure  first  sinks  to  the  breaking-pressure  pk . 

From  this  initial  plane,  a plane  breaking-front  will  advance  a 
short  distance  toward  the  plate,  while  another  one  will  follow  the  reflected 
wave  toward  the  left,  moving  a little  more  rapidly  then  thlB  wave  so  aa  al- 
ways to  be  in  the  position  at  which  the  total  pressure  equals  pb.  Successive 
positions  of  the  latter  breaking-front  are  indicated  in  Figure  11  hy  Q',  <j", 
Q”'  . Behind  this  front,  or  on  the  right  in  the  figure,  lies  ths  cavltuted 
region,  in  which  the  pressure  equals  the  cavity  pressure  pt.  The  boundary  of 
this  region  on  the  side  toward  the  plate  is  not  shown  in  Figure  11,  since  its 
position  can  only  be  inferred  from  a more  detailed  study  of  the  motion  of  oho 
water  near  the  plate.  The  uniform  pressure  pe  behind  the  breaking- front,  on 
the  assumption  that  pt  is  greater  than  pb,  la  illustrated  for  a certain  in- 
stant of  time  by  the  broken  line  behind  SI ' • Thus,  the  part  of  Curve  F to 
the  left  of  Q-,  up  to  12  feet  from  the  plate,  represents  the  part  of  the  re- 
flected wave  that  got  past  <J  before  cavitation  began,  diminished  somewhat 
through  being  partially  overtaken  by  the  breaking-frcnt  which  moves  at  first 
at  supersonic  velocity.  The  remainder  of  Curve  F is  replaced  by  the  uniform 
pressure  in  the  cavltated  region  or  near  the  plate  by  an  undetermined  modi- 
fied pressure. 


More  complete  figures  are  scarcely  worth  cons  .rusting  until  an 
actual  known  case  presents  Itself  for  analysis. 

CAVITATION  UNDER  THE  SURFACE  OF  THE  SEA 

When  a charge  is  exploded  at  a suitable  depth  In  the  ocean,  a dome 
of  white-appearing  water  la  seen  to  rise  somewhat  above  the  surface,  breaking 
after  a no sent  into  plumes  of  spray.  The  eight  frames  from  a motion  picture 
film.  Figure  12,  Illustrate  this  phenomenon.  The  plumes  are  supposed  to  be 
associated  with  the  escape  of  the  explosion  gases.  The  dome,  however,  has 
been  ascribed  to  the  occurrence  of  cavitation;  a layer  of  water  at  the  sur- 
face and  Just  under  It,  after  being  kicked  upward  by  the  pressure  wave,  falls 
to  be  Jerked  to  rest  again  by  the  action  of  a reflected  wave  of  equal  ten- 
sion and  continues  rising  until  stopped  by  gravity  and  air  pressure.  This 
explanation  will  be  considered  briefly  on  the  basis  of  the  foregoing  analysis. 

It  Is  necessary  first  to  fix  upon  the  value  to  be  assumed  for  the 
breaking-pressure  «r.  Hllllar  (7)  found  that;  the  dnm«  wan  absent  whenever, 
according  to  his  measurements,  the  maximum  pressure  reaching  the  surface  was 
under  0.3  ton  or  670  pounds  per  square  inch,  and  concluded  that  j>6  was  rough- 
ly of  this  magnitude.  It-  will  be  assumed,  therefore,  for  the  moment,  that 
pk  - -600  pounds  per  square  Inch. 

To  select,  a specific  case 
for  study,  suppose  that  a charge  of 
300  pounds  of  TNT  Is  detonated  50 
feet  below  the  surface  Th6n  the 
pressure  wave  should  be  reflected 
from  the  surface  as  a wave  of  equal 
tension,  diverging  from  tho  mirror 
image  of  the  charge  m the  surface 
and  decreasing  In  Intensity  a3  It 
progresses.  Using  Hllllar's  data, 
it  la  easy  to  map  out  the  lens- 
shaped  volume  within  which  the 
pressure  would  sink  momentarily 
at  least  to  -600  pounds  per  square 
Inch  if  there  were  no  cavitation. 

This  volume  Is  outlined  roughly  by  the  lower  curve  in  Figure  1 > . 

Application  cf  the  criterion  obtained  from  the  analysis  for  the 
propagation  of  a breaking-front  Indicates,  on  the  contrary,  that  cavitation 
would  In  reality  be  confined  to  a much  smaller  region,  which  Is  shaded  in 
Figure  13.  To  locate  this  region,  It  la  necessary  to  estimate  the  magnitudes 


Figure  13  - Diagram  of  Region,  of  Reduced 
Pressure  following  Reflection  of  a 
Pressure  Wave  from  the  Surface 
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of  the  incident  and  reflectod  waves  as  they  become  superposed  upon  each  ctner 
at  various  points  and  at  various  times.  The  pressure  in  each  wave  is  assumed 
to  decrease  in  Inverse  proportion  to  the  distance  from  its  point  of  origin, 
real  or  assumed;  and  allowance  must  be  made  for  the  time  of  propagation.  It 
la  unnecessary  to  give  details  of  the  rather  tedious  calculations,  which  were 
carried  out  only  roughly. 

By  trial,  it  Is  found  that  the  total  pressure  should  first  reach 
the  value  of  -600  pounds  per  square  inch  at  a point  situated  directly  over 
the  charge  and  about  1 foot  under  the  surface.  Cavitation  will  begin  at  this 
point,  according  to  the  assumption  made  here,  and  from  this  point  a closed 
breaking -front  will  sweep  out,  moving  at  supersonic  velocity.  The  upper  side 
of  this  front  must  obviously  halt  almost  at  once,  for  a tension  of  600  pounds 
per  square  inch  cannot  occur  close  to  the  surface;  but  the  lower  side  may  de- 
scend to  a considerable  depth. 

In  Figure  14  are  shown  the  estimated  distributions  of  pressure 
along  a vertical  line  through  the  charge  at  two  different  times,  distin- 
guished by  the  numbers  1 and  2.  Heavy  curves  are  drawn  to  represent-  the  ac- 
tual pressures;  light  curves  above  the  axis  represent  the  component  pressures 
due  to  the  incident  wave,  those  below  the  axis  the  components  due  to  the  re- 
flected wave. 


Figure  14  - Diagram  illustrating  the  Distribution  of  Pressure  beiew 
the  Surface  of  the  Sea,  as  eAiilalned  in  the  Text 


At  the  Instant  1 , a small  part  of  the  incident  wave  haB  already 
been  converted  at  the  surface  Into  the  reflected  wave,  shewn  ay  '.lie  light 
curve  aac;  tne  remainder  of  the  Incident  wave  Is  represented  by  the  curve 
def.  Together  these  two  comDonents  make  up  the  total  pressure  represented 
by  the  heavy  curve  Till.  Cavitation  is  Just  beginning  a<  Q,  where  the  pres- 
sure has  sunk  to  -600  pounds  per  square  inch. 

Prom  this  time  onward,  the  curve  of  total  pressure  is  clipped  off 
at  -600  pounds  per  square  inch  by  the  breaking-front.  Hence,  at  the  time  ?, 
for  example,  the  curve  has  its  minimum  at  -600  at  B,  and  to  the  right  of  this 
point,  or  toward  the  surface,  lies  a eavltated  region,  in  which  the  pres,  sure 
has  the  small  negative  value  pt.  Just  under  the  surface,  however,  in  un- 
broken water,  larger  negative  pressures  will  probably  occur.  The  distribu- 
tion of  pressure  at  this  instant  will  thus  be  as  shown  by  the  heavy  curve  222. 

The  breaking-front  will  finally  cease  advancing  when  Vk  as  given  by 
Equation  [2]  becomes  equal  to  e.  in  applying  this  criterion,  it  is  more  con- 
venient to  transform  Equation  (?]  by  substituting,  from  the  theory  of  sound 
waves, 

dx  dy  9z  “ 

The  actual  formula  employed  in  making  the  rough  estimate  was  Equation  [46]  in 
Reference  (2).  Using  the  author' a provisional  estimate  of  the  later  part  of 
the  pressure  curve,  as  represented  on  page  15  of  Reference  (6),  it  was  con- 
cluded In  the  wanner  Just  described  that  cavitation  might  ultimately  exterd 
throughout  a volume  such  as  that  shaded  In  Figure  ib,  or  to  a horizontal 
radius  of  nearly  100  feet,  but  only  to  a maximum  depth  In  the  center  of  10 
fert. 

After  che  boundary  of  the  cavitated  region  has  ceased  advancing  as 
a breaking-front,  it  will  undoubtedly  begin  to  recede  as  a closing-front.  No 
attest  has  been  made  to  follow  this  process,  however,  since  It  seems  t.o  be 
possible  to  infer  the  gross  features  of  the  subsequent  motion  of  the  water 
from  more  general  considerations. 

The  particle  velocity  lust  behind  the  front  may  be  estimated  from 
Equation  [3].  Just  above  the  top  of  the  cavitated  layer,  vlK,  representing 
the  resultant  particle  velocity  due  to  incident  and  reflected  waves,  adds 
jiUiKcricplly  to  the  last  term  In  Equation  [3]  and  gives  a total  upward  par- 
ticle velocity  velt  in  the  cavitated  layer  of  about  49  feet  per  second.  The 
simultaneous  value  at  the  surface  Is  twice  that  in  the  Incident  wave  or  per- 
haps 34  feet  per  second.  Where  the  descending  part  of  the  front  halts,  how- 
ever, tne  positive  direction  for  vtm  1b  downward,  whereas  the  actual  particle 
velocity  is  due  almost  entirely  to  the  reflected  wave  and  Is  upward.  Thus 
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*>tIl  Is  here  nearly  equal  to  pjue,  so  that  vk„  Just  about  cancels  the  last 
term  in  Equation  [3]  and  1b  small.  It  may  safely  be  inferred  that  the 
particle  velocity  in  the  cavltated  region  will  grade  from  a small  value  at 
the  bottom  to  about  49  feet  per  second  at  the  top. 

The  whole  cavltated  layer,  9 feet  thick,  should  therefore  rise, 
carrying  a thin  uncavitated  sheet  on  top  of  it.  Thle  "solid"  sheet  will  in- 
crease In  thickness  as  its  lower  boundary  travels  downward  in  the  form  of  a 
forced  closing-front.  The  numerical  values  cited  Indicate  that  the  center 
of  gravity  of  the  upper  10  feet  of  water  will  start  upward  with  a velocity 
cf  pcrhap  c 25  foot  per  sscojvi ; <i«y|  th should  hr  ® dovrvsrd  mra t ion  of 

g due  to  gravity  and  of  (34/1 0)j  due  to  air  preseure  on  the  top,  or  a total 
of  4.4  g.  The  center  of  gravity  should  rise,  therefore,  not  over  » - v*/2g  « 
2‘}*/8.8  x 32  » 2.2  feet,  during  a time  v/4 g or  0.2  second.  The  surface  of 
the  water  will  rise  higher  but  certainly  not  more  than  twice  as  high  or,  at 
the  utmost,  5 feet. 

Now  this  picture  as  Inferred  from  the  analysis  appears  not  to  agree 
too  well  with  the  facts,  miliar' s observations  indicate  that.  In  the  ease 
considered,  the  dowe  would  certainly  be  less  than  60  feet  in  radius  but  would 
rise  In  a second  or  so  to  a height  of  15  or  20  feet.  The  analytical  estimate 
would  be  changed  considerably  If  a different  breaking-pressure  were  assumed, 
or  if  more  recent  values  for  the  Incident  pressure  were  employed,  but  a large 
disagreement  with  obser/atlon  would  remain.  The  large  rise  that  Is  actually 
obberved  could  be  explained  only  by  supposing  that  the  disintegration  of  the 
water  extends  up  to  the  surface  and  serves  to  admit  atmospheric  pressure  to 
the  Interior.  Cavitation  up  to  the  surface  might  result  from  the  initial 
presence  of  air  bubbles  In  the  upper  few  feet  of  water,  which  would  effec- 
tively raise  ph,  perhaps  up  to  j>r.  The  whiteness  observed  In  all  explosions 
or  tnis  kind  does,  In  fact,  extend  to  the  very  edge  of  the  dome  in  ch-  photo- 
graphs; see  Figures  12  and  15.  It  Is  not  easy  to  believe,  however,  that  al. 
can  mix  sufficiently  rapidly  with  the  cavltated  water  to  relieve  the  vacuum 
effectively. 

The  Jaggedness  of  the  edge  of  the  dome,  so  clearly  revealed  by  the 
photographs,  suggests  a modified  hypothesis.  Perhaps  the  general  mass  of 
water  really  does  rise  only  a few  feet,  as  the  analysis  suggests,  and  what 
is  seen  as  a white  dome  of  considerable  height  is  only  an  umbrella  of  spray 
thrown  up  from  the  surface. 

The  origin  cf  the  spray  Itself  Is  perhaps  to  be  found  In  an  insta- 
bility of  the  surface  under  impulsive  pressure.  The  pressure  gradient  is 
equivalent  to  a momentary  increase  of  gravity  by  a factor  of  100  tc  1000, 
followed  by  a reversal  to  similar  values.  If  there  are  any  small  waves  on 


Figure  15  - The  Dome,  53  feet  high,  raised  by  a Charge  of  1900  pounds 
of  Amatol,  detonated  64  feet  below  the  Surface 

Thia  photof»r*ph  ia  froo  Hiiliar,  Rsfarenc*  (7j,  Figure  G2. 


the  surface,  the  lesser  mass  of  water  under  the  troughs  will  be  accelerated 
moid  violently  than  the  greater  rasa  under  the  crests,  but  the  difference  In 
the  accelerations  will  be  greater  during  the  pressure  phase  than  during  the 
subsequent  tension  phase  because  the  Initial  differential  motion  tends  to 
smooth  out  the  waves  or  even  to  reverse  them.  The  initial  troughs  snouici 
thus  tend  to  be  thrown  up  as  spray. 

An  Indirect  method  of  determining  whether  or  not  cavitation  occurs 
under  the  surface  Is  by  studying  the  reflected  wave  of  tension  itself.  In 
the  absence  of  cavitation,  this  should  be  a reversea  replica  of  the  incident 
wave,  reduced  somewhat  by  the  greater  distance  .of  travel.  If,  however,  cav- 
itation occurs,  only  the  very  short  initial  part  of  the  tension  wave  a?  pro- 
duced at  the  surface,  containing  the  rapid  drop  to  the  breaking-pressure  pb, 
will  continue  traveling  below  the  level  at  which  the  breaking-front  halts. 

It  Is  readily  seen  that  the  lower  boundary  01  the  cavn,<u<jl  region  should 
stand  still  thereafter  as  a stationary  boundary,  as  described  on  page  5. 

For,  as  noted  on  page  8,  2p'  * pc  + peve  when  the  breaking-front  halts,  where 
p'  la  the  positive  pressure  In  the  incident  wave,  and  thereafter  ?p  < pc  + />««. 
as  p'  decreases,  so  that  the  condition  for  a stationary  boundary  as  stated 
on  page  7 1b  met.  The  tall  of  the  incident  wave  will  be  reflected  from  this 
boundary  as  a tension  wave  in  which  the  pressure  is  p"  ■ p,  - p\  Thus  the 
total  reflected  wave  as  It  occurs  below  the  region  of  cavitation  will  be 
qualitatively  as  sketched  at  C In  Figure  14. 

This  conclusion  la  In  general  harmony  with  a series  of  piezoelec- 
tric observations  reported  In  I??'!  (8).  o rly  relatively  small  tensions  were 
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found.  Presumably  an  initial  jab  of  high  tension  such  as  cc  In  figure  14 
would  have  little  effect  on  the  gage.  The  observed  tensions  would  represent, 
therefore,  merely  the  reflection  of  the  tall  of  the  Incident  wave  from  the 
bottom  of  the  cavltated  region,  as  Is  stated  In  the  report. 

The  value  of  the  breaking  pressure  may  be  Inferred  most  easily  from 
the  mini  awn  depth  at  which  the  reflected  tension  appears  In  full  strength, 
indicating  no  cavitation.  One  of  the  observations  mentioned  polr.es  toward  a 
relatively  high  value  of  pt.  A charge  of  2 1/4  poundB  of  guncotton  60  feet 
below  the  surface  gave  a maximum  pressure  of  91 0 pounds  per  Bquare  Inch  on  a 
gag®  placed  ip  feet  away  and  on  the  same  level.  Without  cavitation,  there- 
fore, the  maximum  reflected  tension  should  be  about  910  * 15/120  « 115  pounds; 
but  only  15  pounds  was  observed.  Yet  the  maximum  pressure  at  the  surface 
would  be  only  91 0 x 15/60  » 230  pounds  per  square  inch.  If  the  gage  was  cap- 
able of  measuring  tensions  effectively,  t.he  conclusion  is  Justified  that  in 
tnls  case  the  water  must  have  cavltated  at  a tension  scarcely  exceeding  2C0 
pounds . 

It  must  be  recognized,  however,  that  cavitation  at  the  gage  might 
alter  the  conclusions  materially.  If  cavitation  ever  the  gage  occurs  at 
higher  pressures  than  It  does  in  the  water  itself,  then  the  tensions  indi- 
cated by  the  gage  sec  only  a lower  limit  to  the  magnitude  of  the  tension  oc- 
curring In  the  water  Itself,  The  piezoelectric  observations  would  be 
consistent  with  the  assumption  that  no  cavitation  at  all  occurs  In  the  midst 
of  the  sea. 

A few  remarks  may  be  added  concerning  the  similarity  laws  for  sur- 
face phenomena.  Cr-  page  9 14  has  been  seen  that  the  change  to  model  scale, 
as  It  is  coiononiy  made  in  dealing  with  underwater  explosions,  is  possible 
only  so  long  as  gravity  effectB  can  be  neglected.  In  this  change  all  linear 
dimensions  and  all  times  are  changed  In  one  and  the  Rome  ratio*  the  pressures 
and  velocities  at  corresponding  points  remain  unchanged.  It-  follows  that  the 
effects  of  air  pressure  upon  surface  phenomena  will  be  relatively  the  same 
upon  all  scaleB.  Insofar  as  these  phenomena  are  influenced  by  gravity,  how- 
ever, similar  motions  on  different  scales  are  inposslble.  Similar  motions 
would  be  possible  only  if  the  strength  of  gravity  were  changed  In  inverse 
ratio  to  the  linear  dimensions,  so  as  to  preserve  the  value  of  the  quantity 
yl/v*  or,  alnce  v2  is  unchanged,  of  gL  Itself;  L 13  here  any  convenient 
linear  dimension  and  v Is  the  particle  velocity.  Small-scale  phenomena  thus 
correspond  to  large-scale  ones  occurring  In  a proportionately  weaker  gravi- 
tational field. 

Thin  conclusion  Is  surprising,  for  It  appears  to  mean  that  spray 
should  be  thrown  to  the  same  height  by  charges  of  all  sizes.  This  would  be 
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in  conflict  with  the  suggestion  that  the  CtOuW  over  large  charges  nay  consist 
chiefly  of  spray,  for  a charge  of  an  ounce  throws  spray  to  a height  of  a few 
feet  at  most.  The  explanation  of  the  difference  may  possibly  lie  in  an  in* 
fluence  of  surface  tension  upon  spray  formation.  Since  the  pressure  under  a 
curved  surface  is  p * 2 T/r  in  terms  of  the  Burfacc  tension  T and  the  radius 
r,  the  relative  effect  of  surface  tension,  when  the  pressures  are  unchanged, 
will  be  the  same  only  if  T is  changed  In  the  ratio  of  the  linear  dimensions  - 
Thus  surface  tension,  being  actually  constant,  will  have  a much  larger  effect 
upon  small-scale  than  upon  large-scale  phenomena. 

On  the  other  hend,  as  we  have  seen,  a dome  of  superficially  solid 
water  ie  limited  chiefly  by  air  pressure,  hence  it  should  follow  the  usual 
linear  scale.  The  absence  cf  a noticeable  dome  over  small  charges  is  thus 
consistent  with  the  estimate  of  possible  dome  heights  as  made  in  the  forego- 
ing, and  In  turn  constitutes  evidence  against  the  supposition  that  the  dome 
over  large  charges  consists  largely  cf  moderately  disintegrated  water. 

It  must  be  recognized,  however,  that  other  causes  are  possible  for 
the  difference  in  the  surface  phenomena  on  large  and  small  scales.  For  one 
reason  or  another,  cavitation  might  occur  more  easily  in  the  salt  water  of 
the  sea  tnan  in  the  freeh  water  in  the  laboratory.  Or  it  might  be  that  water 
can  stand  higher  tension  for  the  shorter  times  involved  in  the  action  of 
smaller  charges.  More  evidence  on  these  points  is  needed. 
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An  KMYirt  >•  given  of  the  orient  position  of  vns  theory  of  the  motion  of  a steel  plot* 

'!+£*  ;'.^;ec!c£  ?:  or.  sspteslon  **Ui.  ?mo  appro*  isos  i one  one  in  use,  Infinite  plate,  end  the 
piston  In  rlj.d  wall,  Tna  foflwc-*  I*  eavldaren  to  ft  a better  apprcKtadUon  to  a snip,  <ne  tetter 
to  « fc*  model  or  olephrtgm-g.sgge.  Snipe*  pUtee  of  the  thfchnwane  end  strait**  used  In  practice 
behave  (towards  explosion  pole?*)  wry  wjcn  like  free  Surfaces  eiu  negative  prwesu/ee  ere  consequently 
set  op  Iff  the  aetor.  in  cone  In  clrcuMtanett  cavitation  occur*  In  the  water,  end  sane  ef  the 
•MFC  «f  the  explosion  poise  li  transformed  Into  kinetic  energy  of  thle  teeter,  «Mth  eventually 
collides  with  the  plets.  The  plate  thee  receives  energy  which  would  be  radiated  asty  at  a tension 
pulee  If  water  were  *ei<  to  stand  tension.  3nty  a fraction  of  thle  kinetic  energy  le  evelUela  to 
caeee  damage,  nevertheless  the  Invent  I pat  I or  js.?b»  teat  tnt  effect  oese#  an  Important  contribution 
to  Stooge  even  If  the  gUte  U several  Incus  thle*T  Tin#  th*A»y  ;#  «-  ! tot l vs  *,*  with 

e^Tpariaent.  and  tns  codifications  wnlvh  will  bo  nteseaary  In  order  to  *fW  account  of  toe  effect 
ef  cleapeo  edseo  or  stiffenars  erf  brlefky  discussed.  Two  afreets  which  *!!?  have  to  be  eoneldtrao 
off  diffraction  of  poeitiw  prasswr*  frtss  the  laantlle  jorto  of  the  piste  and  Impact  of  non-cavltateo 
water  with  the  plate  after  the  dleeppedrance  of  cavitation,  doth  of  thsae  effects#  however,  vanish 
for  sn  Infinite  plate , which  is  the  only  cose  conoloarwd  in  the  press**  report# 


List  0/  Sy*boU. 

■ eexlaea  pressure  of  Incident  pulse.. 

6 •time  constant  of  Incident  pulse. 

C ® velocity  of  sound. 

* « die  to  net  frow  origin  of  co-ordinate*  (also  thickness  of  reonef  ttuted  layer  of  water) 

y ■ defection  ef  plat*. 

fi  • density  of  puts, 

a ■ t Meanest  wf  plate. 

p0  * density  of  water. 

< (t  - j)  ■ pressure  pulse  reflected  fr««  puts. 

* ' 

0C  • log  tr)  * Taylor  cavitation  time, 

i - a * 

vc  • velocity  of  water  at  instant  of  cavitation. 

Ey  ■ Taylor  energy. 
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value*  of  y.  t and  * when  flat*  com*  to  rest. 


Introduction. 

Tha  behaviour  of  « itNi  pU;«  anon  bs*Jt*a#d  to  en  undtrsaur  axplaafoh  puioo  fcbt  Won 
treat ad  thaorstieatly  by  quite  a na»er  of  worsen.  luttareorth  (ha  earlier  work  on  th# 

subject  and  cor*  Ida  rad  both  an  Inf  Inlta  pitta  backed  by  a spring  and  a piston  aoving  In  a circular 
apart ur*  In  a rigid  wall.  Taylor(l)  considers  tha  fonwr nodol  and  iNM  that  om  gats  tnenmoad 
<kmge  If  on*  awppoaaa  that  tha  plata  leaves  tha  water  at  toon  aa  tha  pressure  In  tha  wwter  touching 
tha  plata  falla  below  carp.  Ha  also  su;jstts(t)  that,  In  this  case,  tha  plot*  my  gain  still  soft 
energy  |f  cavitation  spreads  outwards  tram  tha  piste  into  the  9»tar»  Thw  rvauiting  eprsy  alii  bo 
projected  t«ar««  the  ?*r.ts  end  oust  eventual  ly  catch  up  and  bonbon!  It.  This  suggestion  **»  fArtiv 
explored  by  foot  and  Hollo.  who  showwo  that  such  cavitation  and  follow-up  of  auttr  would  Ispl/  that, 
for  « thin  plata,  virtually  all  tha  Ineldem  tnt rgy  was  trappad  In  tha  neighbourhood  of  tha  plata, 
and  night  conceivably  contribute  to  Oeaojt,  An  actual  nachsnlsn  pf  r Hooding  hap  bosn  cone  I da  rad 
by  Klrt7podi3)  who  concludes  that*  in  practical  cates,  almost  all  th*  energy  expanded  In  producing 
cavitation  !n  water  eventually  contributes  to  daenge.  Unfortunately,  only  an  abetract  of  this  mra 
la  at  present  aval  labia.  The  general  theory  of  the  propagation  of  cavitation  In  water  has  bean 
given  by  Kannaro(a)  who  has  applied  I*,  to  a discussion  of  the  effect  on  structures (5),  and  has  given 
ar  account  of  the  present  position  nf  the  theory  of  the  distortion  of  a plats  by  an  txplos!on(*). 
it  is  tha  purpose  of  this  report  to  obtain  a definite  rumrknl  assetssont  of  tha  ttlra  energy 
couaunicated  to  an  infinite  pitta  by  this  process  of  cavitation  and  subsequent  ‘followup*  or 
Sosbardwent  with  spray.  eom  is  now  proceeding  on  the  stellar  probte*  for  the  piston  In  •'tgltf  wall, 
in  order  to  assess  the  effect  of  tha  finite  site  of  tha  plata,  the  Importance  of  wt>!cn  Is  fully 
raallsad.  it  Is  howfl  to  dial  with  this  in  detail  in  a liter  mport,  but.  In  tha  nssntli**,  a short 
discussion  of  tha  relation  between  tha  two  typts  of  theory  scan*  appropriate. 

delation  between  t ho  " Infinite  Platt*  and  tkt  'Piston  tit  Rigid  fell*  theories . 

It  Is  probsbla  that  the  Infinite  plate  on  a spring  Is  a reasonable  representation  of  the 
behaviour  of  a ship,  provided  that  one  «oy  assiaa  that  tne  affect  of  stiffeners,  etc..  U -rsed 
evenly  all  over  the  plates.  If,  however,  tha  stiffener*  era  strong.  It  Is  necessary  to  fc»oe  now 
tha  theory  mat  be  modified  to  cllow  for  the  foci  that  the  raft*  of  the  plate  near  the  stiffeners  ar* 
practically  (mobile.  This  problem  hat  been  consider**  by  Friedtander.  oh*  hat  obtained  snestlmte 
e?  the  affect  of  stlffsners  In  delaying  the  onset  u»  cav|»*„>lon,  and  also  of  the  off*!  of  a slight 
C4~vs*ure  of  an  in'inltC  plate  c.i  Xh?  time  pf  onset  of  cavitation.  Informatics  cn  the  effect  or 
clamped  edges  is  also  mnted  *o r thv  diecuMlon  of  box  artels  nr  diaphragm  gauges,  particularly  wren 
n baff'e  Is  fitted.  r^r  suen  the  ‘piston  In  rigid  wall*  aiens  » fefinlt-ly  better 

approximation  thnu  the  Jnf ini w piste. 

1st  us  suppose,  for  the  moment,  that  water  Is  eepable  of  standing  tension.  For  ships*  plat»* 
o'  tw  thicknesses  used  in  practice,  trw  reflected  wave  sat  up  when  tnay  are  acted  upon  by  an 
explosion  is  alnost  entirely  one’of  tens'y*  for  a large  platw  so  that  tnt  pressure  et  the  plate  quickly 
drops  to  sero  and  turn  to  negative  value:  Hc^ever.  U.c  pressure  at  the  (mobile  mil  remains 

positive,  and  a diffracted  wav*  travels  1 vords  tr*  contra  or  t*w*  plct-,  orj  tliux  enhance*  the  danege. 
It  Is,  la  fact,  shown  by  tutturworth  tha'  the  effect  o*  the  diffracted  wave  may  In  a typical  case  0* 
so  greet  as  to  prevent  the  pci.rrance  of  tans  I on  at  all,  and  that  even  when  tent?--  Sows  the 

diffracted  wdve  eventually  wipes  It  out,  nnd  u"ges  tne  plate  forwards  again,  in  the  Infinite  plate 
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cut  disc ousd  by  HylcrU),  this  diffracted  w»ve  it  absent,  and  tension,  having  once  Mt  In,  partlttt 
infltif inUely,  I*  It  clear  that  such  ■ theory  underest i mates  dansgi',  and  tnla  c4n  easily  bt  ttan 
to  be  true  even  If  «t  asu-uvs  tret  the  elate  Imvs*  water  at  soon  u tens  Jen  salt  In. 

If  water  cannot  stind  tension,  then  t.>»  plaU  will  leave  the  water  at  soon  as  the  oressure 
oroM  to  zero,  furthermore  trie  water  will  c&vltata  os  the  tenslor^pulse  set  up  o y reflection  at  the 
plate  travels  outwards.  initially,  the  cavUatod  water  will  all  be  noting  slow*'  than  the  plate, 
out  ae  the  plate  is  t -ought  to  r«st  by  the  action  of  elastic  end  plastic  stresses  the  ester  eventually 
catches  up.  for  a very  large  plate  It  l*  tlaer  that  damage  will  be  enhanced  by  this  effect,  and 
this  is  tne  case  which  Is  discussed  below*  fox  end  tollo  have  pointed  out  that.  If  cavitation  occurs 
at  a finite  tension,  the  contribution  to  damage  will  vanish  discontlnuoutljr  If  distance  and  might 
of  are  changed  continuously  and  bring  the  oeah  explosion  pressure  below  a certain  value* 

for  a finite  plate  conditions  will  jump  dlscontlnuously  from  the  'cavitation  ano  follow-up*  to  tM 
"diffracted  wave*  regimes  in  the  sen*  sort  of  way,  and  In  such  a case  It  la  at  present  an  open 
question  which  mechanism  will  bo  tM  more  tanging,  in  any  case.  It  seas*  clear  that  diffraction 
will  credo* i nets  for  i seal)  plate,  and  cavlutlan  for  a Urge  one,  but  it  my  bo  a natter  of  some 
difficulty  to  ooat  with  the  interned  late  case,  when*  both  mechanisms  are  probably  occurring  together, 
csv  I tat  I on  at  the  contra,  ana  diffraction  near  s-ges. 

&rPertmtwtaI  evidence. 

II  Is  perhaps  appropriatt  t.*>  Mention  at  this  point  thst  tne  existence  of  cavitation  In  the 
water  under  such  conditions  nos  been  established  photographically  beyond  all  possible  doubt  by 
•right,  Campbell  art  Senior  In  this  country.  u.S.  fttoorta  I'.E,  .0  and  it  are  also  rslsvar.t,  in 
the  latter  papers  it  Is  also  chpwn  that  cavitation  is  just  prevented  tr%m»  occurring  I*  conditions  are 
such  t.-Jit  the  a iff r«ct ion  wave  can  reacr.  the  centre  of  th#  plate  at  the  wom.tt  when  toe  total  pressure 
would  otherwise  have  dropped  tc  tero.  hers  oa  tk-  !cn  cf  plates  ««.;  to  «<.  uxolusion  which  nlen 
gives  evidence  t«*t  cavliatton  tx  rp  ii  in  «t  Road  ftesewnen  laboratory (a) , at  the  fey  lor  Model 
•aain(e)  and  at  Adiiratty  Undex  vu.m*  This  work  is  in  qualitative  agreement  with  theory,  but  until 
a wet  had  of  allowing  for  edge  effect*  has  been  wor«ed  out  a quantitative  cooper  I son  is  not  possible, 

tittle  or  no  experimental  evidence  cn  : » bii^  iour  «f  se*~weter  under  high  rates  pf  change 
of  Una  I or.  saema  to  be  available.  It  Is  probably  quit*  different  from  that  of  air-free  water,  which 
Is  tfet  is  uti»ry  studied  in  tm  laboratory.  Even  the  static  tension  which  pure  water  will  eland 
dou«  not  seam  to  be  known  with  any  certainty. 

Tkpory  for  an  i nfinit*  plate. 

(i|  Assumptions  made* 

as  stated  stae,  wo  shall  be  dealing  with  an  Infinite  plate,  and  we  shall  alto  consider  the 
case  of  e plane  wave  at  normal  Incidence,  so  that  conditions  become  effectively  <**-£  I«*«n*ianai . ’«#« 

also  aeauM  that:- 

(a)  fne  water  cavitates  at,  or  soon  «.fter,  tn*  instant  at  which  the  pressure  drops 
to  <vro, 

(b)  When  tM  water  catches  up  the  plats  nfter  cavitation,  it  Is  brought  to  edit 
(relative  to  the  plate)  snd  does  tot  rebound,  so  that  % layer  of  "reconstituted* 
water  gradually  builds  up  on  the  plats*  TM*  water  1*  treated  as  if  it  were 
ifKcnpressIhlo. 

Regarding  assimptlon  (a),  there  Is  consider**!#  conflict  of  evidence  on  whet  tne  f«ta  really 
art,  and  It  la  suspected  that  More  than  one  mrmeter  may  In  fact  be  Involved,  for  example.  It  my 
•dll  be  that  th*  rate  of  change  of  tension  it  Important,  as  well  as  the  tension  itself, 

Regarding  assumption  {&),  the  occurrences  at  tne  plate  are  probabV  very  complex.  Air- bubble* 
may  persist  so  that  cavitation  docs  -ot  disappear  at  once  and  pressure  waves  imy  be  set  up  in  trt 
"reconstituted*  wi*ar  as  the  thickness  of  the  layer  grows,  as  the  lays'  of  "reconstituted"  water 
turns  out  to  be  quite  thin,  any  moves  In  this  layer  would  probably  soon  oe  averaged  out  by  reflection 
at  the  plate  and  at  the  surface.  Very  recently(P),  some  of  tne  observed  "Minas*  in  tj*»  deflection 
time  curves  of  Jiap.'r<iymi  have  basn  att.lbgtec  to  these  saves. 
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(I)  Taylpr*s  ♦tlgpfy. 

Tm  first  stage  of  the  Motion  has  ilrpod)  &ssn  treated  in  set* II  Oy  TayigrUi.  to  the. 
* brief  of  r.ls  *orh  Is  all  that  Is  needed,  and  we  f,u  up  the  problem  at  the  point  at 

•Hen  n«  leavou  Jt* 

let  y be  tne  displacement  of  the  plate  In  me  direction  of  the  ix^nt  putt*, 
lot  o • pmi  ^ It  ♦ £)  be  the  Ixidtnl  puine  comlnj  from  the  positive  direction* 
o ■ <£  (t  - £)  ot  the  reflected  pulse  (due  to  the  motion  of  the  plate)* 

0.  ■ mess  of  plat#  per  unit  area. 
p0  • density  ««?  wetar, 

0 • th«  time  constant  of  the  pressure  pulse  (assured  exponential  as  ustul)* 

The  tquation  of  motion  of  trie  piste  Is  now:- 


“$  • '«  •' S * * 


Continuity  at  the  surface  of  the  plate  requires  that:- 

c ‘ * * 1,1 

Eliminating^,  we  ooiaih  the  result:- 

O ^ j ♦ P0  C 2*  * * pm*  ^ 

• d t1  0 dt  • 

T«ve  solution  of  this.  f«r  w»ich  y*  9«t  t ■ o 1st- 


& - . — — 

« pa  c (i  - a) 

J 0.0 


. ,'aS') 


10 


(2) 


(» 


10 


p„  C u - a) 

P,  i 

where  m have  written  a for  ^ . in  Taylor's  notation  a • £ , 

Me  etsiffe  with  T«/)or  .he  reewlt  tn*t.  In  any  practical  cue.  the  effect  of  e'astlc  and 
plastic  forces  on  the  notion  of  the  piste  Is  negligible  during  the  tine  while  the  net  pressure 
on  the  "Uts  is  positive.  This  fortunate  circumstance  hap  enabled  us  to  drop  the  •yprjng"  ter* 
In  equation  (l).  in  general  also  a 3t  snail  compered  with  unity,  «■  l woulo  imply  e plate 
about  * foot  thick  ?o<  a 300  lb.  charge,  and  aooul  \ Ixn  thick  for  a l oz*  charge.  The 
express  ion  for  the  pressure  at  the  plots  Its- 

_ t 

P ■ p,  r & ♦ * (t: 

- P f - i - a ^ 

“ — — i f w » o t ^ j , using  equations  (2)  and  (*K  (5) 

i - q 

The  expression  for  the  pressure  In  the  ester  is  obtained  by  taking  account  of  the  feet  that  <£ 
represents  a reflected  pulse:- 


. .'s~&  , , rs*£  .jfo.  _-&'sk  } 


(6) 


> 


|!  ■ 


: ( 


o 
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fo f a given  value  of  a,  this  vinlshei  if»- 

JLa. 


- JLst.  I 
!-«  I 


aSC 


log  ^ slnh  ^ * a cosh  JL| 


)] 


(?) 


not*  that  positive  x and  positive  y art  in  opposite  directions. 

for  * • 0 equation  (7)  give*  os  l • log  (g)  for  the  tint  at  wnlch  cavitation  starts. 

It  U called  the  cavitation  tlrr*  oy  Kirkwood  a-vl  others,  end  the  compliance  line  by  <enn»ro,  w* 
denote  It  by  $C.  Tut  velocity  of  the  water  at  cavitation  Is  the  Sum  of  the  velocities  due  tp 
the  Incident  and  reflected  pulses,  that  Is  simply  twice  the  velocity  due  to  the  incident  pulse 
(sines  the  pressures  are  oqiMl  *nd  opposite  at  this  Instart),  so  thnt  we  hivei- 

% [—fej fe]f  •'<m  >» 


this  velocity  being  towards  the  plate* 

ly  different  let  ing  equation  (7)  we  oOtain  tnt  velocity  of  tne  propagation  of  cavltetlont- 

<*) 


1 ♦ a coin 
’ l ♦ a 


Jti 


The  ctvitetior.  front  Is  thus  always  supersonic,  a particular  caee  of  a result  fo*:nd  by  Kennsrd(s). 
0)  Sneraj  co.‘4  idarat  ? uf»» . 

Eouations  (7)  and  (8)  art  all  that  we  require  for  setting  ?r  a theory  of  tha  second  phase 
of  the  motion,  after  cavitation  occurs,  but  oc#erc  wc  do  this  we  sm.ll  compute  an  upper  limit  to 
the  extra  energy  that  rrny  be  given  to  tne  plate  by  this  mechanism.  It  wa  put  t • OQ  In  equation 
(*)  we  obtoinx- 


fdyl  * * P„  ^ f , • , 1 

[2*  » — 2 a ’ , y.  ■ — . i - * a/  a 

Wc  ^oC  C P0C  1 J 

The  kinetic  energy  of  tne  piste,  per  unit  e.es,  le  given  by:- 


2 p, 


. -I"*  A r§ 

I,  • -- 7-j  * a • -—It — a ^ 

PB  «*  P„  c 


(ic, 


fli) 


This  energy  wilt  certainly  appear  as  damage,  whether  or  not  any  more  is  absorbed  from  the  eavitated 
water.  Taylor  leaves  the  thwnry  »t  this  stage. 

•n  figure  l rough  pictures  of  the  state  of  affairs  at  the  time  tne  plate  loaves  tha  wait  , 
and  at  a slightly  later  time  are  given.  H will  t>t  seen  that,  when  fh*  cavitation  front  reaches 
Infinity,  It  will  also  nave  *)<sten  in*  the  part  A C 6 of  reflected  pulse,  end  the  whole  of  the 
i,*iuuftt  pulse,  but  tv.t  the  psrt  C C i of  tne  reflected  puisr  a1*my*  remains  ahead  or  irw 
cavitation  front,  ana  is  thus  lost*  The  total  available  energy  thus  consists  of  three  ports:- 


(«) 

(t>) 

(0 


The  Taylor  energy  already  given  in  equation  (n). 

The  energy  in  the  incident  Dulse  from  t * <?C  to  Infinity. 

Tne  energy  in  the  negative  Portion  t Z 8 or  t;-<?  reflected  pulse,  at  t » $C. 

P 

I ft  i 

(b)  !e  easily  computed.  it  is  simply  p 


fc)2 


l0c 


« 

* c a t,  the  factor  ^ being 


omitted  because  we  want  potential  plus  kinetic  energy.  Thus  we  have:- 

s 


. fall 


2 C 


(12) 

(ft)  4 . 
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(•)  television  of  expression  (C). 

w#  require  th*  qui*‘.!ty  2 Irrtegreied.  st  rhe  Taylcf  cavitation  tine,  netwen  * • 0, 
P0  ^ 

«M  x • x.,  where  a Ik  the  distance  at  which  4 (t  - vanishes  at  t - C„  l.o.  tr.3  co-ordinate 

0 C r C V 

Of  C tt  IMP  tlfM. 


# ^ t"  ^ • (i  * o)  f ^ e~ 


(O) 


using  the  expression  fo r<t  ebt«|n4i  *r<j»  aquations  (a)  and  ».  Performing  the  *bove 
integral  Icq,  and  g»lng  the  •Dot*  aquation  ?or  xf,  ve  obtain  for  Ec  the  valvex- 

tj  • f ji-Sn—  ***  - cut  ^)"|  U»1 

’ A.  C L U • a)  Id  «aJj  * J 


Tn#  total  available  energy  la  thus  eqmi  to  i • ♦ Cc,  which  givti  uii~ 


Available  energy 


? pft  £ (i  > a) 

*0 6 .tr^ai 


(13) 


VMS  agrees  »l*h  t>4  results  given  by  'ox  •**  Ml*  but  di'fert  slightly  fr n>  that  used  by  Kirkwood 
which  is  equivalent  tos- 


AvallaMf  energy 


2 9 *0 
— — - 

*oc 


obtaliwd  Oy  adding  togo-ar  tr  ond  <0,  Out  nag '.at  ling  l{. 


(t«) 


Tm  total  anorgy  that  falls  on  unit  aroa  of  Plata  la  given  Oy  Integrating  tha  energy  In  tna 
incldant  «n.  It  !i  slaplyi- 


Total  energy 


(If) 


Thuta  the  rat  lot  of  total  energy  to  energy  Initially  glvan  to  plata  as  . I rr. , I ; energy,  and 
to  anargy  converted  Into  .Inellc  anargy  of  cavttated  aatar  or  epnay,  t-«r.  t . axpretied  as  fun:t!ons 
of  tna  tingle  Quantity  a,  Tna  ralavnnt  infomatlon  la  glvan  In  Table  !• 


T«0U  I. 

.<vat(«61«  'iomogtnf  energy.  as  a fraction  of  thi  total 
entry y.  according  to  vartom  osiiattiom. 


— 

a 

.01 

.05 

.10 

— 
• IS 

.10 

• 29 

.0 

— 

1 

i 

Tqyior  energy  (tyj 

aOJd 

.IS 

.1* 

,31 

.38 

.90 

.50 

.59 

.50 

Avail able  Cnergy 
(tT  ♦ t^)  (Kirkwood) 

.95 

.88 

,ex 

.82 

.805 

.80 

, 75 

.99 

.5* 

Totcl  avail able  energy 
(t.  * *„  * tci 

•»* 

_r. 

.* 

.955 

.9 V 

• >1 

.89 

.79 

»•  »re  Interaated  principally  In  tna  raglon  of  *wll  a,  «id  It  la  Jus:  haro  that  »e  grt 
tM  Mggeat  gap  Oe’.meen  the  Taylor  anargy,  nno  tna  total  available  anergy.  Tna  antra  energy  is  in 
tna  form  of  kinetic  erargy  of  the  ccvltnta!  malar.  ia»n  tm»  aatar  collldat  alth  tha  Plata  and  t 


layer 


layer  «(  mir  la  Oulll  ua  wan  It.  It  by  no  mom  foliar;  toot  all  tM*  energy  la  ewllabte  to 
aauaa  olaatle  OaMS'i  In  fleet.  tula  rill  only  occur  If  I ha  velocities  of  aatar  «m  alata  art  nearly 
•Owl  at  tM  aeaont  of  cul.ltlon,  during  too  nholo  notion,  shlth  la  fat  probed*. 


(a) 


in  order  to  throe  taw  tight  on  this  aolnt,  aa  mat  Inuaatltato  tin  action  of  alata  and  abler 
oner  cavitation,  attanatt  sore  flrat  aada  to  do  this  by  an  aaallcatlon  of  <aintro't(a)  theory  of 
too  aropaott Ion  and  dlaaaaoaronco  of  cavitation,  out  troy  yro.-od  inaffKlual  f»-  tuo  reason*, 
flrat,  (anntrd(a)  uaaa  Cularian  co*ordlM*es.  unaraaa  Uf fanglan  oerdlnataa,  nnlch  tmaia  ana  to 
follCD  tha  notion  of  mch  port  Ido  of  mier,  of*  noth  nora  oaafuv'lota  to  th!a  problan.  aocondty, 

It  la  ret  alnaya  pooatelu  to  mini  that  tM  volute  of  ’cavity*  It  evaryaMr*  aaatl  c onto  rod  nlth 
tlu  voloao  of  natar,  and  tf.la  Inviildatat  aont  of  aeansrd’e  forauU*. 


tat  ua  via  «or  attention  on  a Partcla  of  natar,  anlch,  at  tM  Inaunt  of  aovltatlon.  not  at 
a d! atone*  a fron  tM  origin.  Cavitation  rtlt  occur  hare  at  a than  given  ty  equation  It)  ant  tM 
oortlfla  Bill  otoit  toBarda  tM  alata  «ltn  a velocity  given  by  oguttlon  (a),  tm  yortlclo  alii 
trawl  effectively  In  o vacuua  vltn  undlBlnlanoO  velocity  until  It  cotlldee  nlth  part  Idea  nnaad  of 
It.  Since  tM  velocity  given  iay  ngc  Ion  (t)  Ovcrooooa  ollh  Increasing  «,  im  part  Ido  cannot 
ovoiinho  tnoaa  aheaa  of  It  until  trey  few  Mon  thought  to  not,  anlch  can  only  iiopgnn  if  CMy  coll  I oa 
vlth  too  plate  or  oitn  im  layer  of  ’toconatitutcd*  ccvlty-froo  aptor  that  lo  being  built  up  on  Inn 
plate.  M other  Beraa,  *ncn  our  particle  arrival  at  thla  loyar,  t o enter  already  In  the  Ivor  ell! 
M Jutt  tMt  Bhleh,  before  cavitation,  aai  boteoan  our  particle  and  tha  origin.  Thea,  mgiwtlrd  • 
am  1 1 correction,  duo  to  the  coo*  rasa  IblHty  of  the  aotor,  the  thlchneao  of  tM  eccnmt  Ituted  layer 
le  Jvat  e.  MaaMhll*.  the  plate  hoi  ioovtd  In  n dlatonca  y,  aa  tMt  tha  tlaa  at  mlch  our  particle 
arrive*  at  tha  ’rrconutitutad’  layer  (t  given  by  the  tin*  the  cavitation  frpnt  taboo  to  travel  to  a, 
pirn  the  ttm  the  ’bubbly*  aatar  or  ’aoray*  UMa  to  thaw)  becu  a diotonco  y to  roach  'ha  layer, 
oden  by  da*  ha.  grown  to  juet  too  thievneto  a.  The  aachantaa  any  M eowppred  vlth  the 
true  for  of  a pact  of  eerdl,  one  by  one,  fen  hand  to  hand.  fM  aaiuoptlon  that  tM  anno  .wo*  of 
aatar  flllo  the  van*  vjlua  Mfort  on)  .rtar  ew  Stall  CM  la  juctmnolt  frua  tha  conere*alblllt«  point 
•»  Vloa  If  p^  * <Pe  C*  afilch  Ip  the  ordinary  condition  for  tne  eprllcetlllty  of  ’acouotlrf  theory, 
id  lo,  nooovor.  still  pM.lb’a  toot  bum  IP*  acy  perolat  for  inu  tlaa,  e.g.  If  tluy  ora  due  to 
dluotva) *(f  or  If  ihpy  are  fairly  larga  10  Wat  thalr  period  of  oscillation  lo  aapratlable.  If  as 
ms  tha  ‘Iprv'  concept.  the  ascinatlon  of  tha  OubOloa  aould  bo  ruplccud  a,  im  resound  of  lew  of 
tM  aetar  from  im  “reconstituted’  loyar,  frua  the  mthamtlui  point  or  -Im,  it  la  Imattri.) 
Wiathar  a*  me  tha  cocapta  of  ’aproy’  or  of  ’bubbly  setor-’,  end  au  cannot  yet  dlitlnpvlah  wry 
Clearly  CsisK;  than  saporlfentaMy. 

t»J 


TM  oquatlano  or  apt  Ion  of  the  alnta ■ 


an  tha  t**U  of  the  above  dlocuoalon.  and  using  aquation*  (f)  im  (o),  as  cote  In  cm  rolatlw. 
aa twrin  t,  a aid  y. 


. . log 


j.l.h|£p«.h£j  J a X 


(U) 


, . &*-[ ■ 

-t  - a I a.8  e 

•» a«e  Vc  U given  m a 'unction  of  x by  eguotlon  (a),  The  second  relation  lo  obUlnoa  »/  nawntm 
conildam.lmr.  Tm  aowcntut  at  tha  plots  on*  roconal Itutod  aster  Is  ♦ p>„  x)  & . rue  rate 
at  which  uKvmn’u*  I*  brought  up  by  the  ’bubbly’  aatar  It  p}  v(  at  tow  r avail 

£ (&>.  *’5e«>  *f)  ->  Pa  - « «») 

•hart  la  the  ptnu*™-fra,-]ir>itr  uf  the  p’ati  undwr  anetever  furhu*  ar»  noting  upon  (t,  in  our  t..v 
pmruwbly  elastic  fgrtea.  for  a plats  ncoa  of  notarial  cith  ylald  atraaocr,  am  clew* a along  , 
ilrslt  of  radius  *■  wa  new  force’  the  rtavlti-  ' 


pp 


(Jo) 


equation*  (aa)  and  (lb)  ar*  sufficient  to  datara.no  x and  y u function*  of  t,  our  initial  conditions 
belrf  that  at  t » 8C,  x • 0 and  y ard  ^ ana  glvvn  ay  equation  (a),  » complete  dttcuaalvr.  nf  tho 

problaa  aould  requira  nr^mrlcal  Integration  of  those  aquation*  for  o oat  at  volur*  of  iic  psmMt.rs, 
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on*  uf  th«5  lc  a end  other  specifies  tr*  strength  ot  \n*  spring,  r^i  rosining  physics! 
quantities  can  be  cunoined  into  multipliers  In  *'ar’ou«  wu/s  by  a sultpMs  :holce  of  noo-flindnslotal 
vfttis.  On*  posslbk  choice  \i  given  below. 


2x 


(ftj  Tec  csso  a M, 

2 P*  ” ta  2 P 

in  this  cm*  **  have  <*c  • e w and  aquation  (it)  becomes;-  y * *— f • 147  (t  - j_ 

so  that  nu^rlcai  integration  eon  bn  co.'rlod  out  qvlte  easily.  it  will  be  noticed  that  If 
A.  • 0 the  equation)  are  both  a*tlsi(«a  oy  taking  x to  be  perenerily  zero*  waning  that,  If  \nr 
plate  la  unrr:tral,m1,  »t  tovcs  forward  uniformly  and  never  collect*  any  weter  or  It  at  all*  Any 
restraint  or.  the  plate,  h-:wev«r  wmll,  will  eventually  result  in  itfr  'lollectlng  all  the  levitated 
water,  so  that  there  M«u;  to  be  • definite  singularity  In  tea  solution  of  this  equation  »t  o>  * 0. 
This  peculiarity  persij»s  for  si1  values  of  a,  end  suy  eCCdunt  for  the  ulfflcuHiis  euptrlnwed  In 
obtaining  a solution  valid  for  co  smell,  tho  cnaa  we  arc  Interested  In.  jr  esnfeple,  cne  can  use 
sxcaaalve  approximations  based  on  the  solution  y * * to rev*  0,  and  th‘a  leads  to  n solvtk.. 
i P\ * 

In  ascending  powers  ef  i* , but  it  Is  useless  for  calculating  tho  nax><um  value  of  y beet  use  tho 
convergence  becomes  very  poor  If  ait  n.  it  « numoer  of  •Vep~by-ttto  calculations  «etv<  carrleo  ovt  for 
different  vrl \~*t  of  w.  These  all  suggested  that  x vu  nearly  proportional  to  t,  and  an  a-'pr.jxlw.ite 
solution  baiod  on  this  was  also  tried  but  failed  for  the  sene  sort  ef  reason.  it  Is  1U*  iry’ng  to 
calculate  ^ by  eq^tlng  the  series  for  coed  to  zero. 


(d) 


The  cafo  a * .1. 


tqustlon*  (ia|  and  (Id)  siwpllfy  iamewtat  In  tno  eppaienMy  singular  cam  a • *;  eeny  of 
the  tiros  take  an  undetemln«4  fene,  but  can  be  evaluated  without  difficulty,  Tnc  uquatlofs  tarn 
the  form- 


*(<*•■’  Sj-  TT  

•~r 

where  we  taw  «. Produced  norwdletnsi > >1  units  as  follows.- 

Unit  Of  t » ft 
•*l*  Of  h « Cj 

unit  o»  y • z pt  d:pu  C 

wwlx  of  o^cMvta  • That  pressure  which  ectlnj  gainst  **e  gyring  vetur  ula-  )C 
Conditions  would  pr-xtwco  a feMeCUw.  jr  ta  owe  non- 
dimensional  unit. 


4 o 

$S  » « cd*  ^ 


i^wWow  Involving  »:<h  uni ta  will  bo  deflated  *y  t, 
{•)  Solutions  of  theao  equations. 


A ftfsglpta  twidersUfCli^  of  the  proa  lew  would  involve  a sat  of  toNtiewa  *r  eg*  tie*, 
over  e range  of  talus  of  mu  vwg  parMUtia-'v  4 ana  $*.  but  eeiy  thr  u«m  u * n ead  * ■ % mm  mrnrnt)m 
free  a cweputotiona.  r»*ht  of  view  Uacept  to  owporvr).  for  lw  prroent,  tanr,  It  i»  e^atr^i 
!♦  dhgti-t  asaistancs  is  needed,  as  r rre  Irteretto*  pretties  11  y in  a«H  r% lu*t  of  a (0,«i  to  e.i.  My1 
end  the  ^elutUno  for  a ■ 0 should  give  a fair  Idea  of  the  behaviour  wt  tam  piatrs.  five  cases  esru 
coe^ttod,  frf  values  of  S r-nglng  frow  i m ld*\  ) ° l n*r*ivnt»  see  :<w«d'lloa  where  the  t In- 
constant of  the  platy  uta*'  plastic  strsases  ie  c sparable  *lth  the  tUsp-Canttant  of  tta  procure  -»u>se. 
This  Is  Ct  dMtrM  oasa,  and  would  only  hold.  e g.  #%-r  w sanl)  dlaphr^p  gauge.  Two  « ewy 
ho;-v#r,  to  spoiled  directly  tu  SwCft  a gauge,  jn  mc  *gn.  jf  diffraction  effect  of  the  rdgos,  which 
eoulo  bp  very  lepufton*.  Idva  if  the  behevloyr  of  thlch  clater  enn  ba  )btalne^  hy  sowing  me 
aquation  *or*“  l iM  r*pre*anU«  Ive  Case  i«ctu\11y  f « l.  I . iw"1) . Tta  reow'ra  nbUi.wd  «r«  #i: 
oat  m TeuU  a,  end  the  loluMcno  for  s • iTl,  a » 0 and  a * l ..re  plotted  in  figures  1 «qtf  % 


respectiuet/  ..... 


i 

I 


! C 

j 

j 

I 

i 


i 


i i <■) 

> i 

I ! 


rtipactlvilr.  togather  aith  the  prettufe-tlae  curvet  In  tut  otter  at  the  Telxdlng  front*,  (the 
turfac*  of  tht  rtconttltuted  layer)  in)  at  the  tirtace  at  the  tUta.  the  n-lkod  of  oetelnlng 
thtte  Curves  it  fa > , I,  itraljntforuarc,  the  quantity  P0  v(  j?  repretente  tht  rata  at  ohlch  mmatum 
la  thought  up  try  the  otter,  tno  p0  (»t  - j?  therefore  rapnatentt  the  aroaturo  at  the  relaMinj 
front  (rate  of  destruction  of  -c-enttjB).  Tne  pretture  at  the  plate  It  octal  nod  tram  thit  tioply 
Oy  uAtractlri  « (tg  correu*.  •«»  the  pretture  drop  In  t»  eolseen  of  otter  of  tength  a Milch  It 
Otlnq  occeloraltdt!  tccunlly  It  negative  to  that  tht  pretture  tt  tat  plate  It  higher  t»r  that 
al  Im  reloading  front.  Fore  * 0 lr»a  pro* sure  ihe  elite  swat  04  hwrly  fduel  to  tft#  preiiurs 

of  the  tariff  * (L  af  y.  Since  the  plate  Is  stretching  Mutually,  « have  to  »t»  'ha  Intagrotlcm 

u aoon  tt  y rtachti  a rravlrnn:  thertnfter,  instead  of  e i uet Ion  (It)  oe  havo  y • tjnatant,.  vc  and  a 

being  atilt  related  t-  t Oy  oquntiOAt  (a)  and  ,11).  ty  equation  (S)  »t  It  glvtn  at  n fgnttlon  of  », 

end  b.  aquation  (as)  t am  then  be  found  in  tenet  of  ».  «c  een  tnut  ctlculitu  the  further  grartf. 
of  the  reloading  front  end  the  pratsure  et  It  It  given  Oy  the  e»ora*tlanpe  v{  ^ . after  the 
piste  coMi  to  nst.  tr.i  pressure  at  it  and  at  thr'  reload  I no  Front  must  be  OQiA  1»  ftt>  tfc»t  «rs  jot  * 
distant  Inuovt  drop  in  the  pressure  at  tho  plate  at  the  mucImit.  of  y.  Tn*  pressure  at  ih#  reloading 
front  rmi\i*  continuous  Out  tnora  U a j-K  !r.  lins-oerlv*t  ive.  4»*h  discontinuities  or# 
cowon  in  plastic  plate  thtory,  and  r^ad  not  cause  any  el  am-  ln\hie  caw  they  nave  Lean  caused 
by  tne  fact  that  while  ft  It  taro  at  tha  faaaimn  nf  y,  thara  is  a finite  jtt*y  In  to  taro. 

or 

!n  any  cm.  theta  dltcontlnytlts  would  6*  ' round  ad  off"  Oy  tha  elastic  rap  ovary  that  alMyt  occurs* 

%o  that  inf  would  change  contlrjously. 
dt1 


final  deflections  uf  plate , and  energy  balance, 
/py  •■arid  at  value m of  Sr  


$ 

1 

,3H 

.1 

"Tr1 

- 

— 

-ox 

.401 

a 

0 

0 

0 

‘ 

V 

Ll._ 

'r 

1.0 

j.»g 

c.n 

Hail 

0 

*s 

•35T 

a»JO 

,020 

.SO 

.44* 

a 

V 

1.03 

iO.T 

18a? 

1W 

1040 

n 

Energy  received  Oaf ora  cav  letirn 

0 

r. 

Ml 

0 

8 

44f 

- 

Energy  absorbed  from  cat  a'.ed 
water 

\1% 

Ml 

Ml 

71 

47ft 

Energy  fsliinj  un  plaxo  after  it 
has  cone  to  rest 

2»t 

J 

181 

“ 

51 

14ft 

14ft 

Energy  loot  cy  collision  at  reloading 
frerr  Ocfoa  plate  ccnes  to  rest 

JT» 

21ft 

ff 

17* 

14ft 

Energy  c.irrlud  away  Oy  reflected 
wave,  OCfor*  cavitotion 

0 

0 

0 

23S 

0 

0 

ym  » Mavimun  deflection  of  plat*. 

* Tier  at  wnich  maxima*  occur*,  a 

* Thickness  or  rc;;n*t  I’.utcd  layer  at  this  Instant. 

(a)  Eng rq y hwl  1 1 rep . 

Th n functions  of  the  total  energy  falling  on  tha  plate,  that  appears  et  kinetic  e.tergy 
and  that  ir  rjfleded  away  into  tnr  enter  betor*  cavitation  follow  at  once  frors  Tsylwi*»  work{l). 
Tho  remain  in  * enerny  I*  ecait->i’ted  into  kinetic  energy  of  the  water.  rhe  energy  absorbed  Oy  tha 
plate  can  tc  h?cnwd  from  th.  st-^-oy-sUp  sol-tlcr.,  Jr.  nca- Sirv-naioiw:  units  thla  as  a fraction 


s 


of  tna 
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of  tho  UU1  energy  felling  on  tr*  is  singly  v&*  y2  («),  When  t ns  ?l*te  fms  com  lo  rut 

only  the  Mtir  which,  Deforo  cavitation,  lay  between  the  origin  and  * • has  contributed  to  dsaage. 

2 !r.:s  tv*  velocity  vc  is  a decreasing  function  of  x,  it  Is  clo*r  that,  ofttc  the  piste  *m  com»  to 
r*tt.  *m  ofHSura  can  rtevnr  again  build  up  to  a value  larg*  oncugh  to  sot  It  \a  action.  Thus,  tno 
klnotlc  unengy  of  tho  rt wining  "bubbly*  atir  •»  -ill  wasted.  Frun  tha  MerfMsicn  (!)  for  t.u 
velocity,  we  can  wrltr  down  the  kinetic  t<w rg?  *n0  ‘ntegrst*  from  x#  to  Infinity,  tno  resuits  also 
oeinf  entered  in  Table  2*.  finally,  w;  »ubtr».ilhj  all  these  percentage*  fros  too,  «e  can  obtain 
tho  mo rgy  lost  by  collision  at  the  relcqdi.x  front  ■Mis  tho  »*1«te  is  actually  (wing.  This  can 
also  oe  inferred  directly  frg*  the  stap-by-e'ep  calculations,  oy  a mswrical  integration  of  the 

* n [If  - vcl  (r)  — «Icp  can  cosily  be  shown  to  represent  t»  rptv  of  loss  cf  energy  in  this 
My  (the  total  energy  ielnj  unity).  Tea  ngrvsMM  of  thoar  twg  Methods  provide  a satisfactory 
over-all  check  on  the  conputatlons.  wMch  appear  to  be  accurate  to  within  21  at  **st<  Table  3 
win  gives  rr  Idea  of  the  dlsslpbtlon  of  energy  '.expressed  as  a percentage  of  the  total  energy)  that 
has  occurred  up  to  a gi««n  instant*  (T|«e  expressed  In  **v-4l«tn*lonal  units). 

TAtU  ?. 

fo*rf y Lest  by  collision  up  to  o gx van  fir* 

(o*  p*rc**tagt  of  tofnl  energy J. 

L_i uul 
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TV  f I guru.  'ora  * 1 aro  vercxta.ee  paly. 


;»l  Ty  min  HIM  0*  tv  V.lpa. 


• I Mat  MS  I mg’,  tier,  to  call  otttatlon  la  yet  cnotinr  «ff«ct  that  la  ovrlvatet  i;  aiwan  to 
ho  iapartant  for  o Malta  plate,  thought  it  xonlwea  (or  ait  intlnlt.  plata.  Tv  aation  v>  hot  be 
coaolau.  avaa  though  all  l ha  ortjivliy  "but.ly’  o.t.r  m.  piled  up  on  to  tho  plata.  Tiara  ia  atlll 
a pap  tart  la  tna  vior,  »x  tha  oat  r.-ault  of  thr  proraxta.  mi  m«<  (pttoaod  ao  (ar  01  ooan  that  the 
Plata  an*  aaaa  puihao  la.  and  wo  :-.vUttrt  wtor  hoc  all  folIcnM  it.  la  any  actual  can,  the 
rtoultla,  tap  neuld  no  MlloJ  ay  nur  that  has  rover  ctvILtea,  ohleh  «c.i«  ton*  ivadletely  otter 
the  laat  -•(  tv  "bubol,*  utwr,  aad  acuta  #t  arlvaa  inanrs*  t>y  It.  hydrostatic  pr»aaur».  low  ee  h*o 
aaoa  that  on  iatlelte  pletv  ia  guvm  coati  to  rett  ton,  baton  ell  tv  cavltatica  Ma  itlenpnrraf. 
u that  there  =sy  well  p»  on  intirval  cot  aaaa  tv  aacona  ana  third  pnaaoa  of  the  vlica,  aa  l.duxd 
at  hot  I natal  an  tup  goats  teat  tvre  ia,  lt«u,  for  Rvpit.(P)  tjt...  laport  e.lae.  evidence 
«**#*•  tin.  the  tan  thin,  la  acing  obtained  at  asaitaliy  uaoax  *na).  aetiar  or  anon  tv  ‘build-up* 
of  peaavn  caieed  ay  the  filling  up  of  tha  gs;  I.  arrugh  to  tore#  tv  Plata  fonnree  age  In  rval-tb  a 
vttar  ton  detailed  in-ettigetlcn,  but  tv  fcllocing  rough  argvoot  (e-p.p  on  xnurjy  covlOcnotivt) 
ahoaa  ihat  tv  effect  «H1  aan  to  pa  coaaidvrud.  Consider  a Plata  cl  need  c.or>.  a circle  cf  radius  3, 
It  race  Ires  -vnar  of  the  order  cf  -*}-Uud.  rM  mm  deflection  of  tv  plate  la  pire.i 

by  equAting  this  tu  the  plastic  •>wrgy  » n \ y 2 ao  th,it  ■ 


p*_  V 

' TTc  rnr 


(K) 


Volute  cf  3ith  * ff  *2  y^  nnd  tw  o»wrgy  squired  Of  water  pros  Sure  p entering  this  vclun  It 
P0  n ■*  Vrf  V*  this  is  coapersolp  wltn  the  energy  already  acquired  by  the  pints  lf;- 


yi  sc 

~*r l 
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w*w.e  pQ  It  tut  hydrostatic  presiwrt.  mv'Ho*  of  nwwricel  vilues  show*  IM  In  the  wtjority  of 

am  iMi  effect  It  ©nt  to  be  reckorad  vtth.  (it  It  prevented  fro*  being  of  lapertance  for  in« 
Infinite  pitta  by  tne  fact  tKat  the  nett  of  unit  arte  cf  plate  erd  reconstituted  water  it  Infinite)* 
It  It  tnpftatised  that  thU  effect  It  dletln-t  frwt  both  the  iapaet  cf  cevltetto  water  that  we  have 
Man  studying  ant  alec  fro*  any  effects  doe  to  bubble  osclliationi*  though  it  is  tvdrodyrealcany 
akin  to  both  of  these. 


jiKtiiiot  of  '\iults. 

The  conclusion  that  eevitation  (•  an  loporlont  factor  In  producing  donaao  In  thin  placet  it 
In  tjrHOHt  with  iirhwooo'tOi  work,  and  tne  inveitiget'or  for  n very  thick  ptat*  nod  snown  imi 
cavltatlo*  way  wake  an  appreciable  contribution  avert  In  tilt  oxtreoc  cate.  There  it*  however,  a 
oar  I out  discrepancy,  In  that  KlrknoodO)  f‘nd»  thne  nearly  ell  the  energy  It  absorbed  ay  the  plate, 
dawn  wa  have  arrived  at  a feeler  of  the  order  of  j.  If  all  the  energy  la  to  be  ooaorOed*  than 
wa  max  have  m velocities  of  the  piste  zr±  the  velocities  of  the  c«vHnted  enter  j.i«t  arriving  at 
the  reloading  front  e*ua1,  nnd  this  la  definitely  not  pootiblo  according  to  the  equations  we  have 
attained.  The  cause  .f  the  discrepancy  **7  'it  in  the  distinction  that  «irkw©ae(>)  drees  between 
the  over  f wap  ad  and  underWeapcd  cases.  This  cannot  be  understood  without  access  to  hit  full  theory* 
In  Mile  report  all  practical  casea  atari  by  being  over-dowped  (owing  to  the  radiation  ti»p#  C jjf) 
hit  sec  owe  unJrNOanpeo  Urectly  cavltstlen  seta  In*  The  prevent  Investigation  give*  reasonable 
jrourds  for  hoping  tnst  satisfactory  rules  for  ostsssInQ  the  Importance  of  the  effect  fro*  rn 
engineering  point  of  view  will  eventually  bo  found  without  a prohibitive  weovnt  of  nuasrlcal  work. 

The  neat  step  is  clnrly  to  try  and  worn  out  scat  astnoos  of  assessing  the  afreet  rf  edges  and 
stiffeners,  and  of  oblique  Inc  lienee  of  tho  praaeure-pulse. 


SmtlimMu 

Blnwood*i  general  -;enclvtlo*  test  cavitation  contributes  largely  to  dwegge  of  thin  plates 
has  been  tvbttant  iatofl,  H application  of  the  theory  to  a thick  plats  i rules  tea  that  the  effect  la 
•pprecUslo  km  hers.  The  corf  1 us  It*  tne l nearly  nil  the  energy  that  would  otherwise  Ik  radiated 
e«v  can  be  raa*x&ritd  by  this  cavitntlon  woe heals*  la  not  ngrved  with,  as  It  Ife  believed  that  a 
certain  atownt  ef  lost  at  colllelan  1$  Inevitable.  It  It  not  poeslbls  to  decide  tho  question 
enperloanUi.y,  because  the  effect  of  tno  edge*  la  unhneww 
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•The  pressure  end  letpvlee  of  tubas  r lac  explosive  waves  on  *;  *;#•*, 

•The  distortion  under  araeewre  ef  a dlsphraga  uhlch  1$  clasped  along 
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U.S.  »eport  u.t.  IC. 

fhya.  mow.  torch  lie}. 

Tsylor  todsl  las  in  ieport  SU. 

Taylor  Model  Stain  deport  Iff, 

U.S.  Reports  U.t.  IS  end  If* 
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Ant  0/  5v«boi  s, 

■ maximum  pr«»tur^  of  hcldent  pglsc. 

P|  * pressure  in  incident  pulse. 

Pr  • pressuro  in  reflected  pwlxe  i * plate  wd r«  stationery, 
• pressure  due  to  *otlnn  of  plate. 

6 » tint  constant  of  incident  pulse, 

C * velocity  of  sortd  in  water, 

x • dit’inet  from  centre  of  plats  along  axis, 

y • dot  lection  of  plate* 

t «•  realm  of  Plata. 

r • distance  from  centra  of  plaU  atanQ  radius, 

s • dlstanea  between  two  typical  points  oo  the  plate. 

fi  • density  of  plate, 

h • thickness  of  plate. 

<r0  * yield  stress  of  plate. 

p0  • deooity  of  water. 

a • -45— 

Poc0 
fi  m JLL 


f • force  on  plate. 

U « velocity  or  plate. 

U0  m maximum  velocity  of  plate, 

s that  an  equation  is  non-tl Inane iona  1 . 


sp,Cit,  n,  y are  defined  in  the  text. 
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Summary. 


Th9  problem  cf  determining  the  history  o'  Cavitation  ar.j  follcw-up  abater  wren  an 
Infinite  (tickle  iv  subiecteu  to  an  txpprwntial  undrrwaU.-  wv-iosicn  pu'<e  has  se*n  eonsider-jd  In 
floport  "Theoretical  investigation  on  Cavitation  f-hwno five*,  occurring  or  vMc-rwaltr  Pctssurt 
PuHe  Is  Incident  on  « yielding  surface  - l.*  referred  to  as  i.  in  th*  present  report  3 start  Is 
made  on  the  prcOlem  of  taking  into  account  the  modi t test  ions  introduced  if  the  plat  is  clampvd 
at  trx*  edges  and  surrounded  by  an  Infinite  rigid  oa*fie(  Tr*  consequences  of  the  customary 
as unp t Ion  of  "proport Iona i motion"  are  worked  out  in  two  specific  esses,  the  "rigid  piston*  and 
the  "paraboloid*  acproxif-’-.tUors,  and  It  Is  concluded  that,  In  both,  th*  cwit.Miun  t:.«%‘,  33 
determined  by  vanishing  pressure  at  the  centr  il  point,  is  shurtuAd,  as  ensured  with  the  infinite 
plate,  due  to  the  effect  of  tin-  diffracted  wave  from  the  ed.se.  tt  is  fn-.rnn  th'.t  the  conditions 
at  which  cavitation  just  fails  to  occur  also  "vrk  r.pprcxtrxjtely  the  un«vr  limit  Pgr  tno  validity 
Of  incompressible  theory  and  correcting  terms  ar#  worked  out  for  suen  a rase, 

Th*  assumption  of  "proportional  motion*  is  criticised  on  the  ground  thot  It  is  orobsbly 
not  valid  during  the  early  motion  of  the  plate,  and  a more  natural  ass^ot  ion  is  found  to  lead 
exact!,  to  the  criterion  ?ei  cavitation  at  a finite  plate  suggested  by  Mrkwood  (6),  which  is 
known  to  give  guoo  a^rrem.nt  with  t n_-  experrmnls  so  far  carrit.*c  out.  The  criteria  tslaoiished 
for  the  occurrence  of  cavitation  and  for  tne  ftilurg  of  inc empress  I Ole  theory  are  applied  to 
various  types  of  dlnohrsgm  gaugn.  it  is  found  that  yauge*  of  tne  "nox  moc.'l"  typo  %rp  so  far 
removed  from  the  critical  region  that  the  theory  or  1 is  probably  valid,  end  that  it  should  be 
fair  to  apply  I nq  oppress  I Me  theory  to  gaums  of  tho  cru*h«r  type  and  to  the  smaller  sires  nf 
diaphragm  gauge.  The  6 Inch  copper  diaphragm  yau£o  app-.ar;  to  be  a bcrderUne  case,  where  readings 
will  be  hard  to  interpret  in  terns  of  absolute  values,  though  a corrected  vursion  of  incompressible 
theory  may  prove  sat Is'dCtory,  Some  suggest  Jons  for  further  work  ore  outlined. 

Intro  duett  on . 

in  a previous  repor"  (1/  referred  to  hereafter  as  I,  an  account  he*,  teen  yiven  o’  the 
present  position  of  the  theory  of  the  motion  of  a clamped  pi  ate  when  subjected  to  an  explosion  pulse. 
It  Is  there  shown  that  a plate  whose  dlrcnsions  are  large  conpart-d  with  the  distance  sound  travels 
In  tho  characteristic  time  of  the  assir^d  exponential  pressure  will  behav*.-  very  like  a free  surface, 
a.vl,  In  particular,  that  finite  tensions  will  first  cx.cur  In  the  water  n#«r  the-  plats,  end  will 
spread  out  into  the  water  behind  the  reflected  puiso.  Taylor  (?)  soiueo  th*  pioblw*  of  ti*  action 
of  such  a plato,  rir&t  on  the  assumption  that  waur  can  stand  tension  everywhere,  secondly  01,  th** 
assumption  that  water  can  stand  tension,  but  that  tty*  interface  between  water  and  plnte  cannot,  so 
that  the  plate  i waves  the  water  as  soon  as  tension  sets  In,  and  acquire*  no  furthe-'  energy  from  It, 

In  I,  the  same  problem  was  solved,  in  saw  representative  casus,  o->  "he  arc  ■.■"pt  Inn  that  wj-.ter  cannot 
stand  tension  at  all,  su  -.net  cavitation  sets  in  wherever  thr  pressu*'?  1:  the  water  drors  to  i*ro» 
The  laws  of  the  prrpagst of  the  cuvltatlon  front,  and  of  the  distribution  of  velocity  in  the 
cavitation  ton*,  con  easily  bs-  written  down,  <,nd  tfv.  eqmt  ions  governing  th*.  motion  of  the  plate 
when  boefcardfrc  hy  the  envitatiid  water.  accompanied  by  tne  disappearance  o-*  the  csvitstion,  can  also 
be  fcrsailated,  but  have  to  be  solved  nume-ical ly.  It  was  found  that  the  effect  of  the  cavitated 
«wtcr  colliding  wlih  tne  plats,  thus  comnunfeating  extra  energy  to  it,  may  be  very  important  for 
platea  of  thicknesses  usual  in  ship  construction,  even  though  an  appreciable  percentage  (of  t:« 
order  of  301)  of  the  kinetic  energy  of  thu  cav  luted  water  Is  lost  on  collision  wltn  the  plate. 

The  modifications  required  by  the  fact  that  a plate  nay  be  damped  a«  tne  edges,  as  in  a 
diaphragm  gauge,  and  that  thn  clamped  edgbs  noy  te  surrounded  by  a practically  rigid  baffle,  as  in 
the  box  model.  or  again  by  the  fact  that  a plate  may  be  backed  by  stiffeners,  as  in  a ship,  wrre 
diseased  n<_ial  Itatively  in  I,  To  a first  approximation,  the  effect  of  a baffle  can  be  taken  into 
account  If  we  regard  the  plnte  as  a piston  moving  In  an  aperture  in  a rigid  well.  Tne  relationship 
between  this  medal  and  the  infinite  plate  theory  has  been  discussed  by  Butterwortn  and  xingia.i -nrth 
0).  wno  ito-tcJ  that,  prc.  ;J~J  cavitation  tee*  not  occur,  tno  mot  •©»>  of  the  piston  could,  in  a 
♦v:'>al  lair  have  been  represented  »y  Incompressible  twy  tg  a pool  wpprpri-ct ion,  It  is  the 
purpose  of  ti»;>  *»o  examine  this  relationship  a little  more  elocely,  and  to  try  and  set  up  a 

criterion  to  determine  whether  tension  will  occur  of  not.  If  tension  does  not  occur,  then  one  can 
be  confident  of  the  absence  of  cavitation,  but  if  one  is  near  the  critical  rag  ion  It  noy  be  that 
sow  correction  to  the  result  niven  by  incompressible  th*nry  Is  needed.  If  tension  docs  occur, 
then  one  would  expect  the  invest  i gat  ion  given  » iui  »ii  infiiiut  y>aie  i j give  Satisfactory 
result*  provided  that  one  were  well  away  from  the  critical  region,  out  near  It  one  would  have  to 
ta<e  account  sinvittaneoysl-  of  dl-'fraction  and  cavitation  wHch  would  he  very  difficult.  In  this 
report  shall  not  attempt  elthdi*  of  tnetc  last  two  problems. 


The 
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Tju  Equation  of  Motion  of  th%  £7ufe. 


Tne  invest Igitiyn  is  basao  on  an  equation  obtained  by  gu'.terworth  and  xlgglssworth,  if 
the  piston  is  st  rest,  it  forms,  In  conjunction  with  trw  t>affi«,  a rigid  surface,  end  the  pressure 
ex  it  is  just  double  that  doe  to  the  incident  «v«  above*  It  the  piston  I*  moving  with  a v*l<vJy 
u(t ) , thero  is  a relief  pressur-.-  dm.  to  this  rot  ion,  which  tend*  to  decelerate  ihr  piston,  8/ 
integrating  tht-  usual  expression  for  thn  retarded  potential  ovor  the  surface  of  the  piston,  one 
gets  the  relief  p'ossgro  at  any  point  on  the  platen,  and  a second  such  integration  gives  the  total 
force  on  the  piston  due  to  the  rdi«.-f  pressure.  it  Is  < i f U ■ o fur  t < 0} 

* i 


. , _ -» f 


V (t  - V!  d'.' 


(1) 


where  & is  thu  radius  of  the  piston,  and  pa  and  c sro  the  density  of  And  velocity  of  sound  In  water, 

for  t > tlx.  integration  stops  at  . fur  t reason  that  will  oppecr  lator,  «*  ahall  not  be 

Concerned  with  ^imes  greater  than  5.  For  times  up  lr.  this  limit,  the  factor 

^ I “ ^ 15  oaver  loss  than  J\  • and  since  U Is  positive  at  ar.y  stage  of  ths  notion  with 


which  #e  shall  ha  co^med.  It  follows  that  th*  error  in  taxing  this  factor  <sqw1  to  unify  cannot 
possibly  exceed  i>*  oven  in  the  very  worst  possible  ca«»  (and  In  all  ordinary  ceies  1*  will  be  very 
«>ich  less  than  this),  he  may  trvrefore  assort  with  sow  confidence  that  trie  equation  of  mot  I'M 
obtained  By  Butterworth  try}  wlggieswortn 


(») 


is  a good  apprwimet  ion  for  t < In  r**la  equation,  y is  the  displacement  of  the  piston, 
P Its  density  and  h its  thlcanosa,  also  pm  is  tho  naximun  pressure  in  the  Incident  pulse  art 
d Its  time-constant.  be  introduce  non-d ln>ns ional  units  as  In  I, 


a • 

non-dimensional  thickness  of  plate 

. _®_ 

POQ0 

fi  • 

non-dime  ns  lore!  radiue  of  plate 

. .jl; 

i ze 

Unit  of  displacement 

. » 

p ,c 

unit  of  t*w 

• e 

As  in  l,  equations  involving  those  units  will  be  ranted  «,  Equation  (2)  becomes 

‘ 5*  * 2 - i • ^ * <’> 

For  4 Urga  tv  tern  - | be  com,  -vgllgiblr.  and  the  theory  r«ducc«  to  Taylor's  (I)  com. 

£J 

*•  If.  ffylor’s  work,  t«w>  et.argy  expanded  in  stretching  the  plate  has  a negligible  effect  on  the 
esrty  pert  of  the  motion,  Tne  solution  of  aquation  (3),  for  which  y - & • o at  t - 0 Is  to 
the  first  order  In  i 


2 


(i  * 9)  a a 

m (i.  * 8-a,8) 


fa  ♦ ^ » q o) 
(I  *~£ (2  a ♦ 


t 

« « 
/>  » 


*•  (a) 


Caspar!  son 
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* 


Cowbcrison  with  Ray l sigh's  Work, 


it  It  Intf  rtf  ting  to  compare  equation  il)  with  the  apparently  different  equation  obtained 
hy  Kaylalgh  (%}  {see,  for  Tnvuiy  uf  Sound.  Vo,«ne  ",  paragraph  3W)  for  the  reaction 

presume  on  a piston  vibrating  in  an  aperture  in  ; rigid  «11  w!tn  a frequency  uf lit  er«J  aaxtsun 
velocity  u0*  Tha  expression  is 


k ft 


^)] 


(5) 


where  k , and  Jj  and  Hj  are  respectively  tauel  anj  Struve  functions  of  order  salty.  Since 
any  action,  periodic  or  not,  can  be  re present re  by  s fourier  integral,  it  If  to  be  expected  that 
aquation  (9)  it  equivalent  to  the  more  general  form  of  aquation  (l)  when.u(r)  ia  net  i*ro„  Thla 
it  In  fact  ao.  but  tha  format  proof  is  rather  long  and  ia  given  In  the  Appendix,  equation  {6) 
takes  especially  simple  forma  when  kfl  ia  vary  large  or  very  emit* 

(a)  rt  large:  f^lt  ft2  U0  P **  fpo  C + 


The  first  of  that#  tame  ia  the  radiation  damping  term,  corresponding  to  the  sec  on)  term  on  the 
of  equation  (a),  while  the  second  tern  (corresponding  to  the  third  tana  on  the  l.h.s.  of 
equation  (2))  measures  the  effect  of  diffraction  on  to  the  piston  of  the  prosaurs-eherges  at  the 
immobile  walls.  he  thus  conclude  that  ea  ation  [2)  is  li^ty  to  M i butter  approx Iwat Ion  for  a 
flr.ltc  pt£*€  than  Taylor's  (l)  infinite  pi.  te  theory,  which  takes  only  the  radiation  (Staging  term 
into  account.  This  mould  have  been  sufficient  Just  1 ‘lest  I on  for  investigating  in*  solutions  of 
equation  (2).  but  the  argument  in  paragraph  2 is  m*'*  precise.  and  enaoles  us  to  sat  an  upper 
1 Iralt  to  the  error. 

(»)  » Will  f*n  «J  u0P  k‘*  f *■  ♦ -1  (T) 


Th.  MCond  of  trim.  tin.  1,  proport  Ian.  I to  tn*  icc«l»r.t  Ion,  .no.  In  fact.  ariM.  fra.  thn  'virtu.1 
HU*  of  tre  tatar  anting  «ltn  tm  nl.ton  that  Is  tfetalnco  'nan  lnc«pro.slbta  t henry . Tna  firtt 
tarn  I.  proportional  to  tn.  olff.r.ntlal  coafflclant  nr  tun  acc.ltr.tlon,  .no  alto  to  and  I, 
tht  rtf  nr*  a correct  Irg  tana,  I"  lacwprctslpi.  tneory.  T,|,  toJaatti  that  m try  IM 

folloalng  equation  as  e corrwtlon  to  Incuaprasslole  thaort  (.sprctiM  In  non-dlaanalona)  unit.). 


. i£  v ( « o » ai*  ■ p-'  * (•> 

it*  dt5  ^ ) rr  f dt* 

equation  (•)  Without  the  first  tens)  is  what  would  be  obtained  uslf\  lnc<jmpretslble  theory. 
The  correcting  tern  tends  to  make  tne  oefie'‘*inn  Mailer.  a discussion  of  tha  affect  of  this 
correction  on  the  final  deflect  ions  ia  reserved  for  another  report. 


Regions  of  Validity  of  Equations  jffli  and  (9) . 

The  posit  tor.  Is  nraras  follows.  The  crude  argument  that  the  main  rontilbutlon  to  tiw 
Fourier  ...twgrai  <«prescn;ing  thi  motion  of  the  plate  will  from  frequencies  corresponding  roughly 
to  the  Inverse  t lao-cunstant  of  ;ne  explosion,  leads  us  to  squat  ion  (j)  for  i .rga  plates  and 
equation  (!)  Tor  snmii  ones,  but  gives  no  indication  or  tnc  errors  to  be  expected  ft  on  their  use. 

The  a-.mt  precise  argueent  of  paragraph  2 indicates  that  equation  (3)  will  ba  bast  for  short  tlasa 
and  enables  u$  to  c-st  taste  the  error.  An  arguaent  due  to  Irnnard  (ft)  shows  that  tha  total  i^ulse 
due  to  relief  pressure  pint  diffract ijn  from  tha  adges  viflltMi  for  long  times  so  that  Incompressible 
theory  (y  the  Imjrwd  version  of  H given  oy  equation  (a))  should  ba  best  for  long  time,  provided 
thet  cavitation  doss  not  occur.  His  argent  Is  based  on  the  fact  that  tna  total  pressure  due 
»n  t»*  aeftior  of  »he  plate  is  fliv»»n  ty  an  Integral  involving  the  acceleration  of  tha  plate.  so  tlat 
the  Integra*  wf  this  pressure  between  zero  time  and  the  tl>et  at  which  tha  plats  cones  to  rest  mist 
'Ar'ith.  Me  therefore  vse  tquatlo*1  In  order  to  dwtermlrw  our  testation  criterion,  equation  (ft) 
could  have  beer,  dun  into  on  feet  ly  from  equation  (l)  by  expansion  of  ihu  tveorf  term  in  powers  or 
£,  Integrating  twice  by  parts. 


Pressure  .. 


• 5- 
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otonp  tht  Atii  of  tht  Plat*. 


if  w*  t»ke  tht  motion  o*  tne  ?!;.•  as  given,  r«  i«y  calculate  the  peer  lure  («iit  to  tnu 
motion  at  poln*«  %i<y\j  thw-  axis.  tnd  In  particular  a.  the  ‘•$n*.re  of  tne  plate,  without  approx Imrt Ion, 
if  U(t)  represents  the  velocity  of  the  plate,  * the  Cists"***  along  ant  axis,  ard  r the  ai  stance 
frgm  this  point  to  a iypiial  point  on  the  plate,  than  we  have,  by  the  usual  fornvla, 


& /'* 
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**) 


Ur  d$ 


u(t  - J ) 


. ^ - isisjfi'j 


(*) 


which  it  rigorously  correct  along  the  axis.  in  our  case  U vanishes  for  negative  lines,  so  in 
Uu  term;  ir.  equation  (t)  vanish  for  negative  values  of  the  argument.  In  aoditlon  to  this,  we 
have  tte  pressure  due  to  the  incident  pulse,  and  the  pressure  <*uo  to  tte  pulse  rs‘*.cctt4  l,  tr.i 
rigid  wall*  expression  (*)  giving  the  nod  I fleet  I cn  to  the  latter  due  to  port  of  tne  wall  being 
Movable,  we  thus  have  for  toe  total  pressure  th*  complete  emission 


By  naans  of  this  expression,  we  can  discuss  the  complete  history  of  pressure  variations  at  points 
along  the  axis.  The  condition  for  cavitation  Is  that  expression  (10)  oust  oe  *ero  or  negative, 

•y  the  epproxiration  used  in  •i(.i,«l  diffraction  theory  Uh».  the  plate  nay  oe  tatenas  a portion 
of  a sphere  with  the  point  ir.  quasi  ton  as  centre),  o*n  can  blso  calculate  tna  variation  of  pressure 
at  pclnt*  wncsu  distance  from  the  axis  is  small  compared  with  y,  but  a c<aput«  expression  for  the 
pressure  htsto'y  at  an  arbili-'?  point  3.vs  not  ^em  to  be  possible,  except  at  a Oeflnit*  integral 
or  o aerie*,  even  if  we  assure  'J  to  be  given 


Tht  Onset  of  Cavitation, 

if  we  *>a  equation  O),  or  its  approx I mate  solution  (s).  In  conjunction  with  equt-lcn  (iO), 
and  put  x • 0,  we  get  the  condition  for  the  occurrence  of  aero  praoeur*  at  the  central  point  in 
the  fom 


(b  * 3| 


(b  *j8) 


which  reduces  to  Taylor's  cavitation  condition  (2)  frv*  verv  taroo. 


(11) 


This  transcendental  equation  has  r-oen  solved  ty  various  values  of  a and  0,  and  the  result* 
are  plotted  In  figure  1,  It  will  oe  seen  trot  for  B > to  th*  plate  be  effectively  regaiWt 
aa  Infinite,  but  that  for  mailer  value#  the  cavitation  Hm e begins  to  etorten  epnreciebly,  *• 
nov  hove  to  consider  what  happens  for  values  of  tnt  nofwxJtreneioml  tlaa  greater  than  ^so  that 
”*  '"m  >"  (1C)  txKtc.M3  ron-jero.  Tht,  t,r»  ■!<■>,  contntati,  * pooltiv,  xtuurt, 

*o  **ndlnj  to  xevent  cavitation.  it  can.  In  Tact,  oe  shown  tut  tr  tna  p. «asur,  at  th,  contra 
Juat  vmnt, ha,  at  the  critical  tin.  t » ^ vnen  the  diffraction  *ava  fats  juat  arrioac  ,t  the  centre, 
the  tie,  derivative  of  the  prenure  will  he  eoaitive.  tel,  confiras  icirteood't  (*  J mooetted 
criterion  for  cavitation,  that  it  occur,  either  tafty,  t - * , or  not  ,t  all,  iotalim  i.t)  aheet, 
without  difficulty,  tnot  cavltatiuc  la  aora  lihely  to  occur  at  tte  centr*  thon  ot  any  other  oolnt 
on  th,  win,  it  alao  follows  that  the  centra  <a  aor,  favounhla  than  otter  point  a on  tte  ,lau, 
Mcataa  tte  diffraction  e,w  arrive*  *t  any  otter  do  I st  before  it  don  at  tar  centre.  (it  can 
M verified  rigo'Ovdiy  that  for  polnta  near  the  centre  the  tere  ~yQ  :u  la  uw'fiKtad,  tat  t»t 
tte  tecond  ten*  In  novation  (»)  haa  to  da  nodlf  led  to  ,11oe  for  tht  od^  Vlr,  nearer). 

2 G 

inurtlon  of  th.)  value  for  tNr  vwv-dl  renal  ore!  t’-re  In  eqiretlcxi  (11)  glyes  us  a 
critical  curva  relating  to  a and  A Th«  follrelng  values  haV6  t*un  worked  out,  ard  coxfored 
wiin  Whit  CM;  gets  if  one  uses  Taylor's  expression  (1)  t * (*)  for  the  cevlUMon 

tle*»  la«.  neglect*  the  effect  of  finite  A 
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of  o.  fnd  f*  ?nr  whlcn  navigation  U i Jutt  prevented. 


6 

1.0 

0.1 

uo» 

a (froa  rqweUofl  U) 

no  solution 

o.ua 

0.012  % 

a (naqlactlnfl  affect  of  f|ni«-/*) 

1.00 

0.01$ 

0.0  oos 

Thus,  ’t  clli  o*  Man  that  tha  affect  c?  t.*  diffraction  at  tha  edg.n,  In  'fturrylnij  on* 
the  onset  of  cavitation,  my  rsshe  c»vK,*tlofl  posaltle  at  Ciatl^Uy  larger  thichnesso*  of  plate 
tnan  m should  deduce  inf  n^a  pKn*a  v>acry. 

/rofragafton  of  Cav.tction  alcne  •m  Ajrsr. 
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£<}uMlon  (it)  can  alto  b*  applinl  for  ro<v*7#ro  valur*  of  i.  Ora  get*  a uinMtndentil 
•qustlw  *t igtit  1y  mora  complicated  than  aqintlon  (ll),  and  can  then  ootan  an  idea  of  tha  aslant 
«f  tha  cavitation  zona  Dr  oWinj  tnli  «.>;'! on  for  vertex*  values  of  k,  Tm  Halt  to  tha 
cavHrtlon  m it  *at  or  tha  point  at  which  tha  Ciff. action  aav*  frc-*  in*  (reprostnteJ  oy 
the  fourth  tarm  in  aquation  (fO)  arrive®  at  thu  Instant  when  tha  pressure  would  othorniut  drop 
to  zafo.  fna  correepondlnp  value  of  x should  ar.asf'*  th«  length  of  the  ’beard*  *f  bubble*  U«t 
photo«rnnh«  show  near  tha  platta.  unfort  unate  1/-  It  tc«m  tMt,  In  prrctical  Cato*.  tt* 
le?>3th  of  t:m  *ba«rdr  is  ver>  ftnsitlva  to  tte  other  pn*ai*eters.  becoming  very  loop  colored  with 
the  rodluh  of  tha  plate  avan  wtmn  onr  (•  off  tho  crltirei  r-^nditlcns  for  ths  occurren-e 

of  cavitation  at  thg  centra  of  tha  plate.  th*  ree-on  for  this  It  a«  folio**.  Tha  position  of 
«»>  tip  of  «M  ’6 li  *t«n»ln*a  By  (m,  diffryctlun  «»yp,  trsMilIng  g aittsne*  <»*  * l1)* 

■ ItM  velocity  it  sound  mingling  II*  Clvitotiof  ffi.lt,  O.ICB  '.rgvgll  * d.OtsAC*  t,  oltgf.tly 
fgitgf  thou  tend  But  ig  oiigplty  lanjicigpgd  By  fie  fnct  tngt  cgvl*otioo  duty  not  Begin  until  l 
fliiln  ilv  *fl*r  (■  grflnl  u»  inn  ireio.nl  cult.,  wlgriai  tin  diffraction  hv*  otsns  off  it 
mil  IntUrt.  If  a It  will,  cafi'.tion  goglr*  alaoit  lisndlatcty  oe  f»  i.rdlccp  li  mil, 
lid  tM  cgvltst len  front  spraadt  o gfaol  dlttsnc.  Into  t>»  rotor  t.forg  tno  diffrottlon  igvo  ck 
OHftgno  It.  Since  no  a re  concrnod.  In  prcctlco.  «l.n  Mil)  return  of  3,  H Should  npitl  tv 
tmofoticgi  trirgtn  of  tno  'Mind*  to  Be  stnoitlut  tea  erd  nonet  to  tno  l In-cantUnt  or  th» 
lull*.  C"d  tool  opBcinon  cciugtot  lono  shored  iiqt  till  coo  SB.  f. nonets  *n  mi*  to  rospare 
tM  tMffy  wits  tM  nscrlmtol  noils  on  tM  sposersnes  of  cnvltstion  guo.fd  In  vortoos  o.t. 
fepofto  {»).  Bo*  thi  fjet  !B.t  too  oopef laontsl  inoolodgo  of  tM  l iBomoMtonto  of  w «lt  r'v.rjos 
It  rotMr  uncortoln  sms  it  iag>o*iiBio  to  do  son  tMn  verify  tMt  tM  tinofy  »t»oi  ■•suits  -» 
tM  firm  erdo.  of  mtnltrds. 

no  v mrcbol oidm  ApproirinAtit)* , 

Ah  <*ltz\\oe.  to  the  •plslon°  app^adaot loo  la  It  dots  rot  alioj  for  any  barfly  of 
th»  Plata.  Slnco  m showia  all«a  fo^  tha  af’act  of  lawllltat'ai  of  ttm  adpaa  wf  a clm^ao 
plat#*  It  a»«W  ba  batter  1 1 m Mtead  the  velocity  to  ba  diatrlbutad  oar  tha  putc  In  swch  » 
my  that  tap  adpi  lu  at  rattc  Tea  aiaplaaf  autMfalon  of  this  hind  that  ow  car.  mm  is  tfmt 
tha  velocity  ir  -lstrib«ftui>  v;corcifig  to  a pwolti  >v*  t P iMhocqh  tnt 

obaarvad  f|r*i  forms  of  disMd  plates  art  pftrn  not  uoiim  this  steps.  It  does  tet  - jllto  v>*t 
tha  velocity  of  a #*va«  point  is  almays  the  um  fraction  of  tha  central  velocity.  indeed, 
txpsf  MHtal  Mfh  00  the  eotioft  of  wefiewa  parts  of  a circular  dlashrage  and  tMcnt I14I  worh  cn 
tim  sxtianlio  of  a Vm  of  fixity*  travail  ling  froa  edpa  to  caora  by  aftlch  tha  diaphftpe  Is 
ur  waia to  rest  both  mm  it  linely  that  tha  •Ph^laatUn  is  only  roupTi,  its  caimaqatncaa  can, 
*v*wv"r*  * wHhetf  (men  trolls,  and  it  saoes  1 more  natural  «ppr^^tlo«  than  tha 

•alatoe*  one.  haylr lgh*l  Mtfed  tot  % pistoft  vibrating  with  fft^aatey  At  cm  be  eadlflxj  fa;riy 
•asily,  or  «a  could  dtrlvf  «n  aquation  atelopoua  to  oust*.* wo  (l4\ 
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Tht  Sqvat.on  of  motion  e/  ine  #lott  _**■  wording  tj  this  roi^wtion, 
M l»h*  »i  expression  for  the  velocity  cf  tht  piste 

u • >u/i  ^ «•  r^?  /,,» 


where  r it  tnt  dllten  » Tr on  the  vnOM, 


A®  the  pUU  ’»  hot  aovlng  at  ■ rigid  boCy,  It  would  not  be  co^rsct  to  Integrate  up  thw 
pressure  ovar  the  piste  or t then  *fh^  dew*  the  equation  of  not  tor  direct)/  fron  this,  ee  wp  did 
vor  the  platen.  w»  nust  first  multiply  trs  pressure  at  eacn  point  jf  tna  plate  0/  the  vwiccltv 
ul  that  point,  and  tWii  integrate  over  the  surface  of  the  olMe.  Tr*e  glvst  the  rate  of 
dol.g  wore  on  tha  plate,  ifclch  we  c un  iquete  to  the  rata  of  change  of  rinetic  energy  of  trw  pletv 
to  give  the  oqmtlon  of  notion.^  in  equat.’on  ( 12 ‘ wu  have  ehoeer.  the  '*  lor  l In  order  that  UQ 
wiy  ** present  t<«  velccky  of  i’ll*  "dquhateiu  f'jtor',  l.e.  the  platan  ~cr/lng  with  a value!*., 

Ud  would  S^ep  out  the  w vo!i*e>  esthe  fiat*.  the  ».»ei  kinetic  energy  of  the  Plata  la  given 
dr 


i P 1 «■*  r ) ‘ '■*-  V-  ’ * « « l>  - ? •*  • * p * tJ  (Dl 


Ini  rai|«f  pressure  due  to  the  notion  of  tna  ^ate  Is  give..  «l  a poll*  distent  r free  the  centre. 


/ iL^L  X±“  , s, 


where  tl*  integration  fe  taken  Over  the  whole  slate,  a Is  the  distance  between  the  point  In 
question  and  a typical  point  on  tn*  piste.  The  rate  of  Oofng  wwh  on  the  plate  «s  obtained  Oy 
•ultlplying  this  Integral  by  .*;;  *.*«*»■<*  (ll),  e»«d  then  a^ain  b>  2 n iflr  an**  latrgrM  Ing  fr»»  0 
to  d*  Tn©  iKi’ltip’e  Integral  \hg*\  oMalnjd  ran  pa  rva>*tu*  b#  tn*  awihtr’’  £/  «ayivi«n  (S). 
tno  result  for  the  rate  at  wnlcn  the  relief  pressur;  does  work  being 


J (j*  U *K)  * i hj  il  hit))  /_  ^ e (Je  (9*11)  * | tl*Q\) 


t*  + *01  * 

7 * j;  ? 


T|w  'or*.  Milch  aphllltn  (l»)  l*»*»  *»r  *«  i«f».  and  Ml  »mI1  «rr  rcs(»ctl*»l/ 
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(k»  nil) 


ThM«  or-JljH,  leather  oil*  ximiM  (t»>,  th* 

«^(j«i!o*  (:). 
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where  y r*preuftt«  the  central  deflection  and  S* 


0 2 a cr 

l log  a measure  of  the  energy 
P * 


raqu  I red  to  slreUn  tN  piste  wU«t  ical'y.  0-Q  belr^  the  yield  \ln  the  •piston’ 

appreciation  ««  cannot  tlx  this  coefficient  unambiguous 1y). 


Comflanton  untA  tht  Vision"  ywott on. 

tquetlon  til)  I*  very  Uniter  to  edition  (•),  differing  fn*r,  It  only  In  the  numerical 
coefficients.  In  a later  report  It  la  hoped  to  examine  « case  wherg  the  correct  Iona  W 
iftrnrpresKlMe  theory  are  rvat  negligible,  but  wtore  cavitation  probably  Coes  not  occur. 

CquetJ&r.  (x7)  differs  f ren* cqvat *nn  (3)  both  In  the  n^earlcat  coefficients  and  also  In  th?  feet 
that  tna  first  order  correcting  term  la  proportional  to  the  tins  Integral  of  y Inateed  of  to  y 
Itself*  the  reoeon  for  the  Utter  difference  U that  the  edge  of  the  plate  i>  ocing  kept  at 
r-)«t,  so  that  tne  effect  of  the  diffraction  wave  Is  less  abrupt,  and  therefore  leas  important 
In  the  very  tarly  stages  of  thp  sot  Ion,  than  It  Is  when  the  velocity  jump?  dlscootlngcusly  to 
jero  at  in*  wuge.  Us  fonmr  difference  mea-*.*  that,  tor  e Vv«>  ia>g«  p’.ctc  where  Doth  typos 
of  '“nrrectlon  term  arc  negligible,  cavitation  will  set  in  according  to  the  'piston*  npproxlnr.tlon 
at  precisely  the  tine  given  by  Uxor’s  (2)  simple  theory,  but  according  to  *h#  "peraboloid* 
approximation  at  an  earlier  time  Tr*  physical  reason  for  this  la  that,  In  the  Utter  cesn, 
the  velocity  of  the  central  point  (and  therefore  «Uo  the  relief  pressure  at  the  centre)  is 
tft  times  larger  (relative  to  the  incident  pressure)  than  in  the  formar.  a*  we  on.. .-ease  th* 
radius  of  the  plate  the  erfect  pf  the  correction  £**  to  diffraction  (tending  to  speed  up  the 
action  of  the  plate  ami  thus  to  hasten  csvitstlon)  win  presently  become  Important  In  tho 
•piston*  avxrox lotion  before  !t  does  In  the  'paraboloid*,  so  tut  It  nay  Id  that  the  curves 
cross.  Whetner  they  do  or  rot  cannot  ba  settled  without  a detailed  catenation*  This  brings 
ua  to  an  important  criticism  of  both  models,  which  rondure  Such  a celcolat  on  rather  superfluous. 


Onsets*  o/  tAc  Assumption  of  " Proportional  ffotson". 


In  Doth  t to  mod*  1*  discussed  above  we  have  made  e fundamental  assu notion,  namely,  that 
th«  law  of  distribution  of  velocity  over  the  surface  a*  the  plats  is  the  same  for  all  tines. 

'or  tnls  reason  we  «:*.  t*w  paradoxical  result  that  »n  Increase  In  the  pressure  ne^r  the  edge* 
tends  to  Inf  roast  the  velocity  of  the  central  point  end  thus  to  reduce  the  pressure  there.  In 
the  vary  early  ttwge*  of  the  motion  when  the  defonxeUon  of  tiv  plate  Is  elastic,  Such  a mtchonlsm 
cannot  be  *uled  out,  m elastic  stresses  c8r.  be  propagated  from  tne  edge  to  the  centre  of  the 
plate  faster  than  can  th?  diffraction  wave  In  the  inter.  in  general,  however,  8«y  lateral 
effects  propagated  vioitiCwlly  it  =»“h  I*£t?i  ShcdC  be  very  I ynlMU  the  plate  Is  SO  thick 
that  shear  deflection  is  impuitent.  The  situation  »s  even  more  definite  o-*.e  essunss  that 

practically  the  whole  of  the  plate  is  stretenod  plastically  (45  seena  likely  If  1*.  is  Uft  wltn 
appr^lebl*  pernanent  defenxatlor)  since  In  tnls  case  lateral  effects  wll'f  be  propagated  along 
the  plete  at  the  cc=psr«»  ivwly  a’-w  velocity  /*_c  which  is  only  of  the  order  or  iu»  or  ir« 

» 7 


velocity  pf  ;;ynd  In  voter.  it  thus  doubtful  whether  »■>/  appreciable  effect  on  lateral 
»at Son  cc-i'i  bw  *f»v»%iidtcd  through-  the  plstw  from  edge  to  centre  es  fast  as  the  diffraction  wove 
through  the  watc. . If  this  It  a true  representat  Ion  yf  the  situation*  th^n  it  can  only  mean 
tmt  the  contra*  port  ion  of  the  plate  will  wove  itcor"1-;  *a  Tatar's  (2)  rriolnal  equation 
and  tret,  apart  from  nun  etistlc  effects  in  tto  early  stages  o'  the  notion,  it  will  only  "know" 
ti»T  it  Is  pert  of  finite  pi-ite  when  the  diffraction  wave  arrives,  although  we  cannot  yet 
prove  it  ; ;noro*-*:y.  as  m c*n  In  *he  rigid  pisto',  case,  it  seems  "air  to  d^dueo  that  tN  same 
criterion  for  tr*  occur. en;c  *f  negative  pressures  rill  apply,  l.e,  th«;  cavitation  oust  occur 
either  before  the  Arrive!  of  the  dlffractlcn  war?  at  the  central  point  or  **?»  at  ?i’ . 

On  this  PMiwpt  Ion,  »e  would  deduce  that  KirteLOod**  (6)  cavitation  criterion  (that  the  Tayior 
cavitation  tine  mutt  be  less  'hen  £ j should  be  rigorously  correct  and  not  merely  an  approx  loot  Ion. 


£xp  tr  mint  at  Evidtnc*. 


A*  the*?  ‘plastic*  erw  *pt>port fonal  motion*  essuiptlons  lead  in  general  to  quit** 
offfsrqnt  results  (see  7*oi«  1)  »or  in*  t.  U.wjl  thlci-.rivst  of  pl0te  which  cavitation  orcurs^ 
and  for  the  cavitation  times.  It  should  he  poeslDI?  to  b^t mvn  trwm  ,.¥f^r irvnteily,  a 

little  evidence  of  tnls  type  Is  slneady  available  (7),  slnllei  charges  beli*  flr«d  against 
varlcwl  thicknesses  gf  tleto  anc  the  resulti,^  cavitation  photographed..  So  for,  It  apnea's 


to  point 
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to  point  definitely  tov»f <j»  the  sMZcrti  assumption.  In  the*.  'o  octal"  egree*"«nt  w*  have  tj 
uw  the  T«y>or  cavitation  t«"*  instead  of  t*-  snorter  tl»*  predicted  for  a rigid  piston, 
but  iw>re  *o r*  wilt  be  reeded  boforc  this  cone'^lon  can  be  teld  to  b«  finally  established. 

In  the  .Tcantlme  It  \%  fair  to  point  out  that  the  fact  that  ?ip*tlc  wevtii  cannot  travel  as 
fast  as  sound  waves  in  water  la  one  that  it  physically  esteoiUhid,  whereas  the  assumption  of 
•proport i.>nal  rr>tion*  was  c purely  official  mw,  Introduced  in  order  to  simplify  the 
nethemtics.  ‘«’nis  cv.unptiun  Is  prcdstly  Quite  good  enough  tor  the  purpose  u'  dole*,  lining  the 
final  deflection  of  tho  ylatc  with  reasonable  accuracy,,  but  the  motion  ot  the  central  point 
durirg  tr.s  early  ration  will  no;  z*  s>#en  correctly,  ard  requires  more  slebcrete  Investigation, 

Crj  te v ig  /or  tht  validity  of  in co mbrcssiblt  Theory,  and  for  tht  occurrence 
o / CaviCation,  applied  to  various  Gnugt  t. 

Thy  situation  is  new  as  follow*  inspection  or  equations  (h)  and  (l6)  Indicates  tnst 
InccjRpresstoie  *n»v*ry  it  lively  to  bcone  r poo«-  approximation  If  the  non-dlmeneloral  quantity 
J3  ‘.a  of  the  order  of  unity  or  grsster,  Tf*  a»si«p iiu..  that  t'*  plate  *^r*s  Mae  a rigid 
piston  suggests  mat  cavitation  is  likely  to  set  m if  a is  of  the  order  of  rngnityoe  of  /3 
or  less*  The  alternative  and  physically  more  plausible  assumption  Introduce'-  Suggests  tfuM 
cavitation  will  sol  In  If  g • log  Jiij  or  greater,  that  Is  ¥ • H**  ■ * '• 

ispsfbmi  to  examine  how  nearly  tnese  criteria  era  satisfied  for  gvyje;  snd  models  used  in 
practice.  •’«  iusve  thfvb  varlaoiss,  size  of  charge,  unsupported  area  of  plate  (expressed  by 
Mans  gf  tte  radius  of  a ciic'e  Of  equal  area)  and  thickness  of  plate* 

TULL  2 

Criterion  OS*  i)  for  fall ure  of  inconpreyslblo  theory,  assuming  no  cavitation. 


Oitcriatlo,  ,f  0*uq* 

if feet l»« 

Radius 

Critical  Value 

of  e 





Approximate 
Size  nf 

Charge 

fyoltal  Carp.  im 

0,N*C*  lox  Model 

32* 

•83  ml  IllsecorsJ; 

2 on  u$. 

8 Hi. 

t.«iA,  Sox  Model 

8' 

.21  • 

>i  a*. 

1 ^ 

U.3.  Dfv*’  M-dal 

IG.8* 

• 

• lbs. 

t i». 

12’  Olaphmgm  Gauge 

.*«  • 

1 u. 

dd  - 3uO  Ibp. 

*•  OUphraga  Gauge 

3* 

.->62  - 

4 lb* 

» • ?« 

!•  Diaphragm  G*w*e 

1.5* 

-eai 

4 02, 

!®  lbs. 

■ - 

i*  Diaphragm  Gaugt 

.Oja  • 

:/*o  01. 

" 

10  lbs* 

Modugno  Gauge 

*5* 

*oia 

l/«0  01. 

9 Us.  upmrds 

Thu*,  It  »e  dear  tnst,  q-jltr  apa.-t  fror  sny  <joesf  lor  of  eavltati  n,  we  could  not  hop# 
to  Interpret  the  deflections  of  gauges  of  the  hot  mw'.  type  by  Mans  of  1 re  ogress  lb  lc  theory, 
tnogqh  it  Should  be  quite  factory  r&r  tie  sutler  sizes  of  diaphragm  gauge,  and  even  wort 
to  ter  gcuges  of  the  •cn»Mwr*  type.  *th ore  the  exposed  area  of  put«*  Is  very  rjlt,  Jorder- 
line  cases  a*e  the  1?  Inches  and  e inch'd  oiapnragx  where  0 would  not  bo  *i*M  compared 

with  unity  for  the  trailer  charges,  (it  is  propded  to  apply  the  corrected  font  of 
Incompressible  theory  to  tne  * Inches  diaphragm  Qeuge,  in  order  to  exwmine  this  point  eure 
closely)* 


rable  la**** 


Criterion  Lx  m P for  ejjgifjjKi  of  »gcordinQ  LiifliS  f)l»ton< 

asiuyt  Ion. 


Os  script  ion  or  Gauge 

effective 

ftrJius 

Notarial 
of  fiat* 

Density 

of 

Mat# 

ThlchftftS 
of  Ptato 
for 
ct  •*  $ 

Typical  Thlchnas* 
used 

p.R.C.  Sox  Model 

3i* 

Steel 

6 

♦•3* 

• 2” 

r.m.l.  toy  Model 

V 

V.fl 

* 

1.6* 

.03* 

U.S.  Drue  Model 

1 C5* 

Steal 

8 

1,1* 

.1* 

12*  OiaphrtfifK  Gauge 

*• 

Cttffir 

, 

l.O* 

.05' 

»*  «avy. 

ii 

✓ 

Cop—  >* 

J’  Oiaphragra  Gauge 

1.5* 

Copper 

f 

CJ4' 

,1* 

1*  Olsphrsgra  Gauge 

ii 

corp.r 

• 

C.  09* 

.1“ 

****.“ ~ Gauge 

.5* 

Copper 

9 

<109* 

.«• 

txtrewa  caMi  aro  frjup^a  of  the  crusher  type,  lr  which  tM>  thickness  of  the  piston  is 
compared  1c  with  or  greater  tv  radius.  It  w!ll  &v  quit*  safa  to  apply  inca*pr*salBlt  tr*or> 
to  such  cos*).  But  the  smaller  size*  Of  diaphragm  gauge  ttc*  t*  E-u  in  ur  noor  the  critical  region. 
To*  the  Dow  models  oru  can  deduce  that  a vie  reive  cavitation  will  occur,  anS  the  saw*  Is  like'./ 
to  Be  true  of  ships*  plates  unless  they  are  very  rwh  subdivided  by  stiffeners. 

T*BL£  \Q. 

Kirkwood's  Criterion  0 loga  for  appearance  or  csvitstlon  according 

”"u  to  as  sump  t ions. 


Oescriptlon  of  ‘fcuge 

| 

Thickness  of 
Typical  Plate 

' t 

Height  of 
Typical 
Charge 

1 

Typical  j 
Value 
of  a 

a loa  a 
a - i 

Critical 
Rad  1 us 
of  Mate 

Actual 

Radius 

O.K.C . Bcw  Mtfet 

.2“ 

3 tbf. 

.10 

.26 

e.l* 

3 2* 

i.R.L.  5c=  -cdel 

.OJ" 

1 ounce 

.04 

• IP 

o.*» 

«• 

u.s.  ftrue  Modal 

.1* 

* lb. 

• U 

,2T 

10.6- 

12"  Oiaphragm  Gauge 

.03" 

M )t». 

.01 

.0*3 

1.*’ 

..  i 

i 

— 

A*  Oliprrcgn  uauge 

*5* 

& 1B», 

.11 

,27 

3.6’ 

V 

3*  Diaphragm  Gaui# 

100  IPs* 

.09 

.26 

10.3* 

1.5* 

i*  Ccugn 

in 

.OS 

• If 

L±r 

M&dugnc  Gauge 

• C5" 

5 lbs. 

.0? 

.11 

LI* 

0.5*  1 

- 

' 1 ' 

“ u - 
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T-i;s  criterion  gives  larger  values  for  the  critic*)  r«0*u*  then  wculO  the  criterion  of 
Table  M.  so  the  *•»* nor  jlyea  of  diaphragm  gauge  are  probably  iaf«  from  car itat loo,  Tht 
fi  Inches  dUpr.ro(n  gauge  appear*  i©  no  a burdsMina  cat?  •‘‘cording  to  oil  three  c-ltrefn,  and  a 
theoretical  interpretation  of  the  results  la  therefore  IlMiy  to  be  difficult. 

The  Table*  are  set  out  in  slightly  different  ways  becau»<?:- 

Tfw»  criterion  /*  ■ l la  Independent  of  thickness  of  plate,  but  depends  o-  radius  of 
plate  ord  size  of  cnarjg. 

The  criterion  /3  • a 1*  indeuthdent  of  size  of  charge,  but  depends  or.  radius  and 
thickness  of  plate. 

The  criterion  /$  • on  radios  end  thickness  of  pi^ts,  end  also 

log.jr l thmlcally  on  size  of  charge. 

It  will  be  noticed  that  none  of  tho  criteria  depend  on  the  maxlim/n  pressure,  inis  would 
only  co*e  In  if  cavitation  occurred  a\  $ finite  tension, 

fl&scussion. 


we  r*y  therefore  be  confident  that  cavitation  will  occur  with  ati  the  gauges  o*  uoa  nvuil 
type,  and  prooedy  also  with  ship's  plates,  and  with  the  12  Inches  copper  diaphragm  gauge.  It 
should  be  safe  to  «*.ply  Incompressible  theory  to  gauges  of  th5  “crusher*  type  and  to  the  smaller 
types  of  diaphragm  gauge,  but  the  6 inches  type  appears  to  be  a borderline  case  from  the  point  of 
view  tn*r.  of  failure  of  Incompressible  theory  and  of  possible  cavitation.  Thera  seems  to  be  r.o 
j pH9n  reason  why  one  should  get  such  a result  as  this,  as  the  occurence  of  negative  pressure* 
(leaning  to  cavitation)  and  the  loss  of  energy  by  radiation  (leading  to  the  failure  of  Inrompres *lble 
theory)  aro  ohysically  Quite  distinct  phenomena, 

U will  pronably  be  safe  to  neglect  the  possibility  of  a small  amount  of  cavitation  at  th* 
centre  wren  disiua*!.-.;  t!-  *>  Ir-Chts  diaphragm  gauge,  out  iv  la  ,tr,  difficult  see  hew  to -Teal 
with  o cate  In  which  cavitation  is  occurring  at  the  centre  and  over  an  appreciable  fraction  of 
the  plate,  while  diffraction  oc'-yre  »t  the  edg*?.  * perhaps  easier  problem,  now  lender 
invest i go*. Ion,  is  to  determine  at  whet  stage  the  theory  of  ! applicable  tc  Infinite  plates  brteka 
down  fpr  finite  plates.  Cavitation  and  follow-up  will  now  be  the  main  effects,  the  diffraction 
wave  os.  «c:gs;  nuc£5«i»ut «:s‘  ■*■  wg.  .ecllor..  the  order  of  magnitude  of  whicn  will  hav*  to  t>« 
worked  out. 


raauits  *e  have  octs'ntd  should  bo  compared  with  thoac  o’  "rledlander  (Bj.  who 
considered  an  infinite  plati  divided  up  into  a “chess-soard*  by  Innooiic  si i< Tenet*,  each  'inuiru* 
of  the  citess-board  being  cons:ralr*d  to  we  according  to  tr»  parabolic  lav.  Mow,  In  our  first 
two  models,  «e  found  that  relative  tutne  Infinite  plate  cavitation  nifect  was  nabtan*-*!  at  tr.a 
centre!  pc'.nt,  whereas  Friedlender  (8)  found  that  cavitation,  roch<v**d  a*  *.n*  Instant  at  which 
the  '*an  pr»*su^  over  <he  plate  dropped  to  zero,  wc-_  later  for  Ms  rode  l then  for  the  Infinite 
plate.  If  r*  had  based  our  own  criteria  on  ncen  fissure  rather  thin  on  pressure  at  the  .. 
point,  urt  should,  from  equations  (ij  and  (if>,  have  deduced  exactly  f.hc  T^yier  cavitation  tine 
-v.  wo.-  yia'.i.-.1  c.w™  "po'«I>u  oio'  model;,  subject  to  tho  correction  for  the  effect  o?  the 
diffraction  wave,  wnlcn  ern  v.ily  be  in  the  direction  of  !>.."*.*•  mean  pressure  and  sc  postponing 
the  time  at  wnlch  it  dreps  tc  zero.  Tnere  is  therefore  no  conflict  with  Fried  lander'  * work. 

We  hove  already  pointed  out  that  the  effect  of  the  diffract  I ex  wave  in  nestenlr^  cavitation  at 
the  centre  Is  a c.orstqiw.nce  of  the  artificial  assirrption  of  'p'oport lore  1 .^ntion,,,  which  probably 
does  not  represent  t.»  facts.  The  problem,  of  finding  a ncre  representative  rotcl  Is  nor  'irder 
investigation. 

Cpnc tusion.s  and  action  rcco;--:;., J. 

(a)  Tbe  bast  criterion  »?r  *.*si€ing  whether  or  not  cavitation  occurs  at  a flnit*  pi*t»  Is 
probably  that  of  Kirkwood  (the  Taylor  cavitation  tirv  rmiSt  be  eq-.w!  to  *.) 


(0) 


yt 


If  condition*  are  ramrora&ly  far  removed  from  the  critical  region,  ona  can  probably 
•■•yard  the  plate  as  Inrinita  and  apply  the  trnory  of  I*  It  \*  propowd  to  Investigate 
ho*  far  away  conditions  Must  at  for  thii  to  oe  poesibie. 


it  happens  that  this  cavltbMon  criterion  is  not  wary  different  from  toe  criterion  for 
the  validity  of  IncortprasslOle  tr^ory,  though  this  result  could  not  have  bean  predicted 
in  aevance. 

Tka  r/>iy  type  gf  diaphragm  gnup*1  in  rmmon  use  that  i*  In  thl*  critical  region  appear* 
to  the  w inChj.S  type,  !l  la  iiNQly  to  be  difficult  to  use  gang*  at  an 
aciolutr  instrument.  tnuwj.i  it  should  {>«  quite  *al i afa-. tufy  fyr  cu»j*.rl‘..yi  puroosei. 

Toe  design  of  the  ymller  t/pkrs  of  gauge  might  wel'  he  reconsidered,  In  order  to  remove 
them  further  from  the  critical  rwoion. 


The  assumption  of  'proportional  motion*,  while  probably  satisfactory  for  predicting 
finsl  deflectlonsj  Is  likely  to  give  r,i%v^ad i ng  results  for  cavitation  tines,  and  for 
the  early  motion.  !t  Is  proposed  tg  look  for  a better  model. 

The  pjeifure-t In*  history  of  the  central  point  of  o plate  cannot  be  taken  as  typical 
of  the  whole  plaia. 


/?«/•  rence  a * 


•Theoretical  invest (gat left  of  Cavitation  Phvnemcne  occurring  when  an 
underwater  pressure  fgise  is  incioent  on  a Yielding  Surface  *-  !♦* 
(Ucferrod  to  ?e  0. 


Butterwuf  tn 
and 

wigglesworth: 


“Tha  Prossura  and  Impulse  of  5>«tarlne  Explosion  wave*  on  Plates.* 
"Camsge  to  Snips'  Plates  by  underwater  Explosions.* 


ftayloign: 


Theory  of  Sound:  Yglirr*  ||;  peregraph  JOJ, 


•The  Effect  of  e Pressure  Nava  on  a Plate  cr  Dlapnrua,*.* 

O.8.R.U.  xpport  UlS:  -Tno  Plastic  Deformation  of  mrlne  Structures 

by  <\n  Underwater  Explosion  Neve:  U to 

^?rlea  of  O.S.fi.D.  Interim  Reports  on  Underwater  Explosions  and 
explosives:  No.  1*  Qrtwafd  . 


Frlenfilander:  ■Trx.-  Effect  of  on  underwater  Explosion  Poise  or  « Framework  Composed 
of  ■•ertang-.jiar  Panel*.- 
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P'oof  that  tqLAtlon*  (l)  art}  (3)  In  the  ifxl  erf  v. i valent . 

assume  that  tne  velocity  u(t)  Is  such  that  It  cc*  b*  expanded  as  a sue  or  Integral  of 
decrees i rgMjxponent  iai  functions  of  the  time.  w*  apply  to  equation  (fi)  the  operator 
j J ^ j ~-  j’ " which  h®s  the  effect  of  changing  p *"*  Into  the  function  v.ftlch  tafce*  the 
valu?  taro  for  t ^ 0 arJ  p“nt  for  t > 0.  This  result  follows  by  completing  the  contour  6>  » 
semicircle  balow  the  real  axis  fur  t < r and  above  th*  reel  ax  It,  for  t 5 0.  'n  cither  cate* 
trw  imegrsl  ru„rj  tne  semicircle  vanishes  asa>-®by  Jordan’s  ccm^  and  the  result  follows. 

The  p'Mssurv  on  the  piston  Cue  to  a velocity  u*  which  can  oe  expanded  as  r ;ium  or  integral  If  fich 
functions  In  the  form  u *n  Is  given  by  applying  the  same  operator  to  the  right  rood  aide 
of  equation  (3).  The  Integrals  that  result  are  ver>  similar  to  those  considered  by  Cal  'op  (see 
vatju.i’^  beasul  funtM,..-.  p:;o  *n)  and  are  oest  evaluated  by  expression  of  the  Bossol  Functions 

• a Integral,  of  Poissons  type  i\nd  .eversing  t ho  order  of  Integration*  Equation  (3)  tfue  gives 

us,  for  the  reaction  fo't-*  Out-  to  such  a velocity  u,  the  expression:- 

f .*  /*"  ( i-p  *\JeP-i  "»«*d  de')  Jw  *u> 

11  2'T  i - CO  o>-  I n \ o / 

For  t < 0 the  tontowr  integrals  Po<n  vanish.  Fur  t > o tr*  f!r*t  term  becomes  as  before 

• fig  C « « £*(l  p***'1,  wnlle  for  tn«  second  term  *c  must  put  ha  contour  above  the  origin  only  for 

tu>se  values  of  0 for  which  w l > 2 xfl  cos  c,  i*t',  t > ? » hence  we  have,  If  d*’  is  the 

critical  value* 

f ■ - /r0  C 77  ::2  g /!,  t»  J’,  sin*  8p  iLV<a^  a S A<2) 

Changing  the  variable  so  that  t*  • ^ cos  6,  li  follows  that  *(2)  if  equivalent  to  equation  (i) 

In  thw  text.  fer  t > ^ th*'  integral  In  equation  A(2)  Is  from  0 to  ^ and  that  In  equation  (l) 
fnxn  o to  ■?  • 

The  more  general  Turn  of  equation  (l),  when  0 Is  not  *«ro  for  t < Of  la 


► - -p0c*- 

nhsre  Ji  ( — ] * 1-i  (tin  2 y ♦ 2/1 

\S  / 77 


I ! 
i I 
i \ 

1 > 


where  ain  y • 


Substituting  u ■ UQ  p in  equation  *(?),  ;t  can  he  verified  that  c t*,  equation  reduces  to 
Rayleigh’s  expression  (3).  Thus  the  equivalence  of  tht  two  m-t hods  li  established. 
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ThtuRETlCAi  i riVCCTlCATSCN  OF  CAVITATION  PHENOMENA 
OCCURRING  WHEN  AN  UNDtRWATER  EXPLOSIGi  fS 

incideni  on  a yielding  surface  -hi 

H.  N.  V.  Tcmpcrley 
April  1945 


in  two  prwvious  reports,  reTerreo  »o  as  i/i)  anc  :i(?)  tne  pro&len  c f damage  to  a platr 
with  clapped  ed*<>  .*no  a * ■' i e i«.  considered  on  th?  altrrr«ti»e  ibaunplions  that  wamr  can  o; 
tanrtol  stand  tension,  tre  rlfltr  being  subjected  I;  a normal ly  incidpr.i  exponential  pulse.  in 
the  present  report,  some  of  this  work  is  extended  to  ooliQuc  incidence,  and,  in  addition,  th? 
(f/c.l  of  plate  Ci'inij  supported  by  stiffeners  as  wcl  I as  at  the  ecgos,  i*.  ocmg  considered. 
Tor  cases  in  wiitch  the  radios  of  tile  plate  is  V"SU  compared  with  the  ‘Knv-.i-ler.gth’  of  tnc  pulse. 
It  has  already  D*'n  shewn  in  II  thjl  regions  of  tension  in  the  water  do  not  ccrur  to  any  extent, 
so  that  the  deflaga  will  i-j  the  same  whether  wutci  can  stand  tens or  not.  it  is  therefore 
only  necessary  to  consider  cases  in  wnich  thi?  radius  «s  comparable  witn  or  large  compared  with 
the  ’wave-length"'.  The  nlscuSSicn  sho«*r,  mat  for  radii  large  compared  with  me  'wave-1  englh’ 
Cavitation  should  Increase  damage,  and  that  for  a structure  11  hr  o snip's  potto*'  or  a panel  of 
plating  divided  up  by  stiffeners  this  sio-iio  oe  true  for  practical  i»  mi  rases  fer  which 
cavitation  ia  important  at  all.  for  j structure  lik.'  the  oox-nodcl,  on  the  other  rand,  there 
srrr.s  to  ce  an  appreciable  region  of  values  e*  the  variables  in  which  cavitation  routes  damage, 
ano  this  region  seems  to  COVi.T  most  of  the  Casts  occurring  in  practice.  This  last  conclusion  is 
only  vf 1 la  *t  it  is  possible  to  ntoieui  tnc  effect  of  diffraction  if  extensive  cavitation  occurs. 
Qualitative  reason?  for  thinking  this  nv  ji-en. 

List  of  Syw^oTs., 

f-n  * Haxl.^in  pressure  of  incident  pulse. 

0 *■  Angle  of  incident  of  pressyre-e-jlsy.  (acute  anqlc  between  wj»<r- front 

ann  pl’tc). 

t*  *-  Time  constant  of  incident  pulse. 

C * Velocity  o#  sound  in  water. 

p0  • Ocnsity  pf  wator. 

i,  * Distance  from  centre  of  plate  along  axis  <?f  plate.  (Also  thicfcncos  of 
layer  of  <nt*:r  an  plait). 

y ■ Deflection  of  plat>', 

z ■ Astana  mcosuri.i  parallel  to  plate  ana  in  place  of  propagation  of  pressure 

Pul  50. 

D = Rod i us  of  plate. 

H2  *■  hurivr  of  Sun-paneis  info  which  plait:  is  divided  by  stiffeners. 

p «■  yens i ty  of  pi  .to. 

h • ?hiefcru.ss  of  plate, 

orQ  ° Yield  stress  of  plate. 
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w » 

f)  * 

* (S’) 


y 


Weight  of  crvjfje. 
Distance  from  charge. 

• i - n (sin  ry  * </) 

Cf 

7* 


t • Time  variable, 

t ’ ■ A variable  of  integration. 


/ rt  t rot/uc  f r o n. 


i ft  t»o  previous  reports,  referred  to  as  1(1)  and  11(2)  *c  nave  considered  some  c'  t i-e 
ffWOi  t iCdt  ioftS  tMt  have  to  be  made  in  the  theory  of  the  nut  ion  <jt  a clanvcd  plate  when  Subjected 
to  an  underwater  explain  pulse,  if  we  assume  that  water  Is  incapable  of  stanolnc  any  finite 
tension.  Taylor  {>)  otOc  a Start  on  mis  problem  for  an  infinite  platp,  considered  a*  a n»ss 
t>aciu<d  by  3 spring,  (the  spring  r pr^si-nting  the  elastic  arid  plastic  forces  in  the  Structure),  Ha 
calculated  the  energy  that  was  irpartad  to  the  plstv  up  to  the  instant  at  *iich  the  pressure 
dropped  to  eero  at  the  plate.  in  * wt  obtained  explicit  forrujla'  govorning  the  propagation  of 
<_.ivl ialiorr  into  the  water  subsequent  to  this  instant,  and  I'omulateC  the  equation*  governing  the 
subsequent  motion  of  the  plate,  as  it  is  yraoually  brought  to  rest  by  the  spring,  out  is  subjected 
to  me  impact  of  t*»«-  cavitateo  water  wnicn  is  thus  given  an  opportunity  to  catch  up.  Solution 
of  t:wrst  equations  showed  that,  for  thin  plates,  the  major  portion  of  tM  i?r<ogr  would  be  CAusPv. 

-1'  th;s  Vvllce-up*  *erh."i«*  t»  • 'ih,l  dsmgc  cor  respond  i ng  to  ACout  two- Hurds  of  the  energy 
brought  up  by  th?  explosion  puls«  . the  remaining  third  being  partly  reflected  a wy  before  cavitation, 
and  partly  lest  ift  the  collision  between  watc*  and  plate.  In  it  we  investigated  some  of  the 
modifications  that  would  be  needed  for  a finite  pl«»  c.  In  particular,  wc  found  that  nirirwood's  (i») 

suggested  ^•'it-rsoi  fer  th:'  ccn.jrrr.-.rr  -*  r;v.  tat  • -ii  -.onyci.,  am;  also  that  it  oid  nut 

differ  ry  much  from  the  criterion  that,  in  the  ah  .once  of  Cavitation.,  incompressible  theory 
would  be  ft  valid  apnrn*i«**io*  for  determining  damage. 

We  have  »u  far  nut  atiwV'eti  two  of  our  nain  problem: 

(a)  To  determine  whether  damage  :s  greater  if  cavitation  occurs  At  z*  rp  pressure  than  it 
wuld  op  if  water  cov'd  stems  tension. 

(0)  Th®  effect  of  c pres sure- pulse  at  oblique  inciocnu., 

in  *>«is  repcfl,  we  shall  ,*.tt «'*»■»*.  both  of  th“t?  -voh Imi*  for  a laijir  plate.  Pqr  small  plates 
neither  question  crises,  because  wr  hav  „ho*n  in  li  that,  •.•.g.  for  diaphragm  gauges,  cavitation 
duca  nut  a mu  ii-ot  i ironpresa  ioie  tneory  is  prooaeiy  a Tair  approximation.  ev"t: 

if  ir.co::ip  '«ib:r  theory  Oods  apply.  the  danwge  would  oe  practically  innepcwent  of  the  angle  of 
incidence,  (.is  is.  In  fact,  observed  e*p«r innntal ly  for  oiapuapn  gauges). 

The  Eff ect  cf  Obtxgu r incuie nc e,  if  Cav 1 t a f ; u a occurs . 

Tayior  (j)  was  able  to  generalise  his  worn  t*»  oblique  incidence  on  the  following  two 
aSSixrptions: 

(a)  Conditions  arc  not  too  near  those  of  gl-r-ing  inclaerce. 

(b)  The  motion  of  each  ei.-irent  of  vhe  plate  is  indep-ndent  of  that  of  neighbouring  elanents. 

i,c.  effects  propagated  through  the  plate  rwy  n.  glee  tod  in  comparison  with  effects 

propagated  through  tho  wator. 
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tasemplian  '.a)  Ij  equivalent  tc  thr  statement  that  diffraction  effroi*  due  *o  the  arrive! 

Of  ii*  pits-  at  tr.o  cdjjf  of  the  plate  ole  a-ay  vrry  quickly.  The  motion  uf  ih<  u'eti.  then  occome* 
quaii -eteady,  every  iijraont  of  the  pl«tn  having  th®  $w  equation  oi’  nut  ion,  Counting  ax  juro  the 
tlmr  at  whir*  th?  Incident  pulse  arrives  at  the  fitment.  Since  the  Incident  fxiler  Sweeps  over 
the  plate  with  a velocity  C/sin'ii,  where  '/>  is  thp  angle  uf  incidence  {defined  as  the  acute  angle 
between  wave  front  and  piste). this  m>ans  tiiat  once  wa  have  calculated  the  motion  of  any  element 
w-i  can  calculate  toe.  of  ary  other  element  oy  *posi  Jating'  the  tlmo-sc*le  *v  thr  appropriate 
value*  of  — , wh»ry  the  *-axls  I Its  In  the  plate  end  !n  e plane  parallel  to  the  d|.,ction 

of  propagation  of  the  wave-front, 

*aiur<xjt  ion  (b)  is  a i mi  ini  to  Inal  intiut-uced  in  It  in  Support  of  uOin  tnsuratica) 

and  etperimantal  evidence  <*as  given.  it  is  slightly  lea*  orastlt.  in  that  i.i  n i:  was  appliec  to 
the  diffraction  wave,  moving  with  precisely  the  velocity  C,  whereat  here  tne  pulst  is  sweeping 
over  each  element  of  the  elate  in  turn  with  a velocity  effectively  greater  than  c (doe  to  the  ti’t 
of  tne  wav^-front)  and  thv*«*rore  the  plastic  ard  elastic  forraJ  will  have  still  less  chance  of 
propagating  theme* Ives  aneoo  ui  '.c  lncUw.it  w*ve-frcnt  than  they  have  gf  propegat log  ahenJ  of  the 
diffraction  wave. 

if  we  make  thrfe  two  assumptions,  the  t»o  boundary  condition*  at  thr  piste  ran  to 

sat  i * rird,  as  tayior  (t)  shewn,  oy  assuming  that  tv  effect  gf  the  plate  ran  Da  represented  as  a 

simple  reflected  wave.  *hr  angle  of  refiecikn  bung  equal  to  the  angle  rf  incidence.  3esldea 
tne  “post-dating*  ©f  the  tiae-tcale  fpr  elerenta  ,'f  the  pleto  with  different  x ro-oro  f.viles.  tho 
only  other  changes  that  have  to  be  naoe  in  order  tn  convert  the  theory  for  direct  incidence  into 
the  theory  for  oblique  incidence  are,  first  that  *e  rtitt  replace  the  auantity  rm  by  pm  cos  and 
P (the  density  of  the  plate)  Dy  p cos  i£.  When  we  corwj  to  consider  tne  ^ropagttior.  of  the 
cavitation  *r«int.  the  theory  proceed*  exactly  as  In  l,  except  that  we  hav*  x cos  In  all  the 
eqLdtsyiiu  .r:t?;id  cf  x.  (x  being  tne  co- ordinate  whose  axis  is  perpend  itular  to  the  plate). 

Tne  fact  tna*  w*  have  replaced  p d>-  p zzz  eecessltatce  our  also  Replacing  a by  <x  cos  i^r.  The 

discussion  of  tr*«  various  en-ry-e?  involved  can  also  De  taken  ovor  if  we  replace  a ^y  a cos  \ii 

0 2 A n * fl  ~ 

ana  jjr  r*y  in  Z cos  i/».  Tni$  latter  Change  >s  th«  same  as  replacing  p by  p cos  \lf  because 

V ** 

V contain*  tre  factor  j>.  for  *-c  ano  tne  total  energy  one  of  the  factors  cos  Is  removed 
when  lnte9rntu  ©vor  the  whole  pulse . 


:t  ia  a little  more  difficult  to  s*.  «nat  modi  f icat ions  have  to  be  made  tn  the  thoory  of 
the  * fot lo<u-up*  atage  of  tr.e  mu; ion.  “»i  **.  iht  a»g1e*  of  inri<vnce  end  reflection  are  equal,  it 
follows  t Kat  the  part »r las  will  have  no  velocity  in  The  direction  at  the  instant  when  ttw-  pitswro 
drops  to  icre,  ano  tvrofo»o  thst  «ne  velocity  o'  the  csvitated  water  will  also  be  perpendicular 
iu  ihc  pteve.  wc  can  tswi  over  the  argument  pf  t,  bjt  ni*ra  we  l#av.  x unchanged  and  do  not  replace 
it  by  x cosw.  '«•  thus  cDtain,  instead  oi  ^z'  on%  (*8)  and  («)  of  I,  *ha  following  'elation* 

between  t,  x,  y,  art  ur.  (ic  oeing  tne  velocity  o»  the  watTr  at  cavitation;. 


fl_Q_CO*  \p 

i - a cos  ^ 


a cos  >//  cosh 


X 

IT 


(0 


Pv 


*P  ~ X C-^S  ^ ~ Q v°d  </*) 

5T  (>  - U C»»  /') 


\ w ) 


l - a cos  C; 


(*l 


Since  equetio.*!  (id)  In  i f*  derived  pLrelv  Dy  nxmwnti.m  consideret ion;,  H cannot  involve  the 
quantity  cu*  0 directly.  wiau  it v thickness  or  the  •rocor..;; tuted*  layei  of  water  on  1 1«  plate 
I',  just  x for  wh?r,  particles  'hat  wi>re  hjigin«.iiy  ar  a nl tto'CC  x fr<*«  the  origin  ,irr  just 
arriv.nn  at  the  1 eyjr.  in  otner  word j,  uq-wtlon  (jv)  is  exactly  the  same  as  In  i,  that  is:- 


d 

nt 


(3) 


Cxa>  inatloo 


. I . 


2liti 

Cx  .-tinAl  inn  of  tl*?sr  equal  I rrve*lfi  ret-alka^l-.*  f*S»« It  that  thr  cor  r v<VpC'<1 1 no  rq-jot  if.lt  0*  I 
tan  he  mjd*  identical  w.th  thorn.  IT  *r  wak*  tm  ..ry  <**•'  chiinjps  in  t**  v*>r|.il'W3  Tnr.t  wr  ww 
already  introduced  disCJSSing  the  f*ct  ion  of  the  Mato  up  ty  Cavil*!  1 0*^  nnu  tne  piOpagnt  ion 
of  tht-  rovltati(.*»  front.  For  renvenienur,  *w  ret  'pi  tul^tv  those  chang-s  rnrr. 

/ « i n if* 

t becomes  t - - — J — -t 

C 


hrc(«A«  km  Cos  4> 

P Dec  owe  * p cos  4' 
a poconos  t*  (us  »/' 

Tro  yth<»r  variables  repining  unaltered,  except  tfat,  consequent  nn  the  cnanoi*  In  «*r  5*  Uncones 
S*  c<ts  ■>/;.  Tne  corm;v'.1iftj  h.mgfta  in  the  non-dimensional  units  introduced  in  I or,.:- 

Unit  of  x becomes  C 0 tee  y>  instead  of  c 0 

unit  Of  y becomes  * cm  ^ cos  4>  instead  of  ? P/K  £ 

the  units  uf  tlrj  and  pressure  being  unaltered. 


Whan  ww  f«ke  the  modification*  Inn  and  S,  we  r.«n  la>-e  cvrr  iiw.  « i»f»w re  * : :*  ' T .►'*»  i 

ano  i o'*  I without  having  to  repeat  the  numerical  wor*.  Tup  rein  iisnlt  of  this  work  is  thr.t 
for  * thin  plate  aooul  ^ of  the  total  c«crfly  filing  ei  the  plate  e. ptnrs  dnang*.  Thc  wo'* 

• n * shows  that  this  figure  is  not  very  sensitive  to  S.  fyr  a S-V.l l it  sllToS,  Certainly  only 
varies  slowly  with  a.  so  we  conclude  that  it  is  prcoaMy  not  very  sensitive  to  4'  either.  »e 
thus  conclude  that,  for  o large  piste,  wnen  cavitation  occurs,  t.a*  final  damage  corresponds  to 
t pm2  ^ 

plftftic  eipr.jy  oi  provltttti  ly  - --  c os  y/  ;pr  unit  .irr*  of  pt.it»  which,  If  a*.'  asmjtip  to 

to  ** 

\ 

fon-ul.a  of  the  type 


i ^ and  6 to  Du  proportional  to  wherv  w is  Charge  ar  ight  ana  0 is  distance,  leads  to  . 


(«  cos  y)* 

f ” 


Thi  fff ~/e«-f  r>f  Cox/i(olio»i  or  Pgr.,..  f r . 

ue  r.c*  examine  variojc  models  of  a strut,  lure  jidergoiny  damage  to  see  %i«at  valid 
Co’rparisu-'iS  can  6*  made  the  ccnsequeoct  j uf  t :,o  assumpt ioh  tk,r_  water  can  stand  no  tension 

at  all.  and  of  the  as-tump".  Ion  that  witef  can  stand  unlimited  tens'C'i.  *t  first  sign!  one  would 
think  that  the  answer  Is  obvious,  and  that  if  a plate  is  free  to  l»-avo  1 1\.  eater  warn  the  pressure 
drops  to  *e»o  it  ffwst  always  suffer  more  oanag^  m.n  if  tensions  enn  occur.  For  a sufficiently 
l*roe  plate  this  Is  certainly  true,  furtn^rmyro  tno  wor*  of  i shows  tnat  if  covltatir.s  occur;, 
a further  contribution  to  damsga  Is  neaa  by  iryeft  of  cav;tateo  water  with  the  plate.  For  a 
finite  plate,  ho#ever,  one  nas  to  consider  tno  effect  of  diffraction  y rrw"  the  t-d^ns.  For  a 
very  pra’*,  tne  f'fcut  yT  0:  ffi«»lior.  is  tc  prevent  ten^inn  nrturrinu  ni  *il.  ^nd  there 

will  bo  ny  difference  between  t.,r  consequ. nc**s  of  tne  two  assunp: ions,  (Vitoria  for  this 
arc  worked  out  in  li).  Fyr  a somewhat  larger  p‘.  ,te  tension  sets  In  before  tne  arrival  of  the 
diffraction  wave  from  the  ccjrs.  ord  the  pressure  alternates  }n  time  between  positive  and  negative 
values.  It  will  b«-  Shown  later  th<it  positive  val;.;w  ucdomiriate,  so  that  the  u-ffect  of 
dlffrartioo  Is  always  to  Increase  ddirwge.  For  a sufficiently  small  pleto  this  contribution 
1$  considerable,  and  it  may  veil  Co  that  the  effect  of  cnvltation  in  preventing  the  diffraction 
Aflvr  fiom  ait;ng  all  q\  cr  the  plate  mpro  then  oalances  the  gains  In  d^nage  Cut>  to  tho  i iOf>- 
exlstcr.cfc  of  tension  at  the  plate  ana  tio  effect  of  *follo<w-up*, 
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( | ) The  > f ffcl  gf,  c >v .iat  l<jn  on  Ol  lyn . 

yni«N  '••'  »•■-  Sirult  » vu;:s  iiit.r*-Trr  c*  c*v1 *n» l—i  mi  nl'#rtr:  ir.n,  it  VS.  u»  to  *l»t 
pr  I'jfnt,  l»«'fn  iihiussii-lr-  to  extend  fi*»  w»ir«  i>f  I to  .1  fjnli*  plate,  Out  one  Can  bring  forward 
vinti  ■ 1 ntivi*  •.rjo-K-'ilj  which  su^j-'M  Tor  t &uf  f ...  I cht  1 y !j»gt  pi  *»\,  f V. ; t : t k'h  probyil, 

iatorffit-v  s»  ••’n.-.r-ly  witv  th.-  Ci>nt riogt ion  ?n  dn-iepr  iji*-?  t-'  Oi  • fr'et^n.  Although  Che  ‘in'np 1 1 t <, 

rvjpymi*  Out  o»  t«u  « wil-tion  » *ii  ;n  -'■l'1  r,  ont  C n deduce  enough  Wet 

It  frr  present  purpos-.g.  In  i I *c  con?iu(j»-0  thM  tr-.r  nvltytion  tin*  -s  rrol,U'1y  1 n.ni-pi-nd :nt 
of  the  radius  of  t!^  pi'l.  . *0  that  ciit#n,in  for  c.wit.Uiun  1}  ji^oly  that  mi*  li**v  *-Ut  do 
Iwas  tMn  inr  time  ^ for  tni1  nffrsrtion  wove  to  arrive  >t  tr»:  centre  if  thP  plate.  t>>  e.'» 
evtrnsicn  jf  Inc  Arguments  tn.it  led  this  conclusion  wC  dcduc,  tflat  ujvjtjtion  oCCur*.  gt  tne 
Taylor  cevilo:;vn  tn*«e,  over  just  that  portion  of  tK»  plate  whicn  t-'.t  diffraction  wave  ha.,  not 
reached  Oy  ihen.  in  ii  ^ jo  deduced  tn*t  tne  position  of  the  tip  >>f  t r*r  invitation  zone  Is 
sensitive  to  the  thickness  of  tnr  plite,  that  even  if  thp  plate  was  e Hit  If  pcio*  thp 
critical  tnlChot-ss,  the  Imgtr.  of  the  'beard*  would  n«  several  timr$  the  r»dlus  of  the  plate. 

Xp  niny  therefore  «cgnfd  the  c.ivil.itiun  7cne  as  pemg.  rpygr.ly,  a Cylinder,  The  diffraction 
waves  incident  on  tne  Surface  of  tms  /one  will  be  rofleCted  as  at  a frn  surface.  iir.C'  c 
are  . s junu ng  th*t  water  cannot  stand  any  tension  the  efftCt  will  do  to  cause  further  cavilatiun 
and  throw  drops  of  water  inw^aj  «;  n,jht  angles  to  the  surface.  Since  this  ''.■••fare  15  nearly 
j cylinder,  me  drops  w>i)  only  have  a snail  velocity  coripnnent  towards  ♦ ».<•  piste,  ani  will 
Contribute  little  or  nothing  to  dlA  ge.  Xc  have  also  to  consioci  ti-n  cff,Ct  of  d 1 f f.VCl «on  jn 
th.:  outbid'  »<>■  lion  pf  IN*  plate,  where  Cavit.it  ion  do.-s  rc‘-  d’Cur.  Thi  oreatith  of  this  portion 
15  eju\l  to  tin  velocity  z“  uimd  r.u  1 1 1 pi  ieo  Dy  tne  cavitation  tier,  and  it*-  «rra  therefore 
heCOPHS  1 cteo'dily  i c:ll;'!  #:.*.Ction  of  th»‘  totnl  -USa  of  the  plate,  as  its  r.-,di-js  incroises. 

It  rerrjins  to  ccnvidpr  •r.ethnr  diffrict«on  wi^ld  h-,v-  any  effect  jfter  Civi  (ct  ion  h.jS  di  Sap|>-*irrd. 
In  I vn  found  tl* jl  th--  t«l  t .tv  to  r«  5t  (wltn  any  r-isonitlr  assunptipn  shtiut  the  str^nptr.  of 
tne  sprinp)  uniy  at  a several  tines  greater  than  the  cnaract eristic  1 nf»*  0 of  the  explosion 
Pulse,  and  that  t-vnn  t**n  trv»  lc-yer  of  wat»-r  built  up  on  tne  plate  i«  only  .l’soirt  hjlf  tne  “wavo- 
'n-ngth*  C tf  nf  me  pulse.  Reference  to  tee  theory  of  diffraction  at  a ri-j.d  -uston  *ho*3  that 
the  ruin  contr  ibut  ?t*n  .if  diffraction  eerur  . witrtr.  a tine  Cf  if'O  oemrr  of  so  that  <f 

diffraction  is  to  r..a«e  any  appr.riahi^  centrioution  after  cavitai-on  has  disve*  -i''d  K nust  oc 
>»*Vf  1 il  a«-  oig  a$  C 0 *K-  shall  show  1a>r  that,  «f  this  is  an.  the  r-ffects  of  cavitation 

mfl  'follow-up*  (without  any  tsvstvrc  ficvr  diffraction)  a '*■  Dy  menseivrs  sufficient  to  nave 
d^tvigv  qrcrt'r  in  the  Case  when  cavitation  occurs. 

Slice  we  are  trying  '0  assess  tn*'  effec*  of  cavitation  on  d^tagp  fpr  ljrgL  plat.  s i* 
set"S  fair  to  Cotv-VO  the  case  treated  m l (la»ge  rigid  pi.tcn  wi  *h  cavitat  ion  ucru-  ring  r rr  tn, 
*rv.«  ari-.w  wit.*,  sr;  z »se  partial!;  tr.Mtod  in  11  (ri.jin  pirtcoi  ^-ving  in  .,n  '.prrtprc  i.i  .»  rigid 
wall.  watr-.  Doing  ahl.-  to  sla'A  tension)  a*,  coin  teosc  cases  m m-  trt-ateo  rigorously.  * 
coevariym  Of  the  honavicur  of  thej-,  two  nolels  jS  me  radius  Uecorva  l^r.jr  Slmuld  oivt  a r.t^r 
iC*"*  th*'  Critical  condition?  for  the  incr-'jst-  or  decrease  of  d.>nig>  due  t;*  th,  ocry'*vnce  o' 
csvitot  ion.  ’no  C deplete  n»;l»-ct  of  diffraction  in  the  c jvi  i .[  ior*3|  cast;  is,  for  the  logons 
just  0 i Vcn,  DrotnPly  justified  1*  < first  .ipproxlrv.t ion, 

( 2 ) The  ^soring*  approxiiyt  i pn. 

hn»*r.  ~r  .r*  c oes  1 d* r : **.g  lurg*  pijics  ti’rf’  1 nt . uJut i • j.io  cupiff  of  a spr  1 ng  »o  replace 
Inc  plastic  forces  in  the  pijt^  needc  so***  rare.  »c  r.ha'l  Consider  two  tyf»-s  of  rase.  In  the 
first  «,-*  shall  *.uPPnae  the  ol..»n  at  the  cnlv  and  Surrounded  py  a rigid  baffle. 

This  will  he  reftrrid  to  as  the  ■‘oox-ncdel  * s»  t of  as'-v-iv* -005.  in  th.  -rcu-in  Wl.  1 suppe" 
tlu  plrf  . to  t*”  suppprlea  at  intervals  Oy  stiffrnery,  c|.\npod  at  the  ed,vs.  and  sur rcunoeO  Dy 
water  on  <.11  jic-s.  T«,s  |3tt»'r  C.iSP  corresponds  'loSdy  to  the  case  of  e.;uol  Sl-ip'o 
bottom,  s0  will  ii  'vf'.-rrcd  to  as  the  "shi::-  set  of  sssimptims.  U is  uus torn ry  to  take 
-;;fc.nt  of  th-.  differerci-  b- tween  "t-cffiu*  ire  "no  Simply  Dy  dropping  the  f,iC*or  2 

represent  i ng  the  ou.blny  ir  pressure  In  ca-.- « wn-.  re  oiffractiu.n  Is  irpcrt.vit  but  ociujlly  t h» 

.*  a i " t **••«**  *1  a e*jr_  cjrefpl  investigation. 

A -.econo  pmnt  that  --’Ouiras  e*d«inali0‘',  if  **  e"e  vc‘r;  the  'bo t model*  ossunptions, 
is  trvit  tne  pi^te  is  -bt^^iiy  muugliv  lu  iust  pl.ii.c  ..v.vcs  travail  mj  n from  th«  edges. 

»or  it  to  be  po;s«b' .*  t;  r-puce  these  ny  a spring  one  r-k*st  first  oe  certain  not  cnly  that  the 
raiio  oc'.weuri  deflection  ac.d  energy  for  the  spring  is  tne  same  as  that  for  the  piatc.  but  also 
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ti*M  Ouf  i 115  in,-  1 1*1-  of  <*M-r*i-nt  :•*  tnc  w,  •|--i  ng  r.  pi'cimt  ■ h?  tK  plitf,  pllit'C 

from  tv  eJjv-  hivr  l'»r  to  '.KK  th?  cent  rr  in;  ;>’••«.  '*  n5«  ;«  not  S<\  I*  :S  tr>V. 

I no  rvCe1  n not  fully  uprtj-ntat  Vi . *0  IS  p«-iil  Pv*-t  n • Checked  fu«  .nCh  ’OC»  1 tnat  *•■  73-. 

T |«>-  irst  Mill  b>*  i-Off  xtrml.  nt  f.«r  th«  ■>■*-  1*  r«3.-  •h»-r  - t i-n  .«ni»-  cl.*«.in|  n *1!  -’*1  »*  s 

fur  “ship"  t.«v  wh.r«*  tfti  pl-jStir  w.vi  * ^Av.  only  to  travrl  fryn  tn  * H ff.ncrs  to  i".- 
ce-itr-  of  t*v»»  panel. 

(|)  ^^Virinon  of  v.'.rljt.^  fjr  p*  >tt-3  -f  lirg^  Mv'ul. 

Wr  -jfQi  I carry  ^.,jT  all  1 hf  a'.l:0>  cslcv'aticn*  with  ini  "Ship*  es.-3*»,  which  »>■*  h*  3 
panel  Of  fMjival(»rt  raoiul  * divided  OP  t'y  sti  • '«  -iei Into  A*  panel*  aach  of  equivalent  r^diu, 
we  shall  suppose  that  «tch  *»f  th*»s»  suh-pans'J  v-n  be  r-prrse *’.f 4 as  a riston  vn  a sprm;.  it 
woui o Oc  • better  app'okiiv  ! ipn  to  rpgaro  one*  s^-panM  35  Ji  Ton- inq  into  a peraCotlr  ■*’' '?<  , is 
*tr  COu'd  tti.'n  rrysfd  the  stiff.  Opr*  e>  bclnq  «•  t rest.  Cut  this  letrtc  to  diffi  .uUii-s  u»«-n  *r 
are  considering  the  njyrls  in  which  Cnvi  tat«cn  occurs.  Cvr  w»p<ri?nC*'  i-~-  IN*  pi'*  •••«  t*,,»  n t^'it 
tMfviA)  Ovif  from  "piMcn"  to  "piraCiflui  J“  uppr-.x  lent  Ions  Ores  no*  r.lt'-.’  tru  order  ofr«jnliidt 
of  the  results  (5r»  In  this  report  « «•  «rr  only  frying  to  find  approYi*vt?  crit--*-!-.  *,-r  ; 

effect  yf  cavitation  on  dir*  9. , t r.ci  IN1  "piston"  sapro*  imat  ion  should  t**.1  satisfactory  for  >hi*. 

we  nacd  an  c*pretsiu»i  for  the  strength  of  the  sur.nq  ot>  unit  area  of  plate.  * circular 
plate  of  radios  ^ «hen  dr fo«ry.*  ■ nt-.i  a <ui»  of  a *..-hwr.*  or  perae^igiq  «o  that  the  inron  Sc#l**rticn 
is  > lncr*<i*f-3  In  area  ty  *•  w y* . Thi*  correscvr.ds  to  a total  plastic  energy  o ^ c7eh  7*  y , wtvrp 
a0  1 3 the  vit  '.o  stress  ano  h tt»*i  tf.kKncSs  of  th>  plate,  CorresDundir.9  to  an  energy  of  * C^n*'  y* 

n.  r ,,filt  AN3  of  plate.  Thus,  to  represent  th,  plastic  forces  *»h  n.'i-d  a spring  of  string  i.‘. 

^ ^0^*  **  per  unit  mean  deflection  per  unit  srea.  1 use  this  in  all  subsequent  calculations. 

ip 

To  90  Ovjr  to  the  'bOK-model*  »e  sirply  out  N • 1 and  Allow  for  the  effect  of  the  baffle  as  well 
ai  we  can. 


(j.l)  Incp  i;>r.‘ssih  .»  ’'h.-ufj 


The  in-'ejtigat  ijn  tjiven  mil  ha?  shown  -c  that  in'-.'i-priS' th«ory  is  proD.it:  I > a good 
apprnxuTjat ion  for  sma)  1 piat-s,  s>  it  is  of  int.r1.5t  to  se<  wn^i  results  it  givrt  for  large  R. 
T.ia  iyua;.Wit  vf  / Mini*  vasv»  • cm1  "»y  "«'a-i  ue  f 1 ei-t  i«»n. 


^pr,  . 1 p„  ^ 


°nP 


1.5) 


wiere  p is  the  .roniiW.  pressure  in  the  explosion  pulse.  9 its  t oro-con -».,nt,  p tr.e  c? 

tec  plate  and  p0  tie  density  of  the  water.  Since  the  plate*  are  an  moving  flS  pistons,  the 
•virtual  anss’  tc>rm  yj  PQ  9 «vi T I Oe  the  sa^  as  that  for  c*ne  large  piston.  For  large  R we  roy 
negliCt  ph  cor^arcd  with  this  term.  The  solution  of  equot ion  (5)  is 


3 n _ 

e p * (1  ♦ ) 


s£n  A.  t _ Cos  \ t 

x e 


where  ■ 


* TT  F 1 


(ft) 


he  suppose  H ano  n to  beconc  largw  in  such  a -ay  t"*'1  ^ rnrvinn  r\  . ;...  -ecpo.nl m.y  To  a fix-d 

size  of  sub-penal.  K then  Ceicmws  sn«it  i,  ano  me  middle  term  m the  bracket  large  casparwd  w|t*» 
tnc  other  two.  The  f^ximos  cefleciiyh  «a  givun  Dy:- 


(;  n)*  f*  *.  9 

‘ « • te0\  i.)' 


(ship) 


( la) 


thus  lending  tn  rtTO  for  large  R. 
ami  I fer  large  R when  we  put  N " 


if.  huwvci,  vc  lave  the  *i>ov-r*cQel  * atiu-pt  Ions  \ Again  Docorro* 
.-..■,3  the  rraxl/num  dc’lpction  15  *.o  - given  bv: 


) 
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wCCtnt-*  largn  *or  l!'"®  In  n-.th  it  can  V*  vwrifiwc.  that  thp  fprinc 

dppivxiuji  ion  i •,  * *1 i sf  jCto'y  because  the  time  to  retch  maximum  dc?  led  *cn  i5  proportional  to 
, »3'; 

- , that  is  to  - , **vrc\  s th«  timr  of  .ravt-i  of  tnc  elastic  wbvps  is  propor  ior«l  co’  y to 

K * s 

(3.2)  Nc t i on  of  pi  Uc  JS5u.~:nq  Cavit.«tion . 

I (,  i < ^hc.vh  1“  I t*’t  I.p  t^  th.  time  of  Captation  the  plitO  acquires  a h|nct  iC  © Of  r.y 
.*r  unit  aroj  of  i v " ° {“rSl  where-1.  » |Cn  - l f the  plate  acquires  nc  further  energy 
/•(,  ' a 

, «thi-r  from  ’follow-up*  *:r  diffraction,  t-«en  me  final  tie  nation  is  give-,  iiiVyly  0)  equating 

tc  tre  p'i>:ic  energ,  - 3*  **2  ? 

* k y :.  v*<-  tnon 

1* 

l >n 

yr  - -B  -I' ,.  (sr.jp)  (6a) 

^1  a UijJn  C») 


T:-.h  : r.\?r : t : cr  tc  t?e  r.:s  .".tc?*  ?®  -tee  »-"p*  oy  putting  w ■ i.  Tap  doubling  of  ire 
prv'Sur-'  is  »'fcn»  retained  in  both  models  bee  tvs*  for  b larcr  plate  O'ffraction  plays  oo  part  in  the 
rot  ion  of  * nc  plat*1  up  to  cavitation.  we  have  t*  errors: 

t * o_ 

. a *Tr:  n1  R -it. j (0C»-r-.t3el)  (86) 

2*  'Wc 

if  w^  mate  the  alternative  aSSurptiqn  t**»  ,*p  occurs  Put  there  is  still  ro  significant 

CL.'itr  i Jutipn  from-  diffraction.  ( Sr"'  SOCtiCn  2 fur  4 *1  > sc  US  S i Cn  O*  this)  then  wC  have  jj$i  l ho  C aSO 
treated  ir»  I,  there  wt  found  that  a rough  rul*«os  that  aocut  two- thirds  of  the  incident  cr.oruv 
aj'  eve  teal1/  1 mivi  rted  into  plar-tic  cork.  Tnc  energy  ubsyr&ed  per  unit  area  is  now 


--  ind  1 he  far  tor  a_ 


in  equations  (4a  and  t.)  is  replaced  ti>r 


ia  t'X4>4i|>  '«■*•  w |1  111 1 j!  I'M-  *«*!,•.  i.i?*  a,>5i»T|:.  |V...  t iiu* i i w is  ioj  o inj  u)  iff'  PJS»ru  siii-.iiyoi* 

r 3y  cciv^ictf.'.t ion®  end  it  is  i irnn t er  1 .■*  1 t»*vr  th*-  cur.'y/  coervir.i cated  to  the  plate  *S  a050rPfd 
0 y a spring  or  L,  pijatic  -reves.  The  theory  u'  i , nohcvcr,  ossumes  o unifo"“>  spring  and  a failure 
c.1  this  assu'-ption  right  medi  fy  tnc  f;ctur  ct  | . P«v"  *.ht  V><<;ry  of  I we  find  that  the  tirv*  to 

reiCh  ntnxici'^n  deflection  is  nf  the  onier  of  rv^gnituie  ? where  S is  given  &y 


/a  o’,  n “ / or  ^ 

31  / f,  c a 


should  oe  n.hteii  'ha*,  m 1 «e  use  a 'or  thickness  of  plate  while 


II  and  th»$  report  nr  u«f  •.  n^vn  .1  introduced  the  factor  n t0  nllc*  for  sjOOivisiun  pf  the 

oir.cl).  T -c  li.v  for  tr-i  plastic  ^avj-  to  "cacn  the  cent;©  o»  the  suc-panM  is  ^ divided  !>/  th< 
/•locity  i^o  of  plastic  «*tves.  We  thus  see  that,  fur  tnc  “spring*  approx imat ion  to  be  vjji  id  *-■ 

must  h.ivp  fio  less  l*i^n  unitv.  Since  Ol  is  not  uSjallv  nrvt*r  than  0.1  in  rrjrtlrjl  rji-fi*.  1W1  it 
often  less,  it  spears  that  th.?  spring  jssi/npticn  pr.it3Sl>  Oors  not  lead  to  serious  error  i<>  this 
r. -*5©,  though  the  error  dots  rot  diminish  with  increasing  R as  it  does  in  tn©  mcomp  res  sib'c  codei. 

(3.3)  Motion  of  plate  asstriiru  t^.ct  watc-i  can  s tind  tension. 


In  II  (Appendix,  L’qt'it  ion  A.  3)  it  was  Shown  t*vit  fur  a piston  npvin.g  *n  ,1  rigi©  wuH,  tny 
rigorous  expression  for  ir.e  fore*?  on  the  unit  aree  of  plate  due  tj  tne  hydrodyn.vaic  forces  is 


. „ ■ rv 

- ’ 0 l R 1*/  t . 


of.  ?itfd  i b (--  ) 
'l  * .) 
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ns  tr»«  lunrtlcn  1 - ^ (s»n  2 y * 2 y) . fin‘y»  Tr.c  e**..j*t  ion  of  rot  ion  of  ine 

piston  «&  In^fforii: 

„?  \ es‘cr_iv/  - 

i?  4 ♦ a c Jr  W^siMi  <j*‘  ♦ — J — ■ jp„p'5  (*) 

0?  - c ^ . t. 

where  *»c  neve  used  the  sjine  ’spring'  trrr-  as  before.  f*  bjscr.es  unity  for  a pla’e  dadoed  m tne 
vStjrv  --'»W.  for  yyv*  purposes  il  is  desirable  to  ir.tcyrvtc  the  middle  lefts  onct  Uy  part.,  wad  *: 
obtain:  {<•.«'  >1  equat  id-'.  (l/J. 

P>24  • p„ ,C&  - — 2-T-  jT  ^ /'5I  \ df 

Ot*  01  77  R • 0 \ b,t  / l 01  / X - X ■ 

a ry  t ( 10) 

‘ — ,r-  ■ 'VJ 

S;  i j to  Ct-’d'n  the  solution  “f  either  form  nf  this  aquation  m integral  form  bv  use  of  the 

Fourier  tr^nsform.b  .1  th?  r«.Svl  t ir.)  integral  is  intractable.  we  can,  haufver,  deduce  enough  about 
t.v  behavior*-  of  -.  #;T  ?*v*  pyrp OS*.S  cf  this  report  by  simpler  Ttar.s. 

we  wiy..  fiist  cf  oM,  to  establish  whether  for  large  R,  there  is  any  case  *nerp  di»f faction 
ca«  ce  neglected.  ror  sj:i«  a case  one  ci*u'o,  according  to  tne  discussion  of  section  3,  di-duce  at 
c~:  :•  ♦•*’*  rju.mf  mn  will  incrcjit-  damage*.  if  w assume  that  the  ef'ect  of  diffraction  is 
fiCQl  i-jiblc,  v ncgUct  U-v  inl«*grai  ti-rm  in  equation  (ill)  and  obtain  The  rase  Of  dn  infinite  plate 
without  esvitatien  tr-at-'d  Ly  Tavior  (3).  Tr^  approximate  solution  of  this  equation  is: 


Oy  a ^_JV 

ot  ft'li  -o.) 


p"  n - p oC- 


which  i*.dds  To  the  fell  Owing  result  for  tne  final  deflection; 

2 , '* 

<*■  * — — (;i) 

C f 

fo 

it  ran  l*o  if-*.’  fc " ?n>  reasonable  sifeend  ‘.r-iefeness  of  plate  tne  effect  of  the  -.prirg  ter». 

only  ifttr  jduc-ri  t V?  »M  CC-'  CCtiqn  niy  iX  pf  cssicr.  (i/i.  m.*  asscSS  the  tff^Ct  \>*  - t . ~r. 

c-bot'.’u-.*  i.:.  solution  {111  into  tr~  integral  ter**  of  tq-ition  (lu).  O.r.be  the  exf'CSSion  (ll)  is 
always  positive  w»*  con  obtain  y>  upper  limit  for  v-<?  ef'ect  nf  diffraction  by  replacing  tv  factor 

/ cV' V 'Jf2 

j Ly  unity,  ano  a low-.-i  limit  by  replacing  i t by  1 - *..y-  . Fyr  large  ^ these 

two  quantities  arc  nearly  equal.  Tne*  valua  t/f  tht  integral  is  thus  given  in  ordsr  of  fragnituO? 
by:- 


«c  e p-  - ' _ x I 

— . i ' P ? -fi*a  a)  ; 

77  R (Xl) 


l (fit?  -v'j  -0 (;J 

\ / 


Tatie*i  uf  th«  casif  integral  have  been  prepar-o.  Ti.jS  fCr  equation  (ll)  to  c e a ust.sfactcry 
sol utien.cf  aquatic*"  (i0),  tetse  t».c  e*p"«ss ions  must  srall  ccmparea  with  the-  applied  precs*;'? 

« Pm  iO~  ^ . Tri  r 5 rrjuircr  ■«  in.,  first  place  that  sKc>»ic  Di  srail,  i.e.  R *"jst  be  I ar  jc 

ccr.rafi“d  witr  the  “wave-1  en^t-***  0 v’f  the  r**ist'»  which  1C,  m jf-n.-r*i  well  satisfied  fjr  a 5nic, 

nod  fairly  well  for  tr>e  bcjt-’,e/;ei . T n , - criterion  is,  however,  npr  sufficient,  oecausc,  if  it 
is  satisfied,  ij,  Joplies  that  expression  ( i3)  contains  an  approxi^atel/  constant  t«m  cf  order  cr 
najistav  • ^ and  i *.  is  nr-cessa*/  to  verify  tn?t  the  steady  d.fiictiun  s^cn  a prf.i^ur*- 

v«::14  Ciise  v »i''st  ii*.^  ^ri.*>j  is  1 . SS  than  expression  (ll),  <cr  solution  .10)  not  tp  C<  inval  idatixl, 
lhf  condition  f.-r  thi..  is: 

-C  *5^  i 9 s'  crp»*  ^ 2 o 0 


C R < - rs  U’  C r 


r 

.1 1 
(i 


I ; 

\ \ 
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Inis  result  indicrtes  c dlff?rwoce  between  vhe  •ship"  I'asc  and  •box-mcdel " «;*se.  if  «t>  put 
K * 1.  1 1 i-noossihi®  t-»  satisfy  the  t*rj  tr.ricn  (l*i)  eveent  If  tV  tnickness  cf  Ine  plate  is 
Sivcfai  tif"cs  :ts  rguiui.  The  unly  practical  Case  of  thi>  is  a pi  $1  on-typc  g»uyO,  (such  as  the 
Hill  i a <*  Copper  c'ushcr).  In  such  3 tast;  >S  tvi  smell,  and  th>-  invst  iga'.  icn  c?f  11  the..  ^ho«Q 
tii.it  cavitutiun  cannot  occur,  It  follous  there's'?  that  diffraction  r^st  always  Cu">iucred  in 
the  box- to 3o  1 eem,  criterion  (l«J)  snowing  that  solution  (ll)  cc-nnol  £>c  the  corn'd  limiting  fofn 

*u;  <afje  £.  T!i»i  fjhySiC.it  fu*  the  twO  C”i  tei  10  «i'i  fair!,  l-j.  iCwi.  f.|L-3t  i >jn  (ll)  JiTyiteS 

that  the  piste  brought  to  rest  oy  tension  in  the  w»ter  rath'.r  then  by  tn».  p’astic  forces.  for 
tension  ty  ociui  at  all,  wc  must  have  <?  at  least  comparable  with  C 6,  ss  mts  shn»i  in  II,  Criterion 
('-*)  !*«pl  that  when  the  plate  is  brought  to  rest  by  tension,  the  plastic  #orcts  corresponding 
te  this  reflection  are  sufficient  to  prevent  any  further  movement  of  the  plate  due  tc  diffraction. 

"‘  S r.iv;  3«"-  that  tf.  1 S i»jyl  let  That  tho.'c  ■'«<•  be  COOsiiJr  raOl <■  '.■iMiivisii>'i  the  ^an»1  uf  plating. 

If  **  fis  viie*  viic*  u f the  Cub-panei,  this  impl  !«*»  fixing  ^ and  crl  ter  ion  (l«i)  is  then  satisfied 
in  the  limiting  case  of  larue  ft.  if  tie  take  jj  as  one  f*ot,  nor  resending  roughly  to  a destroyer, 
a«i3  h » 4 inci»,  H c>.ies  out  at  abret  - '30,  corresponding  to  over  an  ,-,r*a  or 

the  order  cf  15CC  s-v.rr  fL-ct  of  thi  tat  toe*..  f:.,s  ia.i  >iut  unreasonable  v.*lue,  nut  tho  criterion 

becomes  increasingly  difficult  to  satisfy  fora  ship  with  larger  fruse-apacing. 

It  night  appear  that  we  neeO  ar.cth»r  crite-icn  in  addition  to  (ik)  . if  we  replace  the 
spring  Dy  plastic  waves,  it  is  necessary  for  (u)  to  be  a satisfactory  approx icn,  that  tne 
plastic  «ves  should  have  been  able  to  reach  every  part  of  the  pi  tting  by  the  tine  the  diffraction 
wa^e  h.is  reached  the  Centre.  For  s sickle  piste  (w  ■ 1)  this  is  obviously  impossible,  because 

the  plastic  waves  only  travel  st  a spe.'d/^o  . which  is  ab..ut  101  of  t the  velocity  of  sound  in 

* P 

wale*'.  thus  again,  we  deduce  that  it  «u*t  oe  of  th?  or^er  ?f  20  -*00  tnr  criterion  is  prnctielly 
tne  sane  for  plastic  naves  os  it  is  for  the  oquiv0lcnt  spring. 

* failure  of  criterion  (1*)  irpiles  that  thr  ti  t for  the  plate  to  cone  to  rest  under 
plastic  forces  it  greater  than  Then  if  d is  snail  con-pared  with  we  may  deduce  that 

2-4  wl  i 1 not  change  much  in  a t ine  c f the  order  of  £ ana  ve  c^n  take  out  si  ce  the  i ntegrai  i n 
<Jt  c dt7 

equation  (v)  and  neglect  the  difference  between  t arid  t • f.  The-  integral  can  now  ue  rwAliidtov 
and  the  equation  of  motion  is  just  that  given  uy*incoriprdssihli  theory,  equation  (5;.  ine 
solution  of  this  equation  is  given  by  r — tior.  '•),  fp.-  Urg.  b reduces  to  one  term.  T0 

estimate  the  error  caused  by  assuring  ir.c«jrvrc3Sibi *•  theory  wt  substitute  this  solution  in 
elation  [9)  gr  ^lO)  the  inttgrjl  tenn  Evolving  8e$3e1  and  Struve  functions  cf  order  unity  of 
itc  »3iiaurtr— r-  . Vccmc  i<x.'-ss  mwsw  »uncucns  sreas  mat  for  * 3 t.i-  error 

is  Of  tn*  order  of  iOV  fur  mcor^resslble  theory  0 ?n  a .easonabU  apPr0x iryjt ion  in  *.h*  absence 

of  cavitation  for  j large  plato  (R  > Z d)  we  tn«refor^  h^ve  th.  ap^'evinoto  criterion  < l,  or 
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This  criterion  is  not  the  exect  reverse  of  (la)  wnirhncans  that  there  is  an  intermediate  region 
where  neither  inccrvressibie  tr.ecry  nor  equation  (11)  are  satisfact>ry  approx  i mat  ior-s.  *c?ual»v 

the  two  theories  give  very  n.jcn  ti.e  same  results  in  this  region  (th.-y  agrne  wen  po  C2  R u ^ vj) , 
which  indicates  that  d'ffraction  i5  probably  not  very  irportant  unless  criterion  (i5)  is  satisfied? 

It  frost  be  Comtek  out  that  the  criterion  (i5)  has  nothing  whatever  to  do  with  the  c«iL»*r:Gn 
for  the  vrlioityyf  mcomcressiblo  theory  established  in  ll  far  smell  plM--*4  th.' 

*ren  ^ is  large  Cinpa fed  with  ^ , but  criterion  (l5)  is  not  appli^abU,  unless,  in  adO'tion,  6 is 
small  corrparid  -itn  c so  that  it  .s  possible  to  regaro  the  velocity  as  coenuni calvd  irvuUi Vcly. 

These  are  totn  particular  c<isej  of  Kennaros  "principle  of  rfeduction’  (5). 

(3.**)  Ci  r;»xistauc?s  in  which  cavi  tat  ion  rejuces  davge. 

By  comparison  of  the  various  models  It  is  <v»w  * sinvle  natter  tc  decide  the  effect  of 
caviidtion  on  damage  if  we  <*ss.»Te  that  diffraction  doei  nqt  contribute  »lgni f i cantly  to  damage 
When  cavitation  occurs.  w?  fray  list  the  various  possibilities  ns  follows:- 


U) 


\ 
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-I*-1- 


( a)  For  » < C.  0 tn*  question  falls  to  tr.*  arouna,  because  cavitation  aimer  dcus  not 

occur  at  dll,  or  only  ov*r  a small  extent  of  tr»e  plate,  sno  tnereforc  probabl v 0^*5 
not  affect  damage. 


-J 

*** 


! T 
j t 


(b)  for  ft  > C (?.  *1*  have  two  possibi  lit'  es.  1 f pQ  C2  fi  < **  v n2  crQ h «?  ray  t* 

Cyiifiniyn  in«i  »ne  effect  of  ui  *ffailion  vul  i,  and  tn«l  ■.•rit^lior.  will  tnriv-fnri 
increase  d^nage.  Tnis  criterion  cannot,  howcvti,  cc-  satisfied  in  tnt  •oox-nw'iel  * 
cast  but  only  in  thp  •snip*  Case,  *■  m n of  tr.o  -iroer  of  10  or  more,  k 

pa  c7  r > 1 it  x2  cror>  diffraction  c cones  inoortant.  o«t  ;r>rcmprp«*'bi r theory 

rwra>ns  a hjrt  appro*  irtvit  ««n  until  ® becomes  somewnai  larger.  *e  my  the..  ti/\M  re 
the  results  of  sections  (>.l)  end  (3.2)  to  find  the  effect  of  cavitation.  it 
seers  best  t»  assiant  cunplcte  ’’fol  1 ow-up*.  as  it  is  h*rd  to  i n>iv-hj«| 

ng  which  the  plate  can  leave  the  vmter  when  ire  pressure  props  tu  zrra,  and 
receive  no  further  uarugt  eitner  from  csv;Utij:i  c,r  ui  f * rad  ion.  On  this  basis 
re  ccnctud®  mat  cavitation  will  Increase  dss-cj 2 if  tnu  following  criteria  are 
sati sfiod:- 


(l  7T|*  ft* 

f-e  . , r.i 1 

1 5 *m9* 

(ship) 

* N 

b,!  } 

N (ft,  cr0  C n)* 

(3.7f)*  r* 

</±  y . 

. <>.0* 

It 

^'7o,,!  \'  j 

fe,  L «>* 

wiich  reduce 

sinply  to  the  following: 

2 

> ijiJz 

(ship) 

(l6a) 

t 

it 

ft 

> * 71  & 

(box  model) 

(i»D> 

fhe  difference  of  a factor  of  n b*mg  doe  to  the  absence  of  tne  baffle. 


For  structures  suen  as  a ship’s  bottom,  or  penel  beexed  by  stiffeners  and  without  any 
baffle.  It  will  be  von  tru*t  it  needs  a rather  exceptional  set  of  ci  rcun stances  for  cavitation  to 
make  nny  appreciable  reduction  in  damage.  H must  be  comparable  »‘ir.  C 0 for  cavitation  to  t« 
extenslvo,  ano  yet  criterion  (lfa)  must  not  09  satisfies.  r.Vi*  fires  ft  within  fairly  narrow 
limits.  In  addition  N must  be  vnal’  *n„ugh  for  criterion  (i-J  a*s  to  o«,  oatlsfied,  which 
• vsl.'iw'b  ■ to  Iftllly  •.'Mil  values. 

For  structures  Such  as  the  box-model,  although  it  is  undoubtedly  true  that  for  sufficiently 
large  R cavit-.tion  will  increase  domoge,  yet  (lob)  snovs  that  for  s befflcd  plate  there  is 
probably  quite  an  extensive  range  of  values  of  R * or  wiich  extensive  cavitation  occur*  and  yet 
reduces  damage.  Further,  xfith  “ ■ l,  (no  sub-divi?:*? ••  oi  pi .••. :r.gi  criterion  (i«)  is  never 
satisfied  for  any  pmelieal  s:?**  mf  p»nte.  The  range  of  values  of  ft  ?o'  which  Cavitation  aa,  be 

expected  u.  diminish  damage  seems  10  include  all  types  of  oox-ooflet  target  in  common  use. 

Conclusion. 

The  Cotidusion.  on  evidence  at  present  nvailailr.  appears  to  be  that  cavitation  would 
■) lnost  certainly  increase  d&tage  to  such  a target  ••  ship's  bottom  or  platn  sj&-3ivid<50  by 
$tiffar.er$,  but  that  ■»  would,  in  geneicl,  reduce  dew*-?  to  targets  of  the  'bo.t-ntidel*  type 
consisting  of  a single  piate  and  a baffle. 
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DIFFRACT  I ON  EFFECTS  IN  BUBBLE  DAMAGE  TO  BOX 
MODEL  PLATES  ENERGY  CONSIDERATIONS 

G.  CUfieiwith 
September  154$ 


■Stiaagry . 

d«pag«r  id  ow  model  exp-rlmqnls  has  Indicated  that  »nergy  jr  diffracted  frcm  the  rigid 
f'ange  on  If,  the  target  pl«tt-.  in  this  note,  the  .'fleet  of  diffraction  in  a simplified  system  under 
condition?  similar  to  those  in  box  model  testa  Is  calculated  approx  Irately. 

Tn*  system  considered  is  that  of  a circular  sprir^j  loaded  piston  moving  In  G finite  fixed 
rigid  circular  baffle  under  the  action  of  a plane  Dioole  wave.  Tr*  velocity  of  the  water  outside  the 
baff.e  has  been  atsuwd  equal  to  the  particle  velocity  in  the  incident  wave.  An  approximate  solution 
of  the  equation  of  notion  including  the  effect  0-  eompressibi  1 1 ty  is  obtained  and.  in  a representative 
numerical  example,  the  deflection  of  the  piston  calculated  from  this  solution  Is  capered  with  the 
deflections  for  an  Infinite  plate  and  for  both  finite  aro  Infinite  befrles  on  non-compres»»ve  tr«ory. 

The  piston  Is  assumed  initially  undef looted.  it  is  found  that  the  ratio  of  toe  vxlnun  energy 
absorbed  by  the  piston  to  that  Incident  on  It  for  the  finite  piston  is  of  ti*  »*mo  order  of  magnitude 
as  that  observed  In  box  model  experiments,  wnlcn  I*  not  the  case  for  the  infinite  plate  or  infinite 
baffle.  It  Is  also  f©grd  that  the  maximum  deflations  for  the  finltr  Daffle  are  about  tt«  smv  with 
the  expressive  ami  nor>-compresslve  eperoximitlon,  though  the  deflection  time-curves  sho*  u*t  the 
deflection  Is  greater  at  earlier  tlmss  in  the  forntr  case. 

The  caicu'at ions  arc  then  cxtj.Jcd  to  the  cast  :»  the  piston  deflected  Initially  in  a finite 
bafflf  for  both  t**  compressive  and  non- compress ive  cases.  The  ratio  of  naxinun  energy  .nbsorjco  to 
incident  energy  Is  evaluated  numerically  for  corditlons  similar  to  those  in  R.R.i.  box  vote  I experiments 
it  is  rouno  u*t  cne  energy  ratio  «*o»  ;<•«  «*!••*•  fiv  .* 

■too  is  oetur  than  the  non-compress ive  c<*ise. 

it  i s ''cvrludeC  f.un  the  calcvlat ions  that  the  observed  ext»_  energy  absorbed  by  the  plat« 
above  that  directly  inLiuani  o:.  it  In  the  bubble  wave  car  be  lordly  ascribed  to  diffraction  effects 
from  thw  flang#. 

lm  nduction. 


tarn'- 
ll iecr.is 


In  a recent  series  of  box  model  experiments  wav  found  that  the  energy  absorbed  by 
pl.^tp  under  the  action  of  the  DuCOle  wave  was  nort  than  iwict  that  directly  incident  on  It. 
lixely  that  ncei  of  this  energy  absorbed  by  the  plnte  Ip  oue  tQ  diffraction  frtn  tr*  rigid  flange  round 
trfji;*  piste.  Tr>e  p-e?®"»  ***«r  is  -n  •ttemnt  to  dwtRr.ninr  apprcxlrr.tely  the  effects  Of  dlrrracuon 
In  i slmpl  tfltd  system  consisting  of  a p*?ton  rr<r.*lrg  In  a baffi-  and  is  essentially  an  oxtenslon  to 
viable  waves  of  8utter*orth*s  analysis  fur  shock  waves  (l). 


Assuizft  tons. 


The  system  considered  |5  a circular  rigid  spring  lo^td  piste*  Having  in  a plana  fixed  rigid 
Circular  baffle  of  finite  extent.  Toe  dis'.i  Ihutl  uu  or  norrai  vrioc.it/  over  the  plane  of  tne  piston 
and  bpffie  is  assumed  ;w  be  ^ over  th-  piston,  *„  r0  ov.-r  the  Daffle  and  eqosl  tc  tne  particle  vMucity 
In  the  incident  wave  oulsidv  the  baffle.  in*  assured  velocity  outside  thq  baffle  Is  thjs  too  .well 
at  points  »*««■  l-«  h3ffie  and  «m  lead  to  an  owe  rest  i.-ete  of  tne  energy  aosorbe-d  by  the  piston.  Tpe 

incident  wave  Is  a spumed  to  be  plane,  I*,  is  alsd  ussux’o  tha-  the  piston  spring  s ’plastic’. 


Average 
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..vtrxxgt  i'lftsurp  on  the  Piston. 

Let  P\t)  Dp  the  inCidfi-t  wave  at  an/  t I"*  t 

v(t)  CO  tr*  velocity  of  the  pistcn  at  any  ti rr  X a«py  from  the  *ater 

H.  &o  the  radius  of  ti-c  piston 


yjc  tx.  the  «.ccu$t  tc  impedance  of  water 
Jfw'n  the  a v^rpj/-  [ifpjt'j.i1  on  th»  piston  is 
p ■ 2 t}{\)  - pc  p(t)  ♦ 


fj2  ; JSi  w u - ,rt 


, 


1 v> ) 


i>*h,  . f ('•'•n'-9j)  1 


7T  «,  R,-B 


dr 

(2rR,)2  U) 


fo1-  an  infinite  piston,  putting  *2  ■ Rj  and  lettir.j  Rj  - (lj  reduces  to  the  Taylor 
expression  for  an  infinite  plate  provided  the  displacement  of  the  Distun  sno  impulse  remain  finite: 


p ■ 2 pft)  - f.c  w(t) 

for  an  ihf !<*.!»•?  baffle.  -«>  (ll  rrauecs  to 

Butt  rworth's  expression 


l p(t) 


’^7  O ) 


( 2 ) 


t>) 


n^v  i lied  n (-  <Cl 


function  of  tii^e,  (l)  reduces  to 


£ 


s »!•.; — *(0  — — f "3  p(t-J)  /i  - ■■  .".L"*— • or 

2 7!  n Hi  BJ-RJ  ' (2r  #,)  2 


Tna  no.v-comnn  ssive  acpr&xi mat  ion,  in  which  t inp  retardations  are  assumed  negliqiCly  snail,  is 
oOtained  hy  totting  c - *>  in  U)  and  gives 


p(t) 


5 p*x 


t>(t)  for  tr«  finite  oaf fie 


(5) 


2 oft) 


1 >*1  • 


j/(t i fpr  the  iniinlte  DofflC 


(*) 


it  :z  seen  ttiat  tne  terms  oue  to  tne  notion  «»•  ine  piston  m n1  reduce  to  the  w raptor  in 
(*)  r.i  i (oj  and  (S). 

Deflection  of  the  P* s ton, 

Tne  equation  of  motion  of  the  piston  is 

r.y  ♦ ky  r p (7) 

where  y is  the  deflection  of  the  piston 

«.  U the  ihess/unft  area  of  <■•«*  pisten 
k is  the  stiffness  of  the  spring /unit  area  of  the  pi$t in- 


putting   


- 3 - 
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Putt  lf*J  p 


-ULvlx) 

* TT 


(3) 


(7)  Dpcpnea 


fron  which 


(- 

\ 


of*  A.. 

'”7 


♦ hy  • tit) 


1 c v 

1 J f(u)  Sin  q('.-u)  Ou 
M3 


(«) 


(10) 


♦pr  the  conditio’'*  y ■ y n c At  t • • oft 

where 

;« P*. 

M * n ♦ ~ 

3 it 


k 

R 


fllicaftp"  to  Subble  *-'qvcs , 

Tfif  Cud: l r wave  from  i vz.  Charges  *y  oe  rppr«sen*.e<J  approx Iruatciy  by 

p(t)  - P0  exp  (-  { ) (u) 

K^nprlcal  evaluation  of  tne  last  t«  rn  in  cqu.  cn  (»)  using  equation  'll)  f&r  conditions 
typical  or  oo«  «od.?l  tails  shc**<l  that  its  value  was  abcjt  the  sane  as  the  equivalent  tern  for 

tr.e  pros^ure  dt  the  centre  point.  vjz.  p / t t 

v ‘ ) 

The  solutions  of  (10)  arc: 


for  finite-  baffle,  squat  Jnn^  M , tah i centre  point  value  for  thb  Inst  tern  In  (a) 

ror  - co  <•  t < o 


H i , !*e>f  (_  expUl) 

“ n*  - ,J> 

l exp(-nt)  - exp  eft-  — ’**  ~ 

7^  eJ  ^ 


tpr  o < t < n3 


p ♦ <j 


(3  - exp  "”j\expi-Bi> 


> 


n»j 

J 

**♦  Q? 


2r 

q(n2< 


1— _ 12  sin  qt  - sin  q f\  - M for  < ; 

V>  | V c i'I  c 


for  finite  oaf fie,  equation  (£j 


My 

■ ~T~i — 

*u.,  - 'i  t ^ i) 

°o 

o *q 

2n  sin  qt 

Tor  o < t < •*> 

n2-rq2 

qin'^-q3) 

for  the  infinite  baffle,  equation  id),  the  dericction  is  i -»•» nr*  In  donation  (ij). 


(l?) 


Alston 
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fr  i 


’(—'i  — 

p0  fo  X-*"/  d‘’ 


fP) 


RntrQ  Absorption  for  P%  ston  Dcfl  r'-**d  In \tialiy . 


If  is  the  nwxlnuin  additional  deflection  abovo  yQ,  tr.e  u.«rgy  absorbed  by  the  piston  per 
unit  area  is 


4 » <»-  * - - 4 *».* 


rut  t i nj 


than  the  ratio 

Energy  absorbed  by  piston  . i , » 

- — — ■ ?/*">  V C ♦ O <ie> 

Cnergy  incident  on  piston 

UunericaJ.  Values . 


Piston  not  deflected  initiall> 

Figure  1 shows  the  form  of  tr»*  deficction-tii-*  curves  of  tnc  piston  fer  the  infinite  plate, 
for  the  finite  baffle  as  given  by  equation*  (12}  and  ( 13 } nnd  for  the  infinite  baffle,  for  the  following 
conditions  typical  of  R.'l.L.  box  nodol  tesls:- 

po  3 ’dynes/ sq.ci".. 

n • J.uixi''3  sacs-1 


r«.  * 1.31  ^m/sq.C*. 

k • e. 122 <to*  dynes/ sq.cm* /cm. 

q - 6.M7xl02  sec”1 

fij  • 21.06  CM. 

0*29 
*2  1 

The  values  of  p from  equations  (?),  (a)  and  (5)  «..*c  given  in  Figure  j#  and  the  maxirmn 
deflections  and  ratios  of  neiximum  energy  absorbed  to  "nergy  Incident  on  the  piston  art’  given  ... 
TaMc  1. 


TaBit  l. 


— . 

He  k i tuti 

deficit  ion  CTO. 

€nergy  absorbed 
Energy  Jncidert 

infinite  plate 

0.56 

0.12 

taffle  equat  .or.  U-) 

2.26 

u.O 

Mmte  t»«fM«  equation  Ui) 

2.1« 

Infinite  usffte 

».)9 

le.u 

L-  
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1*  is  seer  f rtvn  hg-.rr  i that  thr  pffcft  of  a lr  i'-  tu  inCf*..ssi'  t‘*o  deflation  very 
cons*  3erat)l  y abc^e  that  of  ttv*  infinlli  plftfe  tfhirr.,  a*  figure  2 shows.  I:,  C» • lo  Hu-  lncf,*aSe-3  net 
tiip*sure  on  tha  piste  Our  to  diffraction,  fc  r i-c  finite  baffle,  ti.r  iv-r-  ro.r.iress  Ive  apprcxinji  i or. 
result*  In  tfl  4vcraginy  out  of  the  %ff»-Cts  -jf  diffraction  from  the  Oafflr  S«l  region  hi  yr.nd,  *hrn 
compressibility  Is  illoweS  for  as  I.,  equation  <**).  th.  fi‘«.t  vf<Vc*-S  of  diffraction  or*.  tf»i  piston  an 
duo  only  to  the  baffle  *.hich  results  in  la^gjr  deflection-.  in  t h;:  Cjrli.'r  stajo-  than  In  t h"  nen 
r fytyirosj  lw«*  ««<so.  T.iIiIp  1 *hi>i»s  tftjt  the  energy  r jtius  for  the  finite  d.\fflO  arh  of  t ?*?t  sar>.  efd'.r 
of  mortitudn  as  reserved  ill  UA  nvdel  Cxper  lr*»  nt  j,  whir'.  s IK'-  f,e  ease  f»  r either  the  ir.fiftlti’  pletr 
or  Infinite  o*ffle.  The  forei  of  the  net  prosit  rrs  in  t ~.gure  2 indicates  that  Cavitation  is  unlikely 
to  occur  at  box  mu'el  plates  for  DuDbl.’  *av».-a  even  w\n  thy  piste  1$  n^t  doflecti-d  Initially, 

futon  fttflccted  Initial Ly. 

using  equations  flSl.  (l«),  (HI  and  (18],  tr.e  ratios  o(  energy  abserDed  to  energy  incident  on 
tho  pistv-i  a»ve  neon  CftlC'ilattO  for  fl.-merical  v.-.l„rs  ,*f  u*  »*«■«*••*•  s ‘isud  in  tr*.-  prt“iouS  section. 

It  has  dl$0  DSi'ii  assumed  that  thr  fpv.'m  nt  cf  the  buDPli  towards  th.  targr-t  is  the  Sfl.i'e  *c  the 
calculated  value  for  a l o*.  chirj'’  to»*tros  a r^ia  c«i*c.  rrauits  '.re  m nyme  j,  ir.r 

energy  ratio  doing  plott.'O  ar.  . fuxtlon  or  ton  dist  ihm  of  *rv  cn.uy»-  vn  tnc  piston. 

it  is  seen  that  the  non-con-pressivc  case  leads  to  lower  values  of  the  ratio  than  equation  (15), 
This  IS  because  neglect  of  comprossibil  i ty  results  In  iowvr  yiwjin  on  the  piston  in  the  earlier 
stages  of  itt  not  ion. 

The  I’vsynituC  «f  tiv  energy  rst  io  is  in  rvasoru0lo  v^reirvni  »<tn  observation  m vie*  of  the 
approx  iost  ions  (nvolv.d.  It  -My  he  ronrludpd  th»t  ts  .»hs>*rv'fl  . n.  rgy  ratio  is  3u;»  10  th..  OiffriCXlOft 

effe'fs  arising  frc~>  the  presence  o»  the  flange  round  th*  target  plate, 

f\e  f trencc . 

(l)  Notes  on  the  mot  ion  pf  a fimlv  plate  due  to  an  underwater  explosion. 


) 


) 


r 


; Deserved  with  hoi  model 

■t'"4~  4 J 


! I i I 

i Calculated  for  put  on,  emotion  (i$)j 


; i ■ 

^Calculated  tor  pitton  equation (i6) 
C (non  compreisive'caie) 
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DISTANCE,  of  CHARGE  FROM  PISTON  — Incite* 


Fly  ! RATIO  OF  ENERGY  ABSCR6E0  BY  PISTON  FROM  BUBBLE  WAVE 
TO  ENERGY  INCIDENT  ON  PISTON  IN  BU6SLE  WAVE  FOR  !oi 
CHARGE  AT  VARIOUS  DISTANCES  FROM  THE  PISTON.  CALCULATION 
FOR  PLANE  WAVE  AND  FINITE  BAFFLE  WITH  THE  PISTON 
OtFLECTEO  INITIALLY  AY  THE  SHOCK  WAVE 
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THEORY  OF  THE  FUSTIC  DERIUMAHON  OF  THIN  rUiM 
BY  UNDERWATER  EXPLOSIONS 

By  John  M.  Richardson^ and  John  G.  Kirkwood0 


ABSTRACT 

The  theory  of  a plastic  deformation  of  thin  plates  is  worked  out 
for  the  case  of  axial  symmetry.  It  is  asau&ied  that  the  stress-strain  rela- 
tions in  the  material  are  described  by  (a)  vanishing  strain  for  stresses 
too  small  to  satisfy  the  von  Kises  plasticity  condition  and  (b)  for  stresses 
satisfying  the  von  Hires  condition  by  incompressibility,  and  by  the  similar- 
ity of  Kohr  circles. 

The  linearised  equations  for  the  plate  deformations  are  applied  to 
a problem  of  damage  by  underwater  exp lo done.  In  Parts  II  to  V,  inclusive, 
we  consider  in  detail  the  deformation  of  circularly  clasped  plates  without 
cavitation  in  the  wuter  and  we  make  comparisons  with  axperiuient . In  part  VI 
we  consider  the  deformation  of  infinite  plates  with  cavitation,  and  wo  at- 
tempt to  «et«id  the  results  to  the  problem  of  contact  explosions. 
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I.  GJSNiliAL  THEORY  OF  T.it  AXIALLY  SY-V-fEitilC  DEFORMATION  OF  THIN  PLAT.iS 

1.  Introduction 

| The  purpose  of  this  part  Is  the  general  formulation  of  the  theory 

l 

i of  tue  axially  symmetric  deformation  of  plates  for  the  Dyna.;dc  as  well  as 

? static  case.  The  treatment  is  limited  to  ductile  materials  whose  stresa- 

i 

strain  relations  may  be  adequately  described  by  incompressibility,  a some- 
what modified  von  Misee  plasticity  condition,  and  the  principle  of  the 
similarity  of  Mohr  circles  for  any  nonvanishing  strain.  This  description 
neglects  the  elastic  domain  of  strain  and  hence  corresponds  to  infinite 
i elastic  constants  with  a finite  yield  stress.  Since  terms  proportional 

I 

i 

i to  powers  of  the  thickness  higher  then  the  first  are  neglected,  the  theory 

I 

i is  strictly  applicable  only  to  parts  of  the  plate  where  the  radii  of  curva- 

| ture  are  much  larger  than  the  thickness.  In  the  specific  case3  to  be  con- 

| aisUiod  latof  the  regions  of  inapplicability  will  be  of  negligible  extent. 

I ) 

j By  the  use  of  a parameter  development  of  the  nonlinear  equations 

resulting  from  the  above  &3m captions,  relatively  tractable  equations  arc 
obtained  as  a first  approximation.  These  equations  are  quite  adequate  for 
cases  in  Wiich  the  aisles  between  elements  of  plate  in  the  initial  and 
deformed  star-*  are  not  too  large, 
j;  2,  Model  and  Basic  Assumptions 

|i  For  the  description  of  the  deformation  process  cylindrical  coordi- 
nates ( r,  ) are  used  with  an  orientation  such  that  the  middle  surface 

i ' * 

jl  of  the  plate  is  initially  coincident  with  r,^»  -plane  (see  figure  1).  3in  :e 

j ari ni  symmetry  is  preserved,  the  coordinate  ^ is  redundant.  Overly  specific 

j statements  about  the  boundary  conditions  are  avoided  as  much  as  possible  in 

I ii 

i £ 

I I 

i I 


i 
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r0 

Initial  radius 

r 

Radius  at  time  t 

2 

vertical  displacement 

U 

Radial  displacement 

ao 

i • 3 

|i 

initial  thickness 

ti*T*€*  t 

('”  0$) 


Position  of  the  plate  at  time  t 


Initial  position  of  the  plate 


\ / I 


PX  3-/33 
3 

FIGURE  1 - Initial  position  und  a latex’  position  oi  a 
section  of  the  plate. 
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order  r.ot  to  licit  unnecessarily  tho  range  of  applicability  of  the  theory. 

The  equations  of  the  theory  and  the  assumption*  on  which  they  are 
based  are  presented  in  the  following  paragraphs. 

(a)  Equations  and  aasumptlcna.  — (1)  Souationa  governing  axially 
symmetric  motion  of  a plate.  The  equations  governing  th6  axially  symmetric 
motion  of  a plate,  derived  in  Appendix  A for  tha  casts  of  small  thickness,  are 


•t 


<r,  a 

r ' 


= o. 


(1) 


(2) 


where  &g  and  CL,  ere  the  vertical  and  meridional  accelerations,  respectively, 
given  by 


9m 


D*s  -* 


r U 

- % 


(3) 


I id«tv 

"*1251  ov 


14 

3r 


(4) 


whore 


n'  £ 1 ^ * I . 

V * dt*  * t-  22:  \ 1-  ^ 

e> r * 


(5) 


Iu  these  equations  r and  X are  the  radial  and  vertical  coordinates,  respec- 
of  a point  on  the  neutral  surisca  of  Ji6  plate  (sec  figvi  c i,  ami  u. 
is  tho  radial  displacement  of  that  point  from  its  initia^  position  to  its 


2 


I ( ' 


po sitlon  (r  , x)  at  timr  £ ; p is  the  density  of  the  plat o mate; 'l.".!  and  i 
la  the  actual  thickness  of  the  plate  at  the  point  ( r , x.)  and  at  time  £•  ; 


p is  the  pressure  acting  on  the  lower  side  of  the  plate  at  the  radius  r 


and  at  time  £ ; r-^  and  are  the  principal  stresses  In  th<:  meridional 
and  circumferential  directions,  respectively.  Equations  (1)  and  (2),  ex- 


pressed with  a briefer  but  less  explicit  notation,  have  been  derived  in 


CSRD-WOO. 


(2)  ihe  modified  von  MiBea  plasticity  condition.  The  biaxial 


reduced  engineering  stresses. 


are  assumed  to  satisfy  the  von  Klees  condition  in  the  plane-stress  approxi- 


mation, which  in  these  terns  may  be  written. 


?.  * K-  S,5k  »i. 


Here  d#i«  ths  initial  thickness  of  the  p.late^and  «r^  is  the  yield  stress. 
Equation  (7)  is  assumed  to  hold  in  the  limit  of  vanishing  strains  implying 


ignoration  of  the  elastic  domain  of  strain. 


(3)  Incompressibility  of  material.  The  material  is  incompressi- 


ble, or,  in  other  words,  Poisson's  ratio  equals  1/2.  Incompressibility  im- 


poses the.-  following  relation  on  the  ratio  of  the  actual  thickness  S-  to  the 


initial  thickness 


V»-  r /(.'  ~ -Ai-) 


rs msidsSKSii 
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where  pnd  €j  are  the  meridional  and  circumferential  strains,  respec- 
tively, given  by 

, . f?[&r  _. 


*» 


(4)  Similarity  of  Mohr  circles.  A further  relation  ia  imposed  on 
the  stresses  and  strains  by  the  principle  of  the  similarity  of  Kohr  circles-/ 
which,  for  the  case  treated  here,  may  be  expressed  in  the  form, 

ifL  * ■!»_:— * Ja  , (11) 

^ . j-q-  c 5 ^ 

* >.  i S*.*  •fe&i, 

(b)  Discussion  of  assumptions.  — The  equations  of  motion,  Eqs. 

(1)  and  (2),  as  has  been  stated  before,  are  rigorously  true  in  the  limit  of 
vanishing  thickness.  If  tlie  stresses  w=ro  linesrly  relatea  to  the  etraine 
aa  in  the  elastic  case,  neglected  bending  terms  would  be  proportional  to 
However,  in  the  plastic  stress-strain  relationship  aa  expressed  by 
assumptions  (2),  (3),  airi  (4),  the  bending  terms  are  negligible } and  conse- 
quently iiqs.  (1)  and  (2)  hold  over  a wider  range  of  thickness  than  in  the 
elastic  case. 

The  von  Mises  condition  as  expressed  in  assumption  (.2)  nan  be 
correlated  only  with  biaxial  tensile  tests  with  plates.^/  It  implies  a 

I/’  ” i filatisity,  bj^Nadai  (Moiraw4liU,  193  lT 

2/  The  condition  as  written  implies  Isotropy  only  with  respect  to  di- 
rections tangent  to  the  plate  diking  specialization  to  the  linear 
tensile  test  illegitimate. 


4 


:ii3 


■ , i 


bitud.ul  stress-strain  relation  in  which  the  effect  of  strain  hardening  is 
exactly  compensated  by  the  effect  of  decreasirg  thickness,  resulting  in  a 
8o*Be what  closer  fit  to  exp  iriaental  results  end  a simplification  of  the 
higher  approximations.  As  stated  before,  it  aleo  implies  igitoretion  of  the 
elastic  domain  oi  strain,  an  apparently  Justifiable  approximation  in  the 
oase  of  ductile  materials  such  as  steel  and  copper  in  which  plastic  flov?  can 
occur  over  relatively  large  domains  of  strain.  In  a rapid  deformation 
process  going  well  into  the  plastic  domain  of  stress,  the  ignoration  of 
the  elastic  domain  is  further  Justified  by  the  fact  that  only  the  inertial 
terms  of  the  equations  of  motion  are  important  /at  least  in  Eq.  (1/7  when 
the  etraine  are  small. 

The  application  of  von  Misee  condition  to  all  parte  of  the  plate 
is  valid  only  if  the  rate  of  strains  keeps  the  same  sign  at  each  part,.  ir 
the  rate  of  strain  changes  sign  anywhere,  the  equations  of  motion  are  tremen- 
dously complicated  by  unloading  and  hysteresis  effects. 

The  experimental  stress-strain  curves  deviate,  of  course,  rather 
widely  from  the  idealized  cne  implied  here.  Moreover,  the  experimental 
curves  are  found  to  depend  upon  the  rate  of  atralnj  however,  these  effects 
are  manifested  in  a relatively  small  range  of  strain  beyond  the  proportional 
limit,  'flic  yield  stress  may  be  regarded  as  a parameter  adjuetei  to  giro 
the  best  agreement  between  the  ideal  and  experimental  curvec.  Hence  it  is 
easy  tc  see  that  the  ultimate  tensile  strength  is  a better  value  for  O" 
than  the  stress  at  which  yielding  begins. 

The  principle  of  the  similarity  of  the  Mohr  circles  of  stress  and 
strain  is  usually  assumed  ♦o  hold  only  for  stationary  plastic  flow.  In  the 


' - ' 
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absence  of  bettor  information,  it  la  assumed  hero  to  hold  alao  for  nonsta- 
n.onary  flow. 

The  coincidence  of  the  direct! one  of  principal  stresses  and  strain, 
usually  included  among  the  rules  describing  plastic  behavior,  has  not  boon 
stipulated  here  because  it  is  automatically  secured  by  the  rod. cl  synmetry. 

Before  attempting  a solution,  it  is  desirable  to  recast  Eqo.  (1) 
to  (11)  in  a more  workable  form.  Using  the  reduced  engineering  stresses  S, 
and  ^exclusively,  and  combining  seme  of  the  foregoing  equation:,  we  get 

rS,-fe_ 

(«£)*  I ' 


v'  ' ' 


(«-  *)(>-  &K  - s;  §;(’6‘)  - £ S, 


02) 


(rn 


where 


C s 


v v#<r 


Sw-i5, 


- 1 


<-*r  -» 


OU) 


S„'  - 5,5,.  » », 


(15) 


where  d, and  Cl^  are  given  by  Eqs.  (3)  end  (4).  With  the  above  equations 
should  bo  included  Kqa.  (9)  and  (10)  giving  the  ntr*!.--. , 
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3 . Expansion  In  To.tt's  cf  an  Auxiliary  Parameter  and  a Method  of  -^ue- 
cesalve  Approximation  ~ 

Sinca  there  Is  little  hope  of  solving  exactly  tho  equations  pre- 
sented in  assumptions  (1)  to  (4),  the  desirability  of  a method  of  successive 
approximation  Is  apparent.  Following  the  introduction  of  i parameter  <X,  into 
the  initial  conditions  and  external  forces  in  such  a way  that  the  dependent 
variables  are  analytic  in  «t , the  dependent  variables  in  each  equation  are 
expanded  in  terms  of  ot  , and  coefficients  of  the  powere  of  c<  are  collected. 

K method  of  successive  approximation  is  immediately  obtained  by  setting 
equal  to  tero  the  coefficient  of  each  power  of  at  . 

The  parameter  <<  ia  introduced  ae  follows. 

pO,fr)~  «U  p0,(rjt)  t <»  •*  OCx-O,  1 

*CtJo)S  Si  ( 

^•Cr,o)=  | (16) 

f)C  • 

Now  the  independent  variables  x , u. , 5,  , and  $ t are  functions  of  aL&asi 
furthermore  they  are  analytic  in  , Consequently,  they  can  b e expanded  in 
p^wer  series  in  at  with  a radiue  of  convergence  hoped  to  be  sufficiently  large. 
It  ie  apparent  that  changing  the  sign  of  «(,  is  equivalent  to  a reflection 
through  tho  v,  4*  -plane,  ani  that  consequently  x must  be  odd  In  <c  and 
«. , S,  , and  S^muat  be  even  in  ot  . Both  b ana  u.  vanish  with  o. , 
whereas  S,  and  S^aiproach  a finite  limit  according  to  the  idealised  stress- 
strain  r elationship  assumed  ir,  this  t reatment.  In  view  of  these  considera- 
tions, the  expansions  take  the  form, 
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»(***,*)■  <Xlrt  <-,*)♦  4.  V**(i>*)  ' OC<r)» 

+ OC*.*'), 

5,  M,«)  - *'5|U|(r,t)tO(*,)) 

5X  <r,d,<)-  tOUO. 


( 


(17) 


The  expansions  gLv«n  by  Eqs.  (17)  are  then  introduced  Into  bqa. 
(L2),  (13),  (14),  and  (15).  A moihou  of  successive  approxi mat! on  con  be 
obtained  if  the  coefficient  of  each  power  of  « is  set  equal  to  zero.  The 
method  thus  obtained  goes  as  follows. 

(a)  First  approximation.  — The  first  approximation  is 


dt' 


) - Z>%  - o , 

(18) 

%)  “*  • 1 ^ 

(19) 

L -S  / - Cal  \ 

„C*> 

* JJP*»  ‘‘ 

(20) 

t=\  * *• 

Ur  J * «\ 

(21) 

In  this  approximation  the  strains  jrs  guven  by 

£ 


\ *- 


SV  * x 


i¥7]  > } 


(22) 


fib 
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(b)  Hlrrher  aupr^xlniflt.iona.  — The  nth  ap,  .'oxlmaticn  is  obtained 
by  setting  equal  to  sopo  the  coefficient  of  et4’1”1  in  Eq,  (12),  «LXK~lm  in 
Eq.  (13),  tC'*’  in  Eq.  (l/i),  and  *_*’'"*  in  Eq.  (15).  Here  the  strains  are, 
of  course,  given  by  the  first  n terns  in  Eqs.  (9)  and  (10). 

The  reader  will  observe  that  Ir.  the  nth  approximation  (except  for 
rs  = » ) the  dependent  variables,  Z ^ , and 


^ occur  linearly^  and  thAt  no  variables  with  a higher  superscript 
appear.  Consequently,  there  will  be  no  difficulties  associated  with  nonlin- 
earity except  possibly  in  the  first  approximation.  The  solutions  of  all  H-r 
approximations  are  to  b8  fitted  to  the  appropriate  boundary  and  initii  con- 
ditions before  substitution  in  the  nth  approximation. 

Ths  foregoing  method  of  successive  approximation  is  applicable 
only  to  problems  in  which  the  initial  conditions  are  exprossible  in  the 
manner  of  £q.  (16)  sad  the  boundary  conditions  arc  expansible  in  a.  in 
such  a manner  that  the  vanishing  of  et  corresponds  to  no  motion  of  the  plate. 
Ir.  order  to  use  the  Initial  and  boundary  conditi  ons  in  the  acheme  of  suc- 
cessive approximation,  the  coefficients  of  each  power  of  <X  are  set  equal  to 
zero^thereby  obtaining  conditions  corresponding  to  each  approximation. 

The  boundary  conditions  may  take  varied  forms.  Boundary  condi- 
tions for  the  first  approximation  are  concidered  in  more  detail  in  the  next 
section.  It  is  well  to  consider  them  separately  for  each  anticipated  special 
application  of  the  general  theory  presented  here.  The  parameter  «.  will 
usually  be  assigned  a physical  meaning  ( tiuoti  1S;  in  the  case  of  damage  to 
infinite  t'nin  platoB  by  projectiles,  ag  is  the  ratio  of  the  initial  projec- 
tile velocity  to  the  velocity  of  plastic  waves),  thus  establishing  a 
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obtained 


•*-A 


in 
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«cept  for 
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;perscript 
;h  nor.lin- 

>f  all  n-i 
-tld  con- 


connection  between  physical  parameters  and  the  error  in  the  first  approxi- 
mation. 

4 • Thin -Plate  Equations  in  the  l~ir3t  Approximation 

In  obtaining  the  solution  in  the  iirst  approximation  the  first 


stop  is  to  solve  Eqs.  (IS)  end  (19)  for  in  terns  of  S'”'’  with 

S* 

the  result: 


ft t) 


• <•> 


-L- 

d<>  " 


\-s,wi{7-3Csr>}- 


Also 


(23) 


(24) 


.cable 
i the 
. in 

-he  plate. 
>f  suc- 
equal  to 
on. 

coadl- 
the  next 
ed  special 
will 
Age  to 
projec- 


M 

I 


- foJ  - to) 

is  obtained.  Since  having  ^ and  ox  both  poor  Live  is  the  only  case  of 
interest  here,  only  the  positive  sigt  in  front  of  the  radicals  will  be  re- 
tained henceforth.  It  can  os  shown  that  possesses  a -saddle- 

point  singularity  t the  point  .(0,1)  in  tno  r,  o,  -plane  d.ui  that  the 
orientation  of  the  singularity  is  such  that  no  integral  curveo  except 

“ 1 cio ob  the  3?** axle . It  immediately  follows  from  Eq.  (18)  that 
O 4 S,<0)—  Jl/iTS  - The  actual  solution  of  Eq.  (28)  (using  the  plus  sign) 
ia 

***  • it  {" ^ **3 j - •* **•*)  * Lees), i23' 


with  the  limiting  case. 


-Cel  , 

S,  a J . 


(26) 


Solutions  (25)  and  (26)  satisfy  tne  qualitative  restrictions  already  stated. 
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In  figure  2 the  solutions  are  plotted  in  the  r,  * -plane  fop  several 
fixed  values  of  CCt). 

Let  the  symbol  D denote  the  range  of  r in  which  the  basic  equa- 
tions describe  the  behavior  of  the  plate*  If  the  boundary  conditions  are 
such  that  D includes  the  point  r«s.o  , then,  as  one  can  easily  see  from 
figure  2,  the  stress  distribution;  must  be  given  by  the  contour  6l<#>*»  t to 
which  corresponds  also  the  contour  <S^8>  » \ . If  S(fe  « S^°l  at  any 
point  in  0 , then  S,<#>  * s£0>  at  every  point  in  Devon  though 
nay  not  include  the  point  r m o , The  condition  for  the  elmilarity  of 
Mohr  circles  in  co  function  with  the  last  statement  implies  (In  the  first 
approximation,  of  course)  that  if  the  principal  strains  fc,  and  , are 
equal  anywhere  in  J?  , then  they  are  equal  everywhere  in  D , even  thou£i 
again  V may  not  include  r a e . If  the  boundary  conditions  arc  such  that 
O dcee  not  include  o , and  such  that  tt  or  S*"1  for 

any  ;>  in  P , the  stress  oiotfitutlon  will  be  given  by  one  of  the  other 
contours  of  figure  2 correspondin';  to  the  general  solution  of  Eq»  ( 25)  with 
CU)  finite. 

The  proapective  applications  of  the  present  theory  are  fortunately 
characterised  by  boundary'  conditions  allowing  the  range  £5  to  include  r*o , 
in  which  case  the  stress  distribution  is  S/0>«  * l * In  view  of 

the  simplicity  and  wide  range  of  applies**  li*-v  of  the  uniform  stress  distri- 
bution S,4-*  S^0,<e  1 , the  solution  of  th«  first  approximation  will  be 

resumed  on  that  bads. 

Setting  <pfeJ  and  equal  to  unity  in  Eos.  (20)  and  (23.)  gives 
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pV'*  C p“> 

■ T aT  J 9 f 2*.  ’ 

3u.:0  _ u^*>  _ f a*^>  \x 
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It  is  now  apparent  that  in  the  first  approximation  the  constant,  c,  a q)cr^7p 
Is  the  velocity  of  transverse  plastic  waves. 

If  the  solution  of  Eq,  (27)  be  knovn,  the  solution  of  Eq.  (28) 
can  be  given  in  tense  of  it  as  follows: 
fr*Lt)  , _ ..  . 


r \ J \ ir  / . t'  ’ 


where  r*(t)  is  a nonzero  value  of  r at  which  the  radial  displacement  van- 
ishes. In  ihv  case  of  an  infinite  plate  rs{e.)«u?  , The  first  approxima- 
tion to  the  strains  is  given  as  an  immediate  corollary  of  Eq.  (iv)  uy 


£.,  » ex  * 2?  ( ( -£-)*  ~ 

*-  J,  ' Vr  'r*r'  r4  • 


Since  tut  integrand  of  Eq.  (30)  is  always  positive  for  every  real  solution 
of  Eq.  (27),  the  strains  must  always  be  greatest  at  r»o  , the  center. 

It  should  be  noted  that  in  this  approximation  the  time  enters  ex- 
plicitly only  into  Eq.  (27). giving  the  profile  a*1*  » lids  fact  means  that 
the  membrane  at  a given  instant  of  time  t has  the  sjae  radial-displacement 
dietribution  ae  a masbrane  statically  constrained  to  the  profile 
with  no  tangential  traction.  An  equivalent  statement  would  be  that  tan.'f.er- 
tlal  propagation  effects  occur  with  essentially  infinite  velocity. 
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It  Is  instructive  to  compare  the  meridional  strain  fe,  , gi^en 
by  Eq,  (30),  Kith  that  obtained  on  the  basis  or  normal  motion  to  the  same 
degree  of  approbation.  If  * ) 1»  expressible  in  the  form 

tc*;r(-)  » ^ if  18  of  th8  p&r*bol,-c  f0‘TO  A*  ® • fche  tVD 

assumptions  give  identical  values  for  the  meridional  strain.  2/^  However, 
if  H(v)  is  not  of  the  above  parabolic  form,  the  quantity  4ia  - — 
gives  a mes.sure  of  the  deviations  to  bo  ejected  to  occur  between  the  two 

calculations  of  the  meridional  strain, 

. . ■ - —n-„  ™ infinite  thin  olate  tinder  various 

The  pJAStic  ueiw  .unction  or  an  inning  . 

types  of  loading  +?*XrA)  i OU»)  , ot  which  th,  anticipated  special 

applications  can  be  considered  special  cases,  reduces  to  the  solution  of 

-an  / (31) 


21%.  ~ * »r\  Or  / ^4, 


and  subsequently  to  the  evaluation  of 

< ,t  .&?r*  (fci'v 

^ *•  * i * £>r 


Ar  1 


(32) 


1 J_  " «»v  <>»** 


to  ,lv.  th.  aWMU.  w «r.lno.  tl»  =^Uor..  to-  ~PW  .to  »taU>«0 
b,  eettln,  the  tit—  nbxJM  of  the  central  strain,  C , (*»,  t-)  , 'Ou“1  tc 

the  critical  rupture  strain  £,t  • 

y,-Tr  h,,  -y-t;  TthTirsumption  or  normal  mouI^Tgives  foF 

27  the  Lri*anijl  strain  £.,  (in  tbs  first  approximation) 

and  the  assumption  cf  similarity  of  Mohr  circles  (30)?  gives 

If  the  two  results  are  to  agree  for  r arbitrary,  then 

4!5 

<>♦*  *■  «*r 

bp  o . a - d p1*. 
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XI.  HYDRODYNAMICS  OF  TIE  LOADING  OF  THE  PLATE 

ax  AN  underwater  explosion  wave 


i.  General  Theory 

In  the  last  part  wo  have  treated  the  axially  symmetric  motion  of 
a thin  plate  under  an  arbitrary  axially  sywnetric  pressure  We 

are  ultimately  interested  in  the  behavior  of  an  initially  plane  plate  at- 
tacked on  the  lower  side  by  a plane  underwater  shock  wave  traveling  in  the 
positive  2-directlon  ana  backed  oy  air  (treated  ad  vacuum  hsrs)  or.  the  upper 
side.  Here  we  seek  the  relation  between  the  actual  incident  pressure  p(r,4) 
and  the  free-field  pressure  p,  Cfc)  of  the  shock  wave. 

Let  this  treatment  be  limited  to  the  approximation  corresponding 
to  coefficient  of  first,  power  of  et  , p<0 <r ) , in  the  os-expansion  of 
p(fjfc)  (Eq.  (16)  of  Part  1).  It  is  then  appropriate  that  we  use  linear- 
ised hydrodynamics  and,  in  considering  the  instantaneous  geometry  of  tlie 
system,  neglect  the  deviations  of  the  shell  from  its  initial  plane  configu- 
ration. The  added  approximation  of  treating  the  water  as  an  lnviscid  fluid 
allows  us  to  use  ordinary  linear  c-ouctical  theory.  In  this  theory  we  can 
define  a velocity  potential  if*  related  to  the  pressure  p and  particle  veloc- 
ity v?  as  follows, 


**  •-  n . 

and  satisfying  the  wavo  equation 

rr  A - J—  ?L 2£  * a ■ 
v t jc  a**- 


(1) 

(2) 


In  thesaequitic-'s,  p,  end  ca  are  the  density  in  and  sound  velocity  of  water 
at  aero  pleasure.  If  th«  notation  of  Part-  I were  followad,  the  quantities 


14 


■'■ad.-v  •,©ec-.:v’5fur. 
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vr  > r > and  t?  should  bear  the  superscript  (.1) ,irdicatirg  that  they 
are  coefficients  of  ot  in  the  <.  -expansions.  Vie  shall  omit  the  super- 
script a hers. 

It  should  be  mentioned  at  this  point  that  the  theory  of  this 
section  is  worked  out  on  the  assumption  that  cavitation  does  not  occur. 
Mathematically  speaking,  this  means  that  Eqs.  (1)  and  (2)  are  assumed  to 
hold  everywhere  in  the  fluid.  Cavitation  is  discussed  briefly  and  quali- 
tatively in  section  2 of  this  raft.  To  avoid  cavitation  (it-  will  be  shown 
there  that  it  is  necessary  (but  not  sufficient)  to  ccnfine  ourselves  to  tha 
case  of  circularly  clamped  shells. 

Getting  back  to  the  main  current  of  the  argument,  It  is  known^/ 
the  solution  of  (2)  at  a point  in  a volume  (at  every  point  of  which  (2) 
is  satisfied)  can  be  expressed  as  ti  e sum  of  the  retarded  potentials  due 
to  distributions  of  simple  and  double  sources  on  the  surface  of  the  volume. 
Consider  tv®  semi-iniinite  volumes  Abo va  and  below  the  r- A -pinna  (in  which 
the  plate  and  other  diffracting  objects,  if  any,  lie).  Moreover,  consider 
the  velocity  potential  ‘4/*  in  each  seni-infinite  volume  to  \-onieh  at  infinity, 
and  consider  the  "Vjf  in  one  volume  to  be  given  by  the  reflection  through  the 
Tt  - plane  of  the  in  the  other  volume,  t’nder  tnese  conditions  it  fol- 
lows that  the  "ty  at  a point  ~r  below  or  on  the  r ,4- plane  can  be  expressed 
in  the  foru 

(3) 

t*  * t - \7-V\fco  , (h) 

TJ  STrchhoff  "Zur  Theorle  dec  Vdchtstrahian . - .jo.1.  bar.  r- 

/iiaa.  Abu.  i,  12/. 
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where  the  Integration  extends  over  the  entire  - plane,  and  ik  ia  a 
rector  element  of  area  pointing  in  the  negative  indirection.  Menceforth 
our  attention  will  be  devoted  exclusively  to  the  case  of  r*  on  the  r,  $ " 
plane. 

In  the  cast.  of  interest, ws  wish  to  consider  the  aotual  (J1  , 

and  u in  the  water  in  relation  to  the  c orreaponding  freo-fleld  quantities^ 

, fa  , and  X2#  that  would  exist  if  the  diffracting  obatacle  were  ab- 
sent. Let  ua  apply  Kq.  (3)  to  the  perturh*tion»  and  'i?--T?o  of  the 

free-field  quantities  and  arising  from  the  diffracting  obstacle. 

Differentiatiiig  this  result  with  respect  to  time,  we  obtain 

5\r--f-rl  C§f (*;«*)-  (5) 

Suppose  the  obstacle*  extends  over  an  area  in  the  -plane. 

Let  the  remainder  of  the  55^ -plane  be  denoted  by  A,  « In  the  area  A„  let 

uj  use  the  relation  * ■ V t._  . Ed-  (5)  then  goea  into  the  fora 

* - a€  • " 


* Here,  we  use  the  tem  "obstacle"  in  a somewhat  generalised  sense.  It 
is  meant  to  include  all  parte  of  a plane  underwater  structure  offering 
resistance  to  Im  underwates  ion  wave  (e.g,,  plate  and  baffle)# 


16 


S26 


Sino«  we  are  intereated  only  In  pressures  now  ttao  cantor  of  tho  obstacle, 
tho  contribution  of  the  third  Integral  in  (6)  (involving  tho  difference 
® in  tho  area  A,  outside  the  obstacle}  will  bo  quite  snail  for  no  at 

oaaee  since  this  tori  represente  the  diffraction  of  the  scattered  (not  the 

nH  new^  Mims  ^4a  4 m /vW«^  M<  e»l  m * «•••  4 k#.  m ki  .1 — ...  .«  a k.  ...... 

f # — ' '*•  ••••-  — — wsrts  w^MO^  V*  MV  WIM  UiUUIVUOUD  U1  V ll«  pi'VSOUi'f 

wave  is  Mall  ccnpared  \dth  the  width  of  the  obstacle.  Consequently,  wo 
shall  neglect  this  tern  obtaining  the  result, 

F*  F*  S ^-^r'fv'p^fVe')] t#,«*-iV 

1^#  \ • J 

-*  A#  3* 

Now  let  us  specialise  the  above  result  to  tie  case  of  an  Incident 
plane  pressor*,  wave  and  a circular  plate  of  radius  R#  clamped  to  a rigid 
baffle  whose  outside  radius  io  ft, . In  this  case  p#(?  t)- ; 
thus  V p,(5*,  t ^ e p,'  a )/c.c  for  ? on  the  -plane.  Also  j.st 

“ ? end  let  * »*  ( 4.  *■  -k  1*^  a,'..  AS-  J.  (Tt  nhnuld  b« 

eaphasised  that  we  are  Halting  f and  7* ' to  the  r^-plnne.)  Finally, 
let  x denote  the  dlapiacjmect  of  the  plate  in  the  * -direction,  uttth  these 
assumptions  and  definitions,  Sq.  (?)  becoae"  ( r ±.  S,  ) 

- ft  Jc*t*So%r*  (v',t-  rVc.)  , 

where 

r#*  (rSr»‘+iM*t«.4»)',,‘, 

and 


(8) 


(?) 


i? 


1 


ft*  * - v<*i*>*  iTrT^'Z'7*  • \ 


In  anm®  lr.stanr.es  1 t.  may  06  wore  convenient  to  express  the  second  integral 
v*  (S)  in  the  form 

- £$.  C*'‘ <U> 


r*«  w ■*  » ’ 4 - X.  rr  ‘ (n  . (12) 

For  i*6  in  subsequent  applications,  we  list  several  special  forms 
of  (a).  For  r«o  , we  get 

► if, Lb')-  1 (13) 

Suppoaa  x 1*  & characteristic  time  for  the  deformation  procosa.  If 


IX J $ *»o  to  «!  f^*cA  ttPu“tlSiticrij 

pir,t)s  y.Ct).  &.  c5V(^r-'  (14) 

»w  *o  T 1,0,  9t*'-  * 

I?  R,  , g*t 


2.  Cavitation 


In  the  initial  stages  of  the  impact  between  the  plate  and  the 
explosion  wave,  large  negative  pressures  may  under  some  circumstances 
develop  at  *.■>•“  surface  of  the  plate  due  to  tho  reflected  rarefaction  wave* 
Since  water,  especially  diily  water,  cannot  support  a tension  of  great 
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magnitude,  it  has  been  proposed  that  cavitation  will  occur  when  the  pres- 
sure in  the  wave  becomes  negative.  This  is  assumed  by  G.  1.  Taylor^/  in 
his  theory  of  plastic  damage.  The  i yd  ro  dynamic  theory  developed  in  the 
last  section  as  applied  to  thin  circular  plates  in  Parts  III.  IV,  and  V 
fails  when  cavitation  is  weH-devolopad,  Consequently,  it  la  imperative 
that  the  resulta  of  this  part  bs  amended  by  a reliable  cavitation  criterion. 
During  the  initial  stages  of  its  motion,  the  central  part  of  the 
circularly  clamped  plate  will  behave  as  a free  plate ^aince  it  will  take  a 
finite  time  f £»/«..  for  a pressure  wave  in  the  water  starting  from  the 
periphery  of  the  plate  to  perturb  the  pressure  diatribution  near  the  cen- 
ter. Furthermore,  it  will  take  a considerably  longer  time  U,/c  for  a 
plastic  wave  in  the  plate  to  travel  from  the  periphery  to  the  oenter  (see. .. 
Part  IT,  3e*UWIt  has  been  shown  by  Kennard^/  that  for  a preasure  wave  of 
the  form  p.  (.+)=  p ^ Impinging  upon  a free  plate  of  thickness  a„ 

and  density  p , the  pressure  will  drop  to  sere  in  a time 


«*• 


S f* 


<0,  « ?*•/?•  Cv.  J 

If  thle  time  i«  reached  before  the  an.  1 of  the  pressure  wave  from  tha 


periphery  a negative  pressure  will  o* 
that  oaviatloa  will  occur.  Thus  we  p 

Re/c.  > ©* 

s*A»  ^ 

If  this  criterion  is  in  error,  it  prof 
of  R^/c.,  above  vdilcn  cavitation  occ 

27  Private  cocutunicatlon. 
y E.  H,  Kemard,  David  Taylor  Modal 


. nly  he  developed  and  we  assume 
> ae  the  following  criterion! 

. • -*..’-ation 
. 'svitatioc 
t underestimates  the  critical  value 


(17) 


n r .-ort.  Ho.  ISC  (l%i). 
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HI.  APPROXIMATE  THEORY  Of  CIRCULARLY  CLAMPED  PLATES 
CONSTRAINED  TO  A PARABOLIC  PROFILE 

1.  let  reduction 

Sine*  experiments  on  the  plastic  deflection  of  clamped 
(Modugno  gauges,  etc,)  by  underwater  explosion  waves  show  the  final  pro- 
file to  be  rely  nearly  parabolic  in  most  cases,  it  seems  likely  that  a 
simple  theory  using  a parabolic  constraint  should  give  satisfactory  re- 
sults, This  supposition  has  boon  weiL-conrinned  experimentally,  as  will 
be  shown  in  Part  V. 

Since  in  this  treatment*  it  is  possible  to  confine  our  attention 
to  the  center  of  the  plate  (r*a  ),  e more  rigorous  treatment  of  the  water 
loading  including  retardation  effects  is  tractable.  In  Fart  IV,  where  the 
plate  deformation  is  treated  without  constraints  on  the  profile,  a compara- 
bly rigorous  treatment  of  the  water  loading  would  be  excessively  difficult  . 
ana  consequently  only  the  inoomoresstve  appro;  iaatior.  As  considered  there. 

stiffor  and  more  massive,  or.j  will  e xpect  the  treatment  of  this  Part  to 
give  smaller  defloctions  and  longer  deflection  times  than  th'  otherwise 
equivalent  unconstrained  treatment, 

2.  Equations  of  Hotter. 

If  we  substitute  the  expression  for  a parabolic  profile 

*(ve),  *,(*)£.-  (r/R.)1!  , (i) 

where  x#  6fc/  is  the  central  deflection 

Eo.  (2?)  of  Part  1 (with  *’»*  , and  cor 


wherj 
has  J 


! Of  Pi 

! tain 

i 

i 
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When 

from 
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neglecting  tarn*  of  the  ordar  of  <cv ) we  obtain 

- “>/*.  * fr.  - (2) 

where  for  convenience  in  the  subsequent  discussion,  the  plastic  frequency 
he#  been  factored  into  tec  tines,  a deeping  tine  0,  anri  » plastic  tine  0. . 

When  the  parabolic  profile,  Eq*  (l)^ie  substituted  in  Eq.  (13) 
of  Part  II  and  one  late  <y* moorreapor’ding  to  a vary  large  baffle,  one  ob- 
tains for  the  pressure  at  the  center  of  the  plate, 

it 

p « X P.  CO  - /„sC  ^ ^ \ ‘Ut ' } 

(3) 

•a  • R«A»  * 


When  t is  lass  th«n  , the  time  required  for  the  diffracted  wave  to  t ravel 
frost  tbs  edge  to  the  center  of  the  plate,  Eq,  (3)  reduces  approximately  to 


. t> 
**  t* 


( 4*  1 — A ^ 
' > - ' Jfl  - 


Ax. 


(u) 


baued  upon  geometrical  acouetica.  When  t is  greater  than  **,and  the  third 
ftui  I.'t.r'T  tine  derivativoB  of  j^oan  be  neglected,  a Taylor's  expansion  .'n 
0u  of  the  right 4VPRW  side  of  Eq.  (3)  yields  the  "Incompresoivo"  approxima- 
..on. 


► * 


**•  f > ’■'  ) " 


3 dt* 


(5) 


nforfciuiately}n«ithor  of  the  t wo  limiting  cases  represented  by  Eqa.  W and 

* practice!  inter- 


3 - - 


.1  phase  of  th« 


motion  and  Eq.  (5)  la  approached  in  the  latter  phase,  A theory  baaed  upon 
Eq.  (4)  will  give  final  deflections  which  in  general  are  too  small,  since 
the  damping  term  fades  away  far  times  greater  than 

the  second  t era  of  Eq.  (5),  by  inereasiqj  the  effective  inertia  of  the 
plate,  retards  its  deceleration  in  the  later  phase  of  the  motion. 

The  canplete  deflection  e quation,  obtained  by  substituting 
£q.  {3j  into  Eq.  (2),  has  the  fora 


T x *.  Ct-  «x) 

Tie  **  «,  T*  T •,  L ••  * 


«-*x 

This  is  an  integro -differential  difference  equation,  which  can  be  solved 


by  the  method  of  Laplace  transform*.  Tii«  initial  condition  subject  to  which 
Eq,  (6)  Id  tO  u o au.lv wu  le  l.eUj  ■ e fox-  i io  • 

3.  Deflect! or  of  Circular 


It  has  been  found  that  the  initial  pressure  pulse  3m.nediately  foi 
lowing  the  shook  front  of  an  underwater  exploulon  wave  has  a pressure-time 
curve  which  is  closely  approximated  by  the  exponential  formula 


where  is  the  peak  pressure.  It  is  therefore  a matter  of  interea'c  to  in 
veetigate  the  solution  of  (6)  for  on  exponential  «w.  In  diccus^iog 
th«  solution  of  Eq.  (6),  wo  shall  neglect  the  change  in  phase  of  the  ex- 
plosion wave  due  to  the  piste  deflection.  We  will  f irat  consider  the  ease 
of  an  infinite  buiiie. 


■ 


Vo  shall  employ  the  L?. place  transform  L(t}  of  Lt)  , defined 


* 5 *»  c.’  ^ dtr  . 


A ft  or  taking  ths  LapXat»o  transform  of  both  sides  of  Eq#  (6)  and  antograting 


by  parts,  on®  obtains 


* ‘pt  £fc,,,/»)F(w)  , 


€.♦£« 


Sjj.  £_c<0o^^»r  j j 

whore  t i*  the  imaginary  unit  f^T  , and C la  any  real  constant  greater  than 


the  le-ast.  Talus  of  <o  ?«r  which  the  transform  LC<*0  e*lel«»  If  one  deter- 
mines ton  taro  a s*i^  , with  vanisning  or  negative  real  parts,  of  F Cm>), 


<r('^  }> 


one  may  evaluate  th«  integral  of  Eq.  (9)  by  the  theory  of  residues  to  obtain 


*.£•>-  ^-6W, 


. ^ e z__  _ t'v» 

GW*  <£-.  “ 9,9*  «=£>/»)'  » 


F'fo.)--  *«•>'*  *-gf  * jfo  " ^ e J 

The  permanent  deflection  of  the  plate,  with  possible  regies',  of  a snail 
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elastic  recovery  is  given  by 


r 


(12) 


} 

* o , 

where  the  tine  of  deflection  is  determined  by  the  condition  that  the 
derivative  G- Y<h* ) of  5 vanish. 

If  s /P (t* ) of  Eq.  (9)  is  expanded  in  powers  of  £-•*»•».  and  C 
is  chosen  greater  than  the  greatest  real  part  of  the  roote  o>^  of 

<»,  t,,, 

«>•.  £ ♦Jfe,- 

it  may  be  showi  that  for  4 < , the  deflection  ’XpC-t)  is  given  by  Eq.  (11), 

except  that  the  sum  extends  over  the  teros  of  i tt  *r  than  over  those 

of  FU>)  «. 

If,  on  the  other  hand,  e"w&*  is  expanded  in  pnwev*  of 
and  term**  of  the  order  fa?**  tr*  neglected,  F(«)in  approximated  b7  t?»  si~ 
prsssion 

!-(<.)•  o CO* 


C> 


O,  t i «ta 


(14) 


(. iS V4 

Eq.  (14)  represents  the  incompressive  approximation  to  --Lu>)  , in  which  the 
apparent  plastic  frequency  differs  from  that  of  the  free  plate  due  to 


the  loading  effect  :f  tS'.c  water.  Mian  o>*  io  small  relative  to  unity. 
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It  may  be  verified  that  £ C«S*  closely  approximate  two  of  the  zeros  of 
the  exact  Fit/)  of  Eq.  (9).  With  the  neglect  of  other  zeros  of  Ffui^  , we 
obtain  the  complete  incorapressive  solution  from  Eq.  (il)5 


f0(t)  ■■ 


t + (j <**  w*  t )3  . (15) 


Using  Eq.  (12),  we  finally  obtain  for  the  maxliium  deflection  and  duration 


of  da  fleet  ion 


8 co*«.  . 

?*<*•  * * y 


- <*A j 


Ux  ((S  - tW*«^**  ) * 


(16) 


When  la  small  relative  to  vnity,  p is  approximated  by  n/x  , 

the  deflection  ie  proportional  to  the  more nt.ua  of  me  incident  wave,  and  the 
duration  to  one- fourth  the  piratic  period  VK/oJ*  of  the  loaded  plate. 

When  1*  large  relative  to  unity,  a*«.  fv,  io  approximated  by  , 

the  deflection  becomes  proportional  to  the  peak  pressure,  and  the  duiiUtxi 
equal  to  the  half -period.  Thus  a diaphragm  gauge  which  measuree  momentum 
for  small  chargee  might  well  measure  peak  pressure  for  very  large  charges. 

It  ie  ' f Interest  to  put  Eqs,  (16)  in  a more  convenient  form  for 
numerical  uae.  We  aenote  by  I the  impulse  pM*  of  the  incident  wave  in 
pei*milli8econda,  and  we  express  the  yield  stress  <j~  in  gsL  and  the  densi- 
ties pt  and  f of  water  and  plate  in  grams/cm3.  With  these  units,  Eqs,  (16) 
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Tiy/A.i,J  Ct+i/*0Ro/jp4#)'A' 


t* « W(*Re(^),AL(»+  {1?) 

u*..  L2®L»-(fi.)'A(w  a**./,,,.)-* 


where  the  radius  of  the  plate  is  expressed  in  inches  and  8 , t.he  dura^ 


If  the  plate  is  supported  in  me  end  of  a long  cylinder  of  radius 
R(  with  axis  parallel  to  the  direction  of  propagation  of  t.m  incident  wave, 
an  approximate  treatment  of  the  diffracted  wave  can  be  given,  since  the 
walls  of  the  cylinder  do  not  diffract  the  primary  wave,  tut  only  diffract 
the  scattered  wave  from  ths  wl  of  the  cylinder,  Thus^ir.  first  approxima- 
tion, we  can  neglect  the  influence  of  the  walls.  This  case  is  of  interest 
since  it  corresponds  roughly  to  thf  expei.-juiwj*ital  arrangement  of  the  diaphragm 
gauges  employed  in  the  Explosives  Kesearch  Laboratories  at  Bruceton  s; *i 
Woods  Hole  - 
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tion  parameter  of  toe  wave, 
presented  for  several  values 

in  milliseconds, 
of  . 

TABLE  I 

In  Table  I n nd  ^ are 

i 

i 

1 

X 

j 

\ 

P 

«^{J 

i 

0.0 

1.57 

1.00 

.5 

2=02 

=90 

, 

1.0 

2.28 

.76 

2.0 

2.55 

.56 

3.0 

2,68 

.45 

X 

5.0 

2.82 

.31 

\ 

The  plane  ia  which  the  plate  la  supported  la  now  finite^ end  thus 
wo  use  Eq.  (13)  of  Fart  II  with  finite  ,which  wo  repeat  here: 

P * 7 (ig 

d,  a R.,/t0  . j 

The  deflection  z4  for  a parabolic  profile  becomes 


Soa>«  < 

In  the  iricompre3sive  approximation  corresponding  to  Eq.  (16),  one  gats 
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When  d„  ia  small  relative  to  # , a deflection  equal  to  one-half  that 
of  a plate  supported  in  an  infinite  wall  is  approached.  Whan  9,  is  greater 
than  the  time  of  deflection  calculated  by  Eq.  (16),  the  result  for  the  in- 
finite wall  ia  obtaifjed,  since  and  its  derivatives  vanish  for 

less  than  zero. 

On  general  grounds,  we  may  surtni?c  that  will  approach  propor- 
tionality with  the  impulse  1 or  the  incident  wave  whan  is  largo  compared 
with  # , while  it  will  approach  proportionality  with  the  peak  pressure 
when  fr_.  ia  snail  compared  with  Q . In  the  inc empress  ve  approximation. 
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Eq«  (16),  wo  find  that  tho  first  case  la  realized  when  ui* 0 in  small  rela- 
tive to  unity,  and  the  second  ease  when  0 la  large  relative  to  unity. 

In  other  words,  impulse  or  peak  pressure  is  the  decisive  damage  factor^ ac- 
cording to  whether  tha  plastic  period  of  the  plate  is  large  or  small  relative 
to  the  duration  parameter  0 of  the  Incident  wave. 

IV.  HUi  PLASH  C DEFORMATION  OP  A THIN,  CECIISR 
PLATE  WITH  AH  UNCONSTRAINED  PROFILE 

1.  Introduction 

in  Part  III  an  analysis  of  the  plastic  deformation  of  a thin  cir- 
cular plate  by  an  underwater  explosion  wave  was  prenenled  for  the  case  of  the 
profile  constrained  to  a parabolie  shape.  Hers,  a more  exact  solution  is  ob- 
tained without  artificial  constraints  by  expanding  the  deflection  in  a aeries 
of  Batumi  function?.  By  this  means,  proper  account  is  taken  of  the  frequency 
shift?  and  interaction  of  the  deflection  modes  arising  from  the  water  load- 
ing. Because  of  the  excessive  difficulty  in  treating  the  retardation  effects 
in  the  water  loading  for  this  caae^nl,  the  incoapreeoive  approximation  ie 
considered. 

Detailed  calculations  are  made  for  the  case  in  which  the  first  two 
terms  of  the  Eessel  function  series  are  retained,  corresponding  tc  the  funda- 
ments! mode  and  one  overtone,  The  final  deflections  sc  obtained  do  not  differ 
greatly  from  those  calculated  with  the  parabolic  profile.  The  times  of  do- 
flection  aro  about  202  lower  than  in  the  parabolic  trostmen*  (with  inccmpres- 
eive  water  loading).  The  maximum  central  deflection  is  about  <0*  higher  for 
impulsive  loading  and  not  significantly  different  for  loading  by  a wave  of 
duration  long  compared  with  the  period  of  the  fundamental  mode. 


28 


2.  Bgaatioo  of  Motion 

We  consider  * circular  plats  of  radius  f?eand  tldcknwas  *. , 
oomposed  of  material  of  field  stress  *J  and  density/*  5 ? w edge  of  the 
plate  Is  assused  to  be  clamped  to  a rigid  supporting  structure  eat  ending 
* negligible  distance  beyond  the  edge  of  the  plato.  It  is  also  assumed  to 
be  backed  by  air  on  the  upper  slde^  and  to  be  in  contact  with  water  of 
density  ft  on  the  lower  side.  The  explosive  ware  advancing  in  the  positive 
s-dirsetioo  is  assumed  to  be  of  acoustical  intensity  and  to  be  of  exponen- 
tial fore  p,® 

We  will  use  the  linearised  equation  of  motion  derived  in  Part  I 
for  the  vertical  deflection  w . Tor  convenience,  we  repeat  this  equation 
(Eq.  (27)/Part  I)  here  with  the  expansion  parameter  ad  sat  equal  to  unity 
and  with  the  dropping  of  the  superscripts  referring  to  tbs  first  approxlma- 


<j-\  _ft* j_ £L (r  sbsA  » x—  . 

y 5fv  ar/  j>a.  * 


(.Vi  rjp 


hire,  we  treat  the  water  loading  in  the  ir.oompresslve  approxima- 
tion, thereby  neglecting  retardation  effects.  In  this  case  It  is  appropriate 
to  use  Eq.  (14)  of  Part  II  s 

F*  C*+C*’"’  1 

° | (2) 

r*i  Cr*,*  r’<*  - ^ ^ ^ • J 

This  result  corresxmde  to  a snail  or  nci-axietant  baffle;  for  an  infinite 
baffle,  tho  tens  jpc  ssub*  be  multiplied  by  2. 
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The  elissiii&tlon  of  p between  Kqa.  (1)  and  (2)  with  tba  introduc- 
tion of  the  dinaa*icul«as  variable  >£«i/<?0  yield*  tbs  result 

-Sg1-.  (3) 


<*V*  ■ «'V/^s?' « 5#/y  ^ 

and  O lmn  integral  oporutor  defined  by 


OFCk,*)*  dw'*' ^ ■ 


The  quantity  u>a  ie  equal  to  the  reciprocal  of  the  ti**  required  for  a 


tranirterae  plastic  war*  to  travel  the  radius  of  the  plate.  The  parameter 


date  mines  the  aafdtude  of  the  inertial  effect  of  the  surrounding  water. 


Eq.  (3)  la  an  1st sgio-U if f er ential  equation  Wioss  solution  la  sub- 


ject to  the  following  Initial  end,  boundary  condition?; 


> c no,  a*  - i ■) 

**  \ U) 

* «0  y t>o  ) *•  l.  J 

la  solving  Kq.  (3)  under  the  conditions  (k'h  it  ie  convenient  to 


exoand  z In  e series  of  Bessel  functions 


*(*>*?»  21,  T0  (k,;  x), 


where  JeCu.)  is  tbs  sere  order  Bessel  function  of  u and  Is  the  i-th  aem 


aC~)  . The  details  of  the  eolation  arc  gives  in  Appendix  B.  The  solu- 


tion in  the  case  of  an  e xponentlal  wave 
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AW)-  \ Sjt  -pfiji),  7 

y (ii) 

^'(p)«  -f^Afe),  ) 

A ^ (p  ")  la  th«  cofactor  of  ihs  ij  clamant  of  (12) 
tl:a  dotanainant  A ( ft,  ) j 

UJ^ 

((j«a  ia  tht>  J?  -th  root  of  A(fO  j (13) 

A 


CV- 


5j«:  -+  % A ii 


V I (>(.  , 


A,i  i‘4'4*  • w> 


In  Eqe*  (7),  (6),  and  (9)i  u^*  Is  the  1-th  frequency  of  the  wat^sr  loaded 


*%  •>v  iT- 


r 


i 


o 


?4i 

diaphragm  end  uJ<  is  the  i-th  frequency  o t tbs  free  diaphragm  (ell  nodes  of 

vibration  ere  radially  symetrlo).  The  matrix  (3,,-j  depends  on  "X  only 

(except  for  eeros  of  0o  ),  therefore  the  roots  of  & depend  only  oc  > , 

**» 

end  consequaitly  the  seme  for  the  coefficients  . 

it  is  of  particular  lot.  rest  to  calculate  the  maximum  central 
deflection 

« x.  (o,tO  i (17) 

where  "fe^ie  the  smallest  positive  value  of  fc  satisfying 

■P 


T^a(o.t)  - o . 

It  happens  that  x»,  is  given  by  the  relatively  simple  formula 

"s&«*  » p«.  ® fr-.  > 


(18) 


“«■  £«*. , 


(iv) 


in  which  can  be  obtained  by  solving  Eq.  (IS)  by  successive  approximation. 

Tho  permanent  plastic  deflection  of  the  diaphropi,  as  has  been 
previously  shown,  will  differ  fro*  xC*,*^)  by  a email  amount,  usually 
lees  than  one  percent.  It  cache  shown  that  the  center  point  of  the  dia- 
phragm reaches  its  maxima  deflection  first.  Is  tne  rats  of  strain  chsngea 
sign  at  the  center  an  unloading  wave  travels  out  toward  the  center  with 
acoustical  velocity.  The  diaphraga  passes  in  a very  short  time  from  tha 
plastic  to  the  elastic  *»-•  ur.ing  the  unloading  and  continues  to  vibrate 
elastically  until  the  residual  kinetic  energy  is  radiated.  Sines  the  #1  •ti- 
tle recovery  ie  aull  the  diaphiagm  takes  a pei-aanent  set  in  very  nearly 
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the  position  it  occupied  at  the  tine  when  the  center  point  reached  its 


We  remark  here  that  an  accurate  description  of  the  early  stag* 


of  the  motion  requires  the  retention  of  a large  number  of  terms  in  the 
series  (5)«  Tbs  approximate  solution  to  be  used  in  Sec,  3.  in  which  only 


two  tame  are  retained,  while  adequate  for  the  lwtor  pluses  of  the  motion. 


le  not  wer y accurate  for  times  less  than,  say,-'" .3  of  the  total,  time  of 


deflection* 


3.  So 


of  Moti  on  U 


Terms  in  Bessel  Function 


cal  Results 


When  the  Bessel  function  series  (8)  is  approximated  by  the  first 


two  terms,  tbs  deflection  of  the  diaphragm  takes  the  fora. 


- fCx,*  ? » 


where  x » r/R0  } 


SG*jt) 


when  the  free  field  pressure  of  this  'lesion  ware  ie  given  by 


*>.<*)•  *~e-*/*  (21) 

Supplementary  data  concerning  Eq.  (30)  are  presented  xn  Appendix  C,  The  fre- 
quency is  the  i-th  frequcooy  of  the  free  diaphragm  and  ie  the  t -th 
frequency  of  the  water  loaded  diaphragm;  s*  i»  the  thicknen  and  p is  the 


density  of  the  diaphrags. 
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The  nondiagonal  tenia  0^  (t  ■*■  j ) In  the  « ocular  detoralnant^ 
here  a **11  effect  on  the  fundamental  frequency  and  the  first  overtone. 

This  point  1*  discussed  in  Appendix  fi.  Alto  and  are  auufc  smaller 

than  C,,  or  C*v  • These  results  mean  that  the  hydrodynamic  Interac- 
tion between  the  twc  principal  modes  of  vibration  ie  small,  sad  that  the 
nondiagonal  tense  could  have  been  neglected  without  large  error  (at 

least  in  the  two-nods  treatment). 

The  najrijn*  central  deflection  ie  found  by  methods  described 
Aw  WIV  end  of  Soo.  1.  It  ie  found  mathematically  that  the  part  of  the  dla- 
phrags  midway  between  the  center  and  the  periphery  reaches  its  maximum  at  a 
time  about  202  greater  than  T*.  , the  time  of  nuudmum  central  deflection. 
This  la  not  important  because  of  reasons  mentioned  in  Sec.  2. 

In  the  presentation  of  numerical  results,  appropriate  dlmwsioolass 


variables  arc  ohossa.  Accordingly,  in  Tables  11,  11-L,  7II-A,  and  rv-k, 
c*Vt«»  end  are  presented  as  functions  of  i/u^S  for  four 

values  of  A * Rof<r/a«p  • These  tables  allow  us  to  find  the  time  of  deflec- 
tion ‘t  fc.  And  the  maximum  central  deflection  if  the  diaphragm  parameters, 
R, , , mod  dr  f the  shock-wave  characteristics,  p.^  and  0 , and  the 

density  V~  of  water  are  giw. 

The  diapturege  profiles,  */««.  vs.  r/R*  , are  given  as  function  - 
of  the  reduced  time  t/tr*,  ror  several  rail  as  of  and  A in  Tahles 

I-B,  I-G,  1-0,  II-B,  Il-C,  Il-D,  m-B,  XXI-C,  III-C,  IV-B,  ly-C,  and  IV-D. 
The  appropriate  values  of  x,„  and  are  found  by  consulting  the  table* 
mentioned  in  the  previous  paragraph.  The  tables  considered  thus  fer  arc 
grouped  acoo  "ding  to  values  of  X , the  tables  having  a Kocian  numeral  I 
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oorreapctitiing  io  the  smallest  value  of  A.  , etc* 

In  Figures  I,  2,  3>  end  4 sons  of  the  data  fro»  the  ;.bcva  tables 
ie  presented  for  the  special  o*se  of  the  UBBL  diaphragm  gauge.  For  thin 


case  we  hare  the 


trickncM 
radios 
yield  stress 
and  density 


“ C.0Y8  in, 

- 1.675  in. 

- 50,000  p.a.i. 


and  density  - 7,8  gn./raa-'. 

those  specifications  of  the  dlsphrs^s  and  a value  of  1.C07  gt,/ea?,  for  the 
density  of  sea  water  at  30°  0.  yield  a valua  of  2.75  for  X and  4.94  msec.-1 
for  u9  . 3p*c.l»«e  values  of  the  naxlaum  central  deflection  X.^  and  the  tine 
of  deflection  , for  typical  values  of  and  9 , aro  given  in  the  fol- 


lowing tablet 

(mttso.) 


(p.a.i.) 


(uu.) 


In  the  above  tables  and  graphs  the  profile  for  ■£/&„  -»  l io  rather 
peaked  in  the  case  of  9 tnall  and  resembles  a circular  aro  in  the  case  of 
9 large  (in  particular,  aoapare  figures  1 and  3).  In  tbs  case  of  9 anally 
the  peaked  condition  is  what  one  should  expect  since  in  the  case  of  Impulsive 
loading  tho  diaphragm  would  tend  to  be  deflected  to  a conloal  shape.  If  the 
water  loading  were  evenly  distributed.  In  the  case  of  9 large ^the  rwssw- 
blauce  of  tho  profile  to  ® circular  arc  is  e-sy  to  esc  if  era  considers  the 
fact  thoi  the  dlaphraga  under  the  inf  7juenee  of  a static  pressure  is  deflected 
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FIGURE  2 - Piste 
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to  a spherical  shape,  The  profiles  for  email  value*  of  t/t^  are  of 
questionable  accuracy,  since  tha  treatment  using  two  Beaael  function*  break* 
down  for  sanll  value*  of  the  tiiw.  However,  the  convexity  in  these  profiles 
nay  not.  ba  entirely  flotiticue  because  of  the  conunifom  distribution  of 
water  loading. 

In  Table  V tbs  results  of  tko  treate-nt  assuming  a parabolic  pro- 
file {Part  HI)  arc  compared  with  ths  results  of  the  mors  exact  treatwot 
with  parameter*  appropriate  to  the  USBL  dlaphrage.  It  ie  significant  that 
the  value*  of  xK  are  in  close  agreement  except  for  small  wines  of  & , the 
■ore  exact  treatment  giving  larger  deflections  than  the  puriboiio,  This 
discrepancy  is  evidently  due  to  ths  fact  that  the  profile  is  more  nearly 
conical  than  parabolic  feu*  waves  of  very  -Sort  duration ^as  menticned  above. 
Ths  values  of  for  tbs  nor*  exact  treatment  are  about  20J?  lower  than 
those  for  the  parabolic.  A cor  responding  difference  is  found  in  ths  funda- 
mental frequencies. 
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TAWS  I A.  - tiajtnaia  astral  daflactlon  aad  tiae  or  deflection 
aa  » furct.lon  of  ^ t for  X m 0.6675 


Unite:  V,  t. 


- umoj  tim  - •aeo”  i *«  i *k»  ®*  » 

p«i  - p.-.i.;  p - esi«a“3s 


<*>e  ■ 0.103b 


t (r-) 


<~o  1 

Pa  wo®  X*~ 


0.0932 

0.165 

0.225 

0.275 

0.317 

C.354 

0.38b 

0.411 

0.435 

0.455 

0.473 

0,489 

0.504 

0.517 

0.528 

0.538 
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TAB I£  X-B.  - aUphrma  woflXa  mb  h fimnUnr 

\ - C.6875  !/<•>*•  “ 2.0 


I \ C ■ 

; v > 


0,64 

0,86 

1,00 

0 

0.576 

0.920 

1,00 

u.l 

0.573 

0.905 

0.983 

0.2 

0.567 

0.857 

0.924 

0,3 

0,549 

0.764 

0.837 

O.i, 

0.517 

0.689 

0.726 

0.5 

o.46fi 

0.579 

0.601 

0.6 

0.400 

0.461. 

0.470 

0.7 

0.314 

0.339 

0.341 

0,0 

0.214 

0.220 

0.218 

0.9 

0.106 

0.106 

0.104 

1.0 

0 

0 

0 

TABLs  I--'.  - Ditphr.uw  profile  m a Amotion  of  tine 
* - 0.6875  l/*4»0  - 0.40 


rA0\_ 

- _ 0.54 

0.74 

1.00 

0 

0.426 

0.766 

1.00 

0.1 

0.427 

0.756 

0.986 

0.2 

0.428 

0.730 

0.946 

0.3 

0.423 

o;685 

0,880 

ft  i 

v#*> 

0.410 

0.622 

0.790 

0.5 

C.380 

0,542 

0.680 

0.6 

0.332 

0.447 

0.554 

O.’’ 

0,265 

0.340 

0.417 

0.8 

0.183 

0.226 

0.275 

0.9 

O.091 

0.U1 

C.134 

1.0 

0 

0 

0 

r- — 
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TABU  I-S.  - 


■X  - 0.6675  , lM©  - 2.0 


1/ 


i D 


r/v_ 

0.64 

0.86 

1.00 

0 

0.575 

0.920 

1.00 

0.1 

0.573 

0.905 

0.983 

0.2 

0.567 

0.857 

0.924 

0.3 

0.549 

0.784 

0.837 

0.4 

0.517 

0.689 

0.726 

0.5 

0.466 

0.579 

0,601 

0.6 

0.400 

0.461 

0.470 

0.7 

0.314 

0.339 

0.341 

0.6 

0.214 

0.220 

0.218 

0.9 

0.106 

C.106 

0.104 

1.0 

0 

0 

0 

TABLE  I-C.  - 


X ■ 0.6675  1 Ju>09  » 0.40 
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TABLE  II -A,  - Maximum  central  deflaotlon  and  time  of  deflection 
as  a function  of  «*.  9 for  1 “ 1.375 

Unltat  0 , - an»cj  «*>0  -asao'1}  aQ,  «,.  R0  - ln.j  <r0»  P*  - p.s,i.jj>-  &*.  cm3. 


o 


i 

<0  t 

a m 

£0  1 40®ia 

Pm  w0*  TC?" 

0.2 

1.57 

0.C884 

9.1* 

1.51 

0.153 

0.6 

1 o':  5 

0.208 

0.8 

1.43 

0.2J2 

1.0 

1.38 

0.289 

1.2 

1.35 

0.320 

1.4 

1.33 

0.347 

1.6 

1.31 

0.370 

1.8 

1.29 

C.390 

2.0 

1.27 

0.40? 

2.2 

1.26 

0.423 

2.4 

1.24 

0.436 

2.6 

1.23 

0.447 

2.8 

1.22 

0.458 

3.0 

1.21 

0.468 

3.2 

1.20 

0.476 

« - 0.1Q34 
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tabu  ii-b. 

- Etl»phr»j»  pro  fill*  as  a function  of 

til 

* - 1.375 

l/*Ja©  - 2.0 

"/  ^ 

^1  - | ^ 

- 

^S.59 

0.79 

1.0c 

0 

0.472 

0.825 

1.00 

0.1 

0.469 

0.813 

0.983 

0.2 

0.472 

0.776 

0.927 

o.3 

0.467 

0.718 

0.842 

0.4 

0.450 

0.640 

0.734 

°.5 

0.417 

0.546 

0.611 

0.6 

0.364 

0.441 

0.481 

0.7 

0.290 

0.330 

0.351 

C.8 

0.199 

0.216 

0.225 

0.9 

0.100 

0.105 

C.108 

1.0 

0 

0 

V 

TABLE  II -C«  - Diarhraga  profile  mb  a function  of  tl*a 
A - 1.375  iA>0e  - o ,y> 


- /* 

”<  t*ri 


t/t* 

\ 0.50 

0,66 

o,83 

1,00 

0 

0.330 

0.643 

0.905 

1.00 

C.l 

0.330 

0,636 

C 

0,987 

0.2 

0.339 

0.620 

0.855 

0.953 

0.3 

0,343 

0.588 

C.795 

0,891 

0.4 

0.340 

0.542 

0.713 

0.607 

C.5 

0,3  32 

0.480 

0.613 

0.701 

0.6 

0,287 

0.401 

0.499 

C.577 

0.7 

0.232 

0.309 

0.375 

0.438 

0.8 

0.16'? 

0.208 

0.247 

0.291 

0.9 

0.082 

0,102 

0,121 

O.li.2 

l.C 

0 

0 

0 

0 

h** 

. r. 


TABLE  II -D.  - 


ag  & function  of  time 


!/•*}, ® * °*20 


r/R^"" 

0.48 

0.64 

0.79 

1.00 

0 

0.298 

0.589 

0.848 

1.00 

0.1 

0.298 

0.583 

0.637 

0.967 

0.2 

0.307 

0.570 

G.8G5 

0.952 

0.3 

C.312 

0.544 

C.751 

0„691 

<'.4 

0.310 

0.503 

0.677 

O.SOS 

0.5 

0.295 

0.448 

0.585 

0.703 

C .6 

0.263 

0.377 

0.479 

0.579 

0.7 

0.213 

0.291 

0.362 

0.439 

0.8 

0.149 

C.196 

0.240 

(..29? 

0.9 

0^075 

0.097 

o.ii? 

o.I4i 

1.0 

0 

0 

0 

0 
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TABUS  III-A.  " MmAawi  cer.tral  fleflwction  and  time  of  ijaflfietion 
«6  a function  of  y g £jf  X « 2,?5’ 


j Ualta;  f f 

i 

-1 

z*f$ecj  u>  c - *awo 
p.S.l.j  ^ ~ ©a.  Cm -3 

ac«  *!&•'  Ro  “ ***•? 

3. 

«*„• 

t 

0 w 

ro  » 

r,2 

1.92 

0.0795 

o.4 

1.77 

0.138 

0.6 

1.68 

C .181 

! o.rt 

1.62 

0.221 

1.0 

1.59 

0.252 

1,2 

1.54 

0.27? 

! 1,4 

1.51 

0.293 

1 .1.0 

1.48 

0.316 

1 1.9 

1.66 

<•.332 

2.0 

1 1 1. 

C.  ^J.* 

i 2,2. 

1.42 

0.357 

•C-4 

1.41 

0,367 

2.6 

1.39 

0.376 

2.8 

1.38 

o,;*» 

3.0 

1.37 

0.391 

2.2 

1.36 

0.397 

CA  « 0.1 034 
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T4BIE  II1-B.  - 


X - 2.?5 


1A>0*  “ 2.0 


T1BLX  UI-C.  - 


jz£*3&. 


Vw#» 


♦ rf 

*'  "0.1.3 

0.57 

0.71 

0.85 

1.00 

0 

0.21V 

04.71 

0.746 

0.937 

1.00 

0.1 

0.215 

0 .468 

0.736 

0.926 

0.968 

0.2 

0.233 

0.i»j5 

0.710 

0.888 

0.959 

0.3 

0.2*7 

0.652 

0.665 

0.827 

0.906 

04. 

0.255 

O.US 

0.603 

0.766 

0.«7C 

0.5 

0.251 

0.350 

Ot  52? 

0.662 

0.729 

0.6 

0.230 

0.335 

0.632 

0.526 

0.606 

0.7 

0.191 

0.266 

0.328 

0.396 

0.666 

0,8 

0.135 

0.150 

0.218 

0.261 

0.311 

0.9 

0.068 

0.090 

0.107 

0.127 

0.153 

1.0 

0 

0 

0 

0 

0 

* Jy'  .;'■'*•} 
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m-o. 

- W*Bhnu»  wo  fils  a.  * 

>.  - 2.?5 

_ _ */** 

tana  ilea  of  elite 

V«l®  “ 0.2 

C.50 

0.6; 

0.76 

1.00 

0 

0.19e 

0.431 

0.694 

O.S94 

1.00 

0.1 

0.199 

0.427 

o.«6 

0.862 

0.969 

0.2 

0.213 

0.427 

0.664 

0.850 

0.969 

0.3 

0..225 

0.417 

0.625 

0.795 

0.925 

0.4 

0.233 

0.397 

0.570 

0.719 

0.659 

0.5 

0.230 

0.364 

0.499 

0.624 

0.765 

0.6 

0.21) 

0.314 

0.414 

0.512 

0.645 

n n 

v i ; 

0.174 

r>  f>L* 

0.316 

n_Vi3 

0-500 

C.R 

cd?3 

\j.l7v 

0.211 

0.257 

0,337 

0.9 

0.063 

0.065 

0.103 

0.126 

0.166 

1.0 

0 

0 

0 

0 

0 
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14aiX  17-1.  - IfcxUBg  crntml  d»fl»ctloa_jffi 

aTTnucUon  wwl(  i°r  > * 5*5 

— - -a— “ 

iZoitai  ® , t,  - wk;  iO0  - *o»  «*>  ®s>  “ in' J 

<r0,  p*  - />-**•  <*“3* 


‘*>0« 


0.1 
0.1 
0.0 
0.8 
1.0 
1.2 
1.1 
1.1 
1 .■ 
2^.6 
2.2 
2.1 
2.6 

2.8 
n * 
j** 

3.2 


2.9® 

2.21 

2.03 

1.91 

1.88 

1.83 

1.79 

1.75 

8 

f* 

1.70 

1.68 

1.66 

1.61 

1.62 

1.61 

1.60 
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0.0763 

0.121 

0.158 

0.187 

0.210 

0.229 

0.211 

0.257 

0-26® 

0.276 

C.266 

0.293 

0.299 

0.301 

0.309 

0.313 
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VP  *»  a faactioo  of  tlaa 


i - 5.50  l/u>a#  - 0.20 

*1* IL 

0.34 Oja 1.00 

0.132  1.00 
0.123  0.339 

0.123  0.963 

0.110  0.915 

0.336  0.813 

0.350  0.715 

0.299  0.621 

0.231  0.180 

0.159  0.322 

0.C79  0.159 

0 0 


0.235 
0.235 
0.215 
0.252 
0.235 
.216 
.221 
.131 
.126 
.061 
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?4BI£  V.  - Cacnart.ion  of  parabolic  treatment  with  jrtie  two -tarn 
B* teal- function  treatment  for  a UKEL  dlaphragg  gauge 


Ualtai  a^  - ir..j  Pj,  - p.e.i.  - ate.}  0, 

* * 

wo»  1*  2 


in.  (pel,  eec. )“•*■} 


M#o{  i'p  (8),  j(6) 
* 

matte. 


Parabolic  profile 
*■  * f*  « *p(d) 

Two  t«r&  less el  function  profile 
**  - IV  0 t (6) 

H 

w 

€T 

9 

C,l. 

0.92 

0.36 

0.1 

1.23 

0.29 

0.2, 

0.75 

0.40 

0.2 

0.90 

0.32 

0.3 

0,63 

0.43 

0.3 

0.70 

0.34 

0.4 

0.54 

0.45 

0.4 

C.58 

0.35 

0,5 

0.47 

0.46 

0.5 

0.50 

0.36 

0.6 

0,43 

0.47 

0.& 

0.44 

0.36 

0.7 

0.37 

0.47 

0.7 

0.39 

0,0 

0.34 

0.48 

0.8 

0.35 

0.38 

0.9 

0.31 

0.18 

0.9 

0.32 

0.38 

1.0 

0.28 

0.49 

1.0 

0,?9 

0,39 

* 

1*  ' 

« “ 5.86 

U),  . 

6.82  <*>,,  . 21.27 

w 

*** 

1 
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The  quaiititiee  % and  t*  are  thf  Maximum  central  deflection  and  time 
of  deflection  reapectiTcly  of  an  unbafflad  UERL  dlaphragc  of  1.675  in. 
radio*.  0.075  In,  thlclmeaa,  7.8  ©a.  cm."’  dweity,  and  with  a yield 
stress  of  50,000  p.a.i. 
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4.  the 
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Phase  of  the  Plastic  Deformation  of  ft  Thin  Plat 


In  Section®  2 and  3 uf  this  Part,  the  equation  of  notion  at  a 


thin  plate,  loaded  b y an  sxponmtial  explosion  ware,  was  aolvect  by  expansion 
of  the  deflection  la  a aeries  of  Bessel  functions.  Since  the  series  dots 
not  oorvrerge  very  rapidly  In  the  early  phase  of  the  notion,  mother  type  of 
solution  is  presented  hers,  in  which  the  propagation  of  the  transverse  sent- 
brans  wave  fro®  the  edge  to  the  center  or  the  diaphragm^  Is  explicitly  treated. 
At  the  sane  tine,  the  solution  given  here  is  less  general  than  our  previous 
one,  sines  it  is  only  possible  to  carry  it  through  in  the  approximation  of 
Uniform  water  leading  at  all  points  on  ths  di&pteaga. 

As  sural s ed  by  Bohnecblust  and  von  Kansan,  by  analogy  with  the 
case  of  the  soring,  the  center  portion  of  the  plate  remains  flat  out  to  the 
point  reached  by  the  incoming  transverse  plastic  ware  at  the  given  tine. 

For  impulsive  loading,  there  is  & kink  in  ths  profile  at  this  point.  For 
loading  with  a finite  duration,  the  oooond  derivative,  tret  not  the  first,  ia 
dle&outinuoua.  If  the  nenunifora  distribution  of  water  loading  were  properly 
taken  into  account,  the  cantor  portion  would  not,  of  course,  be  exactly  flat. 

The  equation  of  motion  of  the  plate  loaded  with  a shock  wave  of 
free  field  prsssur*  p0  (t)  may.  In  the  incoaiproselve  approximation,  be  written 

(i+>c)  - <*•••*& (*%)-  > '32) 


whore  x « r/R0  > 


V * *o  tf  ***  > * ■ /*•/ 


and  0 is  an  Integral  op-wator  defined  a;’ 


r 


i ii 
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0FC*,6)s  FC*'->4)' 

Xh*  diaphragm  1ms  a radius  lSiickns<«&  *n.  aw  1*  constructed  of  material 
of  density j>  and  yield  stress  0^  * At  tins  t the  diaphragn  is  deflected  an 
aiaount  X.  at  a distance  r fro*  the  center,  _p9  is  the  density  of  water.  Ro^o 
is  ths  velocity  of  transverse  plastic  waves  ir.  the  free  (unloaded)  plate. 

In  solving  Eq»  (22)  wo  replace  the  operator  0 by  unity  as  a first 
approximation.  If  ths  dlaphraps  moves  as  a plston^thia  replacement  gives 
the  o orrect  water  loading  at  the  center,  but  gives  too  large  a water  loading 
some  distance  from  the  center.  Me  now  have 

Tf.king  the  Laplace  transform  cf  both  aides  we  get 

M*(l+%)L  - 'x  inU-fc1")  * ft,  3 

where  h ■ S„  4 *?f 


(23) 


(24) 


and  e dt  . 


The  solution  of  Eq,  (2k)  ie 


?*c  (.»*>) 


L.»  / , _ \ 

»+^«‘  x(iv)  / 3 


(25) 


where  k=  <>♦*  )*•*>/*>,  . Inverting  the  UpUcs  transform  we  obtain  Imeui- 

ately  the  solution  of  Eq„  (23) t 


X * 


/>«•(>♦>)  iTi 


C+t» 

f _kt_  1 

f . J.CiWa)  \ 

J (O' 

C*  (<*> 

31 

(26) 
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Nov  we  wish  to  obtain  in  ssywptotic  expression  for  Eq,  (26)  sui table  ftn* 
smell  values  of  t . To  accomplish  this . we  nake  w asymptotic  deveLopmsnt 
of  the  integrand  of  the  integral  in  (26)  valid  for  large  u>  . We  make  us* 
of  th*  fact  thst 

Jo<«0  - i*7) 

for  large  u. . From  this  we  iamsdiately  obtain 

* %-’A  t-uO-x)  m 

j0(;o 


Substituting  (28)  into  (26)  we  obtain  the  result 
where  t«  ® t - " 

*>o  ’ 

.ce£« o 


(29) 


•e*h O , /*• 

and  h(t)  « ~-r  \ — ?.£  . du?  • j dfc'  j dfc*  pe^O  , * * <s  o 

”c-i«  w t»  ° 


■ 0,  t * 0 * 

Co  account  of  the  lnconpreasiva  approtiaaiion  we  must,  not  take  u 
too  aa&ll  (i.e^t  <>  where  ec  Is  the  velocity  of  sound)  in  using  Eq, 

(28).  On  the  other  hand,  the  asymptotic  development  break'*  down  if  we  take 
is  too  large  (i.e.^t /u;0  , vblo'.i  in  the  time  required  for  a trans- 
verse plastic  wave  to  traverse  the  radius  of  the  loadsd  plate). 

The  lassoing  of  Eq.  (29)  Is  perhaps  clearer  i f we  rewrite  it  in  tbs 

form 
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ti-oov'i. 


»-*  Ue* )],.-  fg*,-*-  ‘ 


The  flret  of  Ena.  (30)  is  the  equation  of  notion  of  a flea  plate.  Thus  we 
see  that  the  central  area  of  the  cuaphragn  notes  initially  tea  free  plats 
and  is  consequently  flat;  however,  the  flatness  la  destroyed  by  a transverse 
wave  represented  by  the  second  of  Eqc.  (30)  traveling  in  from  the  periphery 
with  a velocity  R ja0  (i+l  is  the  velocity  of  transverse  plas- 

tic waves  in  the  unloaded  diaphragm,  the  factor  (itl)'^1  takes  account  of 

a i . a __  h 

VUO  WM/U  • 

If  PoW  i«  bounded,  it  follows  that  KItr)  is  continuous  and  has 

a continuous  derivative;  consequently,:*"  such  a case  the  deflection  a.  and  its 

derivatives  with  respect  to  the  time  k and  the  reduced  rsiius  X 

respectively  are  continuous.  However,  suppose  that  p0Ct)  is  not  hounded  and 

to  be  wore  specific,  suppose  it  has  a singularity  at  t*o  such  that 
f t 

S0  peCt')i ife  «l>p  , -t>o, 

— U.  / il. 

IS  ^ j t “ V • 

Then  the  tin*  derivative  of  the  deflection  is  diocontinucaa  at  the  Initial 
instant  and  the  radial  derivative  and  tins  derivative  tre  both  discontinuous 


369 


In  otfcsr  words,  in  the  cae«  os  impulsive  loading  the  diaphragm  profile  has 
a kinlc  *fcich  Is  propagated  Inward  with  a velocity  ('■*’'* )>  "*’• 

In  the o ase  of  an  exponential  wave  of  the  form 

pflt)  « p-v  «_t^  , ti  >o  > 

« o , 6*0, 

we  hare 

kC6)«  p«*0  Cfc  “ • )1 . fc  ") 

f (31) 

ss  o , 6 * O . J 

In  the  Halting  oass  of  impulsive  loading,  that  is,  with  an  infinitesimal 
value  of  the  duration  ®,  we  have 

VuC6 ) * X * , (3£) 

* O , 6 t O , ^ 

where 

X «•  £*  f»Jt  - '?-•  • 

9-»D 

In  figures  5 and  6 are  shown  diaphragm  profiles  for  various  times, 

, -t/e 

l.o.)a/pflO  vs.  r/Hs  fbr  various  valuas  of  t,  calculated  with  pQ  « fy,o  » 
and  with  \ - 1.67?  in.,  «-  - 50,000  p.s.i.,  aw  - 0.073  in.,  - 7.8  gm./em.3, 
which  correspond  to  the  standard  UE?L  diaphragm  gauge.  In  figure  5,  © *>  0.1 
msec,  j corresponding  to  rather  impulsive  loading,  and  dr>  figure  6,  6 — 1 msec*  j 
corresponding  to  much  longer  duration.  It  in  apparent  that  the  diaphragi  bends 
much  more  sharply  at  the  edge  of  the  flat  central  portion  in  figure  5 than  in 
figure  6. 


a 
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/.  COMPARISON'  OF  THE  THEORIES  C*  "’ART'S  iii  a«D  IV  WITH  EXPERIMENT 


The  ultimate  object  oi‘  -peri  mental  and  theoretical  work  on  the 

underwater  damago  to  diaphragsu  is  tha  prediction  of  damage  to  ships  at- 
tacked by  a given  explosive  under  spe  rj.fi  eu  condition  a.  To  have  engineer- 
ing significance,  certain  aspects  of  the  theory  must  be  tested  by  comparison 
with  experiment.  In  tills  part,  we  compare  theoretical  results  with  expert- 


1 


mental  results  obtained  at  the  Underwater  Explosion  Research  Laboratory  at 
Woods  Kola. 

Here  we  present  comparisons  on  the  basin  of  both  the  p&rab*  te 
theory  (Part  III)  and  the  two-mode  Bessel-fu-iotion  theory  (Pait  IV,  Scotie* 

3)  using  both  empirics!  and  theoretical  pressure-time  curves  for  the  shock 
wave.  The  incompresaiva  approximation  to  the  water  loading  io  used  in  both 
theories  and  a «»11  baffle  is  assumed.  Consequently,  for  the  parabolic 
theory  Kqs.  (17)  of  Part  III  are  used, wit, i e factor  of  1/2  -ulti plied  into 
the  expression  for  x^to  take  account  of  the  email  (instead  of  infinite) 
baffle.  For  the  two -mods  BesseJU-function  case  thr,  tables  uf  Part  IV,  Sec- 
tion 3^sre  used  witr.cut  modi f iostior' . 

The  agreement  between  theoretical  and  experimental  values  of  the 
i.oiimum  deflection  ie  very  good  in  most  cases.  The  agreement  among  the 
various  e«is  of  theoretical  values  themselves  i*  satisfactory  but  not  excel- 
lent. The  theoretical  values  are  on  the  average  about  15*  higher  than  the 
experimental  values.  The  values  calculated  from  the  two -trod '«  Beseel—function 
theory  arc  on  the  average  about  7%  higher  than  those  from  the  parabolic 
theory,  the  discrepancy  being  most  conspicuous  far  email  charge  weight:;. 

I 


o 


I 
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I--w  coaperisons  are  jiade  for  the  USRL  gauge  using  a thin  steel 
diaphragm  whose  spec!  ficaiicns  are  su  follows: 

Radius,  20  - 1,65  in. 

Thickness.  a3  - 0.085  in.* 
field  Stress,  C"0  - 60,000  p.s.i.^ 

Density,  f - 7.8  ga. 

The  diaphr&ga  is  mounted  on  a nteel  block  such  that  it  is  backed  by  air.  The 
mounting  block  weighs  about-  25  lbo.  and  1?  fastened  to  « large  atael  ring. 

The  face  of  the  block  extends  only  a small  distance  bey.,i,d  the  edge  of  the 
disphra^t;  consequently  Ntne  calculations  are  made  on  the  assumption  of  a 
small  balrie. 

In  Table  I we  compare  the  calculated  and  experimented^/  values  of 
the  nudmis  central  deflection  Z^of  the  diaphragm  after  attaint  by  a shock 
wave  from  Mark  6 depth  charges  at  a distance  H . The  charges  were  loadod 

^3 

witn  a weight  W or  cast  ini  whooo  density  lies  uetwssu  1.55  sad  1.6C  gs.  sc,  . 
Three  sits  of  calculated  values  are  given:  (1)  calculated  from  the  two-mode 

Bessel- funotioa  treatment  using  theoretical  pressure-time  curvaaji/  (2)  cal- 
culated n the  two-mode  Bessel -function  treatment  using  the  following  empir- 
ical p.'eewure-tiae  curves;  V , R \ „ 

P.  ■ 20,600  [J75)  - 

/B  .Uyl/3 

» - 0.0735  ^ , 

* l/i  the  e^criawot#  considered  "Lot  III"  plates  were  used  with  values  of  the 
thioknese  scattered  closely  about  tbs  value  given  above.  The  osper* mental 
values  of  the  maximal  deflection  are  corrected  for  the  deviations  of  the 
thickness  from  the  value  of  0,085  in. 

/ Value  quot.au  by  the  supplier. 

1/  OSED  Report  UK-13,  p.  10;  OSRD  Repcti  US-14,  p.  10. 

2/  OSRD  Report  2022  (1943). 

1/  OSRD  Reoo.v  UK-16,  p.  9, 
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where  Is  the  peek  pressure  in  p.s.i.,  © the  tine  constant  in  msec., 

R the  dietance  in  feat,  and  W the  charge  weight  in  lbs.;  and  \3)  calcu- 
lated from  the  parabolic  treatment  using  the  empirical  presaura-tlas 
curves  u-uvo.  In  figure  1 curves  corresponding  to  lha  third  aat  of  cai- 
oulatad  values  in  t&bl«  X are  compared  with  the  experimental  values. 

In  table  II  we  present  comparisons  of  calculated  and  azperi- 
mwtai  values  of  the  i&axunm  diaphragm  deflsctlons  for  the  caee  of  mull 
charges  of  loose  tetryl,  density  0,97  * 0,05,  Two  sets  of  calculated 
values  are  given:  (1)  calculated  from  the  two -mode  Bessel- fhnctlon  treat— 

moat,  and  (2)  calculated  from  the  parabolic  treatment.  All  of  the  calcu- 
lated values  are  baaed  upon  the  theoretical  preeaure-tlme  curve.a2/  for 
tetryl,  density  1,00.  Cases  for  which  cavitation  is  believed  to  occur  by 
the  criterion  of  Part  II,  Section  2,  are  narked  ty  asterisks  at  the  left 
of  the  table  I hweifd? f It  in  believed  Uiat  cavitation  is  not  well  developed 
anu  tcii  ins  uneories  of  Farts  111  and  iv  may  roughly  *.ppiy.  In  figure  2 
curve*  corresponding  to  the  second  set  of  ealeuJated  values  in  table  II  are 
compared  with  th*  experimental  values. 

The  calculated  values  of  the  deflection,  except  those  calculated 
from  the  parabolic  treatment  for  small  tetryl  charges,  are  considerably 
higher  than  the  experimental  values.  For  large  charges  of  caee  TNT  (table 
1 and  figure  1),  the  deflections  calculated  from  the  t vo-mede  Bjasel- func- 
tion treatment  using  theoretical  pressure-time  curves  are  on  the  average 
312>  higher  than  the  experiamtal  deflections,  those  calculated  fr=s  the 
save  treatment  using  empirical  pressure' time  currsc  are  IS?  hi  tr-ir  »nO 
finally  thoee  calculated  from  the  parabolic  treatment  using  the  sane  empir- 
ical pressure-time  curves  are  higher.  For  snail  charges  of  locos 
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FIGUtih  Z - oompurlson  of  saloLiiated  and  experimental 
damage  to  thin  circular  plates  by  small 
charges  of  loose  Tat.ryi,. 


I (' 


ietryl  (table  II  and  figure  2),  the  deflections  c ilculated  free  the  two- 
mode Bessel  function  treatment  are  on  the  average  405?  higher  than  the  «or- 
perinentel  deflections,  and  those  calculated  from  the  parabolic  treat* ant 
are  3*75?  lower,  the  theoretical  pressure-time  curves  being  used  in  both 
cases.  It  must  be  ataitted  that  the  excellent  agreement  between  the  para- 
bolic theory  and  experiment  for  small  charges  ie  due  tc  an  accidental  can- 
cellation of  errors*  Th<?  two-mode  Besael-ftnoticn  treatment  le  in  a sense 
in  better  agreement  with  e xperlnent  in  that  it  involves  erroru  which  are 
rather  insanaitlve  to  variations  of  the  charge  weight,  whereas  additional 
error  of  opposite  sign  which  rapidly  increases  in  absolute  magnitude  as  the 
charge  weight  becomes  quite  small  causing  the  cancellation  mentioned  abovo. 
The  nature  of  the  additional  error  peculiar  to  the  parabolic  theory  will 
be  discussed  later* 

The  greatest  contribution  to  the  discrepancy  between  theory  and 
experiment  is  probably  due  to  the  idealisation  of  the  atreeB-strein  curve 
and  to  the  use  of  the  value  o*  the  yield  stress  quoted  by  the  supplier  in 
lieu  of  better  information.  Another  contribution  of  Importance  may  be  die 
xo  the  yielding  of  the  diaphragm  mountirg  which  in  the  calculations  was  as- 
sumed to  be  rigid.  The  theoretical  prsssure-tiaa  curves,  of  course,  contrib- 
ute error  to  the  cases  in  which  they  are  used.  The  rectification  of  any  of 
the  above-mentioned  errors  would  be  to  tend  to  lower  the  calculated  values 
of  the  deflection,  possibly  bringing  them  nearer  to  the  experimental  values. 
There  are  numerous  minor  sources  of  error,  among  Wiich  may  be  uentittird  the 
neglect  of  the  effect  of  diaphragm  curvature  on  the d l f f.-«cT-ea  wsve,  the 
neglect  of  all  other  nonlinear  terns  in  the  deflection,  and  the  incosprsss.lvs 
approximation  In  treating  the  diffracted  wave. 
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The  reason  for  the  discrepancy  between  the  parabolic  arid  two -mode 
Bessel'-function  theories  la  the  artificial  restraint  of  a parabolic  profile 
in  the  former.  For  large  chargee,  producing  shock  waves  of  long  duration, 
the  two  theories  give  values  of  the  maxisua  deflection  only  a few  percent 
apart;  hut  for  very  snail  charges,  producing  shock  waves  of  very  short 
duration,  the  results  are  conspicuously  divergent.  This  situation  is  made 
understandable  by  the  fact  that  the  two -mode  Bessel* function  treatment 
gives  a final  profile  mich  is  alaoat  parabolic  for  waves  of  long  duration 
but  which  la  quite  peaked  with  as  abnormally  raised  center  for  waves  of 
short  duration.  The  two  theories  also  give  rather  different  tines  of  de- 
flection, the  parabolic  theory  giving  values  of  this  quantity  roughly  Zfh 
higher.  The  calculated  tines  of  deflection  have  not  been  cooper ea  with  «- 
perinent. since  therein  no  data  yet  available  for  noncavl  bating  cases. 

In  conclusion,  the  parabolic  theory  fives  deflections  which  agree 
laoro  closely  with  cxpertiaent  than  do  those  given  by  the  noro  elaborate  tw>- 
eodc  Besaol'-tunotion  tl»c«=y,  the  better  a.gr*<ww*it  sunposediy  being  due  to 
a partial  cancellation  of  errors  common  to  both  theorise  by  »n  error  asso- 
ciated with  the  restraint  of  a parabolic  p*vfile.  ilowever,  the  parabolic 
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theory  gives  results  for  large  charges  differing  little  from  the  results 
of  the  more  elaborate  theory,  and  Is  more  practical  for  actual  computation 
because  of  its  greater  simplicity.  Where  cmjjii  ical  piasaure-tlme  curves 
have  been  used,  tne  agreement  of  both  theorioa  with  experiment  is  vary  good 
i».  •ii*  of  the  numerous  possible  sources  of  error. 
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VI.  DAMAGE  TO  INFINITE  PDATjiS  bY  UNDEltWATliH  EjQ'LQblONb 
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1.  Introduction 

The  problem  of  damage  to  infinit  e platos — that  is,  plates  having 
linear  surface  dimensions  many  1-i.r.ss  greater  than  the  charge  distance — ■ 
is  treated  hero  as  an  infinite  plastic  membrane  under  impulsive  loading. 

The  behavior  of  an  infinite  membrane  is  qualitative!;'  quite  different  from 
that  of  a circularly  clamped  membrane  ’.those  radius  is  relatively  small  com- 
pared with  the  charge  distance.  In  particular,  in  the  case  of  the  infinite 
membrane  the  maximum  central  strain  calculated  on  the  basis  of  normal 
motion  is  about  ten  timer,  greater  than  that  calculated  on  the  basis  of  the 
similarity  of  Mohr  circles  (leading  to  the  equality  of  principal  strains), 

whereas  in  the  case  of  the  circularly  clamped  membrane  the  calculations  on 
virtw.i»Uy 

the  two  bases  give identical  results.  Consequently,  the  case 
under  consideration  is  one  in  which  it  is  imperative  to  use  the  correct 
theory  of  strain  (on  the  basis  of  t-h?  similarity  of  Mohr  circles)  = 

In  Sec,  2,  the  problem  of  damage  to  plates  (in  the  first  approx- 
imation) under  an  arbitrary  loading  is  considered  with  particular  emphasis 
on  impulsive  loading.  In  Sec.  3*  the  more  special  case  of  impulsive  load- 
ing giving  an  initial  velocity  distribution  of  the  fern  (R^  + r^)“ ir 
considered  and  explicit  solutions  in  terms  of  elementary  fu.ici.iona  are 
given  for  the  profile  ana  strain  distribution  in  the  cases  of  V « 1/2, 

3/2,  and  5/2.  The  variable  r it  the  rAdlua  in  cylindrical  coordinates  in 
which  the  e-axis  coincides  with  the  cento,  of  symmetry  of  the  system,  In 
the  case  of  underwater  explosions^!!  is  the  distance  between  the  middle 
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surface  of  the  plat*  and  the  charge  center.  Uecaueo  of  considerations 
advanced  in  Sac,  4,  the  pertinent  solutions  for  "if  m 3/4  arc  found  by 
Interpolation. 

In  Sec.  4,  an  attempt  is  maae  to  apply  the  foregoing  results 
to  damage  by  underwater  explosions.  lr>  tho  absence  of  « detailed  solution 
of  the  hydrodynamical  problem  associated  with  loading,  certain  rough  saai- 
emptrlcal  assumptions  are  made.  It  is  assumed  that  each  element  of  plate 
absorbs  almost,  instantaneously  in  the  form  of  kinetic  energy  a constant 
fraction  of  the  energy  Incident-  in  the  solid  angle  eubtended  by  that  ele- 
ment. This  assumption  leads  immediately  to  air  initial  velocity  distribu- 
tion proportional  to  (R^  + hence  the  special  anphasis  on  V«  3/4. 

Since  the  velocity  of  sound  in  water  is  t.unh  greater  than  the  velocity  of 
transverse  plastic  waves  in  the  plate,  retardation  effects  in  the  exploaion 
wave  are  neglected.  A formula  is  obtained  giving  the  critical  weight  W of 
a given  explosive  necessary  to  cause  rupture  when  e-ujluding  in  contact  with 
a plate  of  thickness  a0.  The  results  of  this  formula  are  compared  with  the 
results  of  rupture  experiments  ; ■■flnoesi i at  the  David  Taylor  lioael  basin. 
Attention  is  centered  on  the  values  of  2L>  the  fraction  of  the  total  energy 
of  explosion  delivered  to  the  plate,  giving  agreement  between  the  theoretical 
ana  emeioaueutcii  1 o&.uitc  wi'  rupture  by  contact  explosions.  The  values  of 
so  obtained  are  scattered  in  a range  of  values  of  reaennebls  magnitude 
(0.1  to  0.3).  The  Y values  apparently  depend  on  the  plate  thicnnoes  in  a 
relatively  regular  fashion,  the  explanation  of  widen  is  as  jet  unclear. 
Although  the  results  do  not  appear  »ery  a a tio  factory  from  the  standpoint 
of  predicting  rupture,  they  may  be  regarded  as  fairly  conclusive  cviaeice 
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in  favor  of  *he  etrain  theory  advocated  in  thir  report  over  the  alterna- 
tive one  baaed  upon  nomal  motion.  A theory  baaed  upon  normal  motion 
Kouj-d  give  unreasonable  values  of  _$£  about  one-tenth  as  large  as  those 
obtained  here*. 

The  treatment  presented  in  Secs.  2 and  3 may  seem  overly  elab- 
orate in  relation  to  the  orude  use  maae  of  it  in  Sec,  4.  However,  it  is 
hoped  that  tha  results  presented  in  Sec.  3 may  be  used  more  fully  an-i 
satisfactorily  at  seme  future  time  vfcen  a more  successful  attack  is  made 
upon  the  hydro  dynamical  problem. 

2 • Solution  for  impulsively  loaded  infinite  plastic  ngabrane 

The  equation  giving  the  first  approximation  to  the  vert  .cal  dis- 
placement of  an  infinite  thin  di  aphrs^s  under  no  external  forces  may  be 
written  _ 

2 1 /■  . m\ 

-a*-  "c  7 * (11 

z -Kz^1)  + 0 (of  3),  J 

where  z is  the  vertical  displacement,  C£  the  expansion  parameter,  r the 
i-adial  coordinate,  t the  time,  and  c/~»  the  velocity  of  trans- 

verse plastic  waves  in  the  plate.  The  initial  velocity  distribution  is 
assumed  to  be  of  the  form 


if  (r’0)  • «c*(r) 


where  R is  some  representative  linear  dimension  of  the  oystan.  The 
Initial  displacement  is,  of  course,  taken  to  be  zero. 

for  convenience,  the  foregoing  equations  si\  put  into  nondimen- 

i]  \ 

sion«i  form,  by  introducing  the  variables  x r/H,  y » z'  '/H , and  t‘ - 
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In  using  the  Hanke!  tran&ioim  the  bound.-.ry  condition 8 that  ^ vanish  at 
x ■ oo  and  iy/dx  vanish  at  x m 0 have  been  used. 


Solving  Lq,  (7)  for  II  and  inverting  the  Laplace  and  Hankel 


transforms,  the  solution  is  immediately  obtained  in  the  form 


j ] GGO^xV' 


V-i-  ° 
f>o 


Using  the  fact  that 


S + im 


_u_  r -t- — 

*cf.  J U* 


a*  « 

k * 


Lq.  (lOj  can  be  simplified  to 


“ 'o  ! 


=J?w|**GOi)  +ik*  Ak  . 


who  existence  of  & reduced  pressure 


|tC>A)e 


in  addition  to  the  initial  iupulse^dves  a more  general  solution, 

I Gr(k)»l»kT  JB(kx;ik  / 


r X r m 1 

•-  \ I f * f • (f'TrljV  Jv'  ! 

• j ■ i Oi*  */•***  **  •*  c. v-wa*  cx  , v 
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This  result  is  obvious  if  the  pressure  is  regarded  as  a superposition  of 
inpulses . 

The  first  approximations  to  the  meridional  and  circumferential 
strains,  ar.d  L^i  respectively,  are  given  as  a function  of  position  and 
time  by 

* C«.  **  Wk,* (l6) 


^ i** 


These  him  nothing  mors  than  liq.32.  ~f  Part  I,  recast  ir.  nor.dii’.C!'. sicnal  form, 
Tlse  case  of  interest  here,  impulsive  loading  of  the  plate  by  on 
underwater  explosion  w»re,  involves  an  initial  velocity  distribution  of 


the  form 


the  particular  value  of  3/4  for  jL  being  of  greatest  interest . Hero,  x iu 
equal  to  ths  radius  r divided  by  the  distance  K between  the  plate  ana  the 
center  of  the  explosive  charge.  In  bee.  ^ of  this  t art  the  deter.ainatiu.; 
of  t.ho  values  of  a^and^on  a physics'1,  bafii?  vdl-  .«  discussed.  In  tiie 
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cases  oi  s/“  1/2,  3/2,  5/2,  , one  is  able  '.o  obtain  the  functions 
y(.x,“t)  und  b (x,  "X)  in  ten-is  of  elementary  funct  ions.  The  solutions 
for  these  special  vslues  of  will  be  considered  in  the  next  section, 
with  the  ultimate  intention  ol  finding  the  functions  jr  and  h for  “ 

3/4  by  interpolation. 

3.  Solutions  with  initial  velocity  distributions  of  the  form  (1  + X2)~n~l/Z 
It  is  the  purpose  of  this  lection  to  obtain  the  furc  tiona  y(x, 't') 
and  h(x,  X)  in  toras  of  elementary  functions  when  the  Initial  velocity 
distribution  is  given  by 

S<WC*'“  * V*  (19) 

The  entire  set  of  solutions  may  be  obtained  from  one  solution  by  differ- 
entiation and  integration  with  respect  to  a parameter jB  introduced  into 
j£q.  (19)  for  “ 3/2  j'  follows 

Tiie  llanksl  tranafona  of  iq.  (20;  in 

G^Ck^).  , (21) 

? 

The  solution  of  Kn-  (3)  becomes^/ 

J0(k*>-U  ) 


11 


T7  Bessel  functions,  by  G.  K.  Watson  TStl  cd.,  Caatriiige  1944),  p.  384 
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. miUr  r,ear  that  ary  Unoar  operation  with  redact  to 
It  is  quit*  <•-  (V>) 

**  te  • 


(V)  ^'v ^ ' ) also  transforms  y 

y®  which  transforms  g *»>  'z/o\  , , , 

(1/2)  (x  v)  and  y''5' 2 (*.V>  can  b®  derived 
Consequently,  the  functions  y > L 

from  /3/2)  (x,r,/9)  «■  foUowai 


- )y-h)f^^  eH*- 


(23) 


(24) 


The  functions  h 
derived  from  a function 


u/a  („t)  „a  n.v>  «■»  “ * *"11*r  f““°" M 


m fwL ) 


-s  -ifVlJi  J f s 

ow'-p 


(25) 


as  follows: 


(>a)  / x)w 

t l ')*’ ' ' '*  • t 


h<r/‘!(».«  = kI,A5<w>  = * [ jj^.k-  os 


r 2l  . C*'l»'"'  ~ i‘i 


(27) 
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The  functions  y^  ) and  and  some  of  their  properties  are 

listed  In  the  following  for  l/“  1/2,  3/2,  5/2.  Higher  values  of  V wi.U 
not  be  considorad  here. 

Case  (1).  3^ » 1/2. 

The  solution  for  this  case  is 


*•  ' T **($»►»  t -x'7*»J  ) 


S'"  f(l-  + )*■+  "'**■ 


(29) 


Some  qualitative  aspects  of  the  plat  o profile  for  this  type  of 
loading  are  implied  by  the  following  properties  of  y^  ^ ^ (x,T/): 


^Co.T) 

* tk^  > 

(30) 

^ * 

(31) 

r > i:«i  ; 

*<*><:*.* 

’)  /v  ,T  . 
1 “ X 

, -~«i,  **»•» 

(32) 

„ JC  _ 

i ajr  ya  i . 

*y-‘  v*Vc 

# — * 

' - c- 

. . ■ " -v^  1 . V 1 * 

• X 

(33) 

«5t 


Tne  function  h^2'  (x,  Y)  takes  the  form 

>>“’ feSsO' -*<"*' 

- LLL'iee,  r i *.  V 


V54; 
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whore  2 la  given  by  Eq.  (29). 

The  function  hvl'/2^  U,'*)  the  following  properties: 


(3! 


*r  «.  I . 


The  properties  of  h(1/2)  as  wail  a.,  h(3/0  and  h&A°  for  largo  * will 
«ot  bo  coasidorsd  hero  because  they  have  little  physical  significance 
in  this  range  for  reasons  to  be  staged  near  tne  end  of  this  section. 

This  limitation  applies  also  to  y^^"2^,  and  however,  the 

behavior  cf  these  functions  is  con aiders d Tor  large  because  of  its 
intrinsic  interest. 

Ths  fu;.cti-r.c  y(1/2)  and  hU/2)  (x,^)  ere  presented 

in  Tables  I and  II.  respectively. 

The  maximum  value  of  h(l/2)  (x,Tfj  occurs  at  x - 0 and  ~jf  = 

Tj  IiZ£L  - 1.10  and  has  a value  h^)  . h(l72)  (O,*^)  - 0.07222. 
b m m “ 


Case  (2).  lfm  3/2 

The  solution  for  this  case  is 


f; 


where  {*ie  given  by  Eq.  (29).  Some  properties  of  y(37?)  (x,T)  are: 

Aj^Gyr)-  -^rr  i C 
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*J  CVv?  (x,t)  ~ ” T a “*  vti)  * ^ l • 

Th»  function  (xf  f)  tahss  the  fora 

<.<AW>.  t U*(- : '■^ ) - }> 

.v 

whero  ? is  given  by  Eq,  (29). 

The  function  h(3/2)  (x,  f)  has  the  following  properties: 


'J'^Ce.xh 


_L_  lEltiSLltJ:4' 
▼ »w  '*V‘1  , 


— 4^— ---  , ^«l.  (4A) 

If  U-v  -**•)  > 

The  funct  ions  (x.  f)  and  (x,  T')  are  presented  in 

Tablea  III  and  IV,  respectively. 

The  mwetmuB  value  of  (*,'£')  recurs  at  x « 0 ^ 

~ 0,578  and  lias  a value  h <J*>  .h<V«(o,V«'^.  0.1315. 

Caae  (3).  * 5/a 

The  solution  for  this  case  Is 

where  as  before  1*  6lven  °y  ^9*  (29)  • Some  properties  of  (x, V) 

are 

~)<<‘A'(o.r  ) = j CV') 
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TABii  I V.  The  function  (x,  •'rO. 

x •»  r/R,  'l'  «>  ct/H 


X X 

0.4 

0.8 

1.2 

0.2 

0.09319 

0.11452 

U.07051 

.4 

.06836 

.10319 

.06927 

■ .6 

.04248 

.08451 

.06647 

.3 

.02230 

.06128 

• 06105 

1.0 

.01122 

.03897 

.05199 

1.2 

.00530 

.02214 

.03973 

1*4 

.00251 

.01167 

.02680 

1.6 

i 

,0o±x0 

.00594 

.01617 

i.e 

.00061 

,00302 

.00904 

2.0 

.00031 

.00156 

.00487 

3.0 

1 /VV\|\^ 

.00009 

.00'  6 

4.0 

0 

.00001 

.00003 
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...  i=  -i_  -K  ^ .-*-1.  \ X . 

9 V**“/  t'*  ■»*•  l»Vi  t^1. 

Ths  function  h ^5,/2^  (x,rO  taka  a the  torn 


X »l 


(46) 


(49) 


k ^C*  ,X  ) s (hit1),  ii-ii*:  i£.v  ^ _ _L_  < vs_H  *») 

" *^5Trt  (vrt4fct,w,«-u<t,wfc-  *T*l)  (50) 

“ C(l~f  * J(ur* - lM  t IfcX'iir*'.  fcM-c*,ur,-'3 


where 


w2  « 1 + X2  ~Y2; 

fine  wiei-e,  again,  ;2  i„  fcy  £q.  (29). 

The  function  h^/2^  (x,  t)  has  the  following  properties: 


. if-4 !/ 
n.  («tTt 


)_  *•»*'**•  1 _ j|.ff)  ■ 


- i',<>t^-ft'lt?t;  _ >•*  2 TT|C> 


(a) 


v(>A)  <>.*)-  xs~  ^ 


«.  1 . 


iw  ' (l*2) 

The  functions  y^/z)  (x,  t)  and  (x,Td)  are  oresonted  in 

Tables  v and  VI,  respectively. 
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TAai£  VI.  - iha  function  h^/2^  (x,*»Q. 

X “ r/R,  ■ ct/ll 


v~ 

0.2 

0.4 

0.6 

0.8 

l.C 

0 

0.04154 

0.10817 

0.12207 

0.09100 

0.04867 

0.2 

.03359 

.09648 

.11495 

.08913 

,04859 

.4 

.02204 

.06755 

.0322? 

.04821 

.6 

.00388 

.03691 

.06281 

.O68O5 

.04689 

.8 

.00627 

.01660 

.03380 

.04921 

.04333 

1.0 

.00273 

.00689 

.01219 

.02754 

.03592 

1.2 

.00162 

.00302 

.00622 

.01214 

.02479 

1.4 

,0013s 

.00157 

.00277 

.00511 

.01406 

- v 

1^0  j 

•GGGoG 

1 «WV>£ 

«VW7*j  i 

+QQ133 

.00221 

1.8 

.00060 

.00066 

.00062 

.00109 

.00286 

2.0 

.00045 

.00057 

.00056 

.00064 

.00129 

3.0 

.00012 

.00013 

.00013 

.00013 

.00015 

4.0 

.00005 

l 

.00005 

1 

.00006 

1 

i 1 

,00005 

.00007 

"1 
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Although  (X-,Y)  is  evidently  i rscontlnuous  with  respect  to 
3/ for  Y - 00,  both  y(*^  (x,Y  .aid  h'^'UhY  arc  analytic  in  ^ for  finite 
values  of  l'\irth-jr.v>r^,  it  is  hoped  tliat.  those  functions  arc  sc 

related  to  Y that  three-point  Intorpolation  vdth  resect  to  ^(cor.nt.'iat  x 
and  y_)  wuoigV’0  1/2,  3/2,’  5/2  givuu  adequate  accuracy  for  functions  at 
intermediate  values  of  '£/  whun  0 Y *^_  4,  aay.  The  intuni.uJ.jH  i.e  value  of 

3/4  fur  ^ is  of  particular  interest  hore.  In  Table  VII  and  figure  1 
the  interpolated  function  y(3A)  (XjY)  la  presented  numerically  and 


graphically,  respectively.  This  function  gives  the  behavior  of  the 


plate  profile  (if  there  is  no  atreaa  relief)  when  the  plate  lias  an  initial 


velocity  distribution  given  by  g ' ^ (x)  * (1  * Jf)  ^ • In  Table  VIII 


and  figure  2 the  interpolated  function  (x,  Y)  io  present  sd.  This 

function  give  a the  strain  distribution  as  a faction  of  time  (if,  again, 
there  is  no  stroas  relief).  In  the  case  of  a real  [.late  subjeutUj  stress 
relief,  both  of  the  functions  and  >7 3//“ ‘ give  the  correct  behavior- 

within  the  approximations  inherent  in  the  general  theory — of  the  profile 


and  Strain  distribution  up  to  the  time  of  maximum  central  “train. 

hy  t.hrac-point  interpolation  it  is  found  that  h/ 3/4 ) - 0.0932 


andtf  (3/0  « 0.927. 


The  foregoing  treatment  of  the  structural  behavior  of  a plastic 
plate  la  exact  within  the  .limits  of  the  general  theory  for  the  special 
forms  of  the  initial  veiuoity  distribution  considered.  When  the  initial 
velocity  distribution  is  due  to  an  underwater  explosion,  one  lias  to  treat 
a li.ydrodynam.toal  problem  made  quite  formidable  ty  cavutation  and  finite 
amplitude  affects.  In  the  next  section  only  a very  crude  attempt  is  made 
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TABLi  Till.  The  function  h<3A)  (x.'t). 


X = 

r/R,  Y-  ct/R 

X 

0.4 

0.8 

1.2 

0.2 

0.05066 

0.08276 

0.07308 

.4 

.03973 

.07567 

.07096 

.6 

*C27 U8 

1 

.06372 

.06705 

.8 

.01733 

.04931 

.06106 

1.0 

.01053 

.03541 

.05281 

1.2 

.00634 

.02411 

.04236 

1.4 

.00394 

I 

.01274 

,0369? 

ic6 

.00350 

,01061 

.02352 

1.8 

.001(6 

.00709 

.01656 

2.0 

.00113 

.00490  j 

l 

.01159 

3.0 

.00027 

.00114 

.00261 

4.0 

.00008 

.00039 

1 .00086 

I 
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to  solve  this  hydro dynamical  problem  in  conjunction  with  the  result# 
oi  the  presant  section.  Hence  the  accuracy  of  the  structural  part 
of  the  final  .-a suits  in  the  next  ;'-ction  is  somewhat  masked  by  the 
uncertainties  in  the  hydrodynamiea.1  part,  perhapa  thereby  causing  the 
result#  of  tM  present  section  to  seem  overly  elaborate.  Hov  ..ar,  it 
i#  hoped  that  the  results  of  the  present  section  may  be  mor..  iully 
utilized  when  a more  successful  attack  is  made  upon  the  associated 
hydro  dynamical  problem. 

k-  Application  to  damage  by  underwater  explosions 

In  this  section  the  foregoing  theory  is  applied  to  the  cast- 
of  an  infinite  thin  plate  loaded  by  an  underwater  explosion  wave.  It 
is  assumed  that  tha  plate  is  backed  by  air,  and.  further,  that  the 
underwater  pressure  wave  impinging  upon  the  front  surface  ie  -of  defi- 
ciently short  duration  to  cause  well-developed  cavitation  within  a 
relatively  short  period  of  time,  ttet  le,  short  ocwpsreu  with  the  time 
of  deformation.  Under  these  assumptions  tho  plate  may  be  treated  ap- 
proximately as  moving  freely  with  an  initial  velocity  distribution 
related  to  oht  properties  of  the  explosive. 

Tha  problem  of  determining  the  loading  from  ths  properties 
of  ths  explosion  wave — thst,  ie,  determining  the  actual  pressure  acting 
on  the  plate  from  the  f ree  field  pr  5 5 o ur*j  in  the  incident  wave — has  not 
been  solved.  The  problem  is  complicated  by  cavitation  and  in  some  c<  «*>s 
by  nonacoustioal  effects  due  to  finite  amplitude.  In  the  absence  of  any 
solution,  the  procedure  will  be  based  on  certain  ad  hoc  semi- empirical 
assumptions.  It  is  assumed  that  the,  sns:-^  delivered  to  a plate  clamant 
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is  • constant  fraction  of  th*  energy  lucid t lr.  t:.;  c:Iid  S'-gls  cue— 

tended  by  that  "lament.  It  is  also  assumed  that  in  passing  from  the 
explosive  to  a plate  element  the  energy  flux  density  decreases  an  the 
Inverse  square  of  the  di3tar.se.  1!  Using  this  assumption  end  ale)  taking 


2/  The  fact  that  the  energy-distance  curve  in  air  explosions  ie  ap- 
prcxfettely  inverse  o.-iujire  for  several  charge  radii  suggests  the 
possibility  of  an  analogous  situation  existing  in  uncW  'water  ex- 
plosions. Since  the  central  strain  dependB  critically  only  on 
the  plate  profile  near  the  center  (r<2R,  say)  it  would  seem 
that  the  assumption  of  inverts -square  attenuation  of  the  energy 
might  be  a good  approximation. 


account  of  the  oblique  angle  of  incidence  on  off-center  elements,  one 
obtains  a surface  donsity  of  kinetic  energy  in  the  plate  proportional 
to  (R2  + r2}-^2,  <4>ere  r is  the  radius  and  R is  the  distance  between 
the  Charge  center  and  the  middle  surface  of  the  plate.  Since  the  veloc- 
ity of  sound  in  water  is  much  greater  than  the  velocity  of  transverse 
plastic  waves  in  the  plate,  it  is  assumed  that  the  energy  can  be  treated 
as  though  it  were  delivered  to  all  parts  of  the  plate  at  the  same 
inetant.  Consequently,  under  these  assumptions  the  initial  velocity 
distribution  ie  giver,  by 


c<  ?af**t*, *)  w.  -^  —r 


(53) 


whnro  * « r/R,  y *>  z/R,  and  T - ct/'it,  the  quantities  z and  t being  the 
vertical  displacement  and  the  time,  respectively.  The  quantity  c is, 
as  before,  the  velocity  of  transverse  plastic  waves  in  the  plate.  The 
expansion  parameter  <K'  will  be  assigned  a value  on  the  basis  of  the 
amount  of  energy  delivered  to  the  plate.  Equating  the  fraction  j£i>f  the 


gc 


I c 


total  energy  of  explosion  £ to  the  initial  kinetic  energy  of  th& 
plate  gives  the  following  value  for 


iji.  . 

* r«*,  Rx 


where  &0  is  t.he  initial  thickness  of  the  plate  and  e"^  is  the  yield 

stress  of  sa as. 

Beyond  the  assumption  that  ii  is  a constant,  the  energy 
fraction  £ will  be  treated  as  an  empirical  constant.  If  the  energy 
dolivery  were  100  percent  efficient  in  each  element  of  solid  angle 
cutting  the  plate,  £ would  equal  1/“^  since  the  plate  subtends  a solid 
angle  ,.f  2 Tv' out  of  a maximum  of  4Tf.  If  the  energy  delivery  were 
50  percent  efficient,  corresponding  roughly  to  util.’ natlo-i  of  only  vho 
primary  .shock-wave  energy,  then  wcuxU  equal  1/4,  and  ou  forth.  These 
statements  are  affored  only  as  a guide  in  interpreting  the  empirical 
values  of  to  bo  obtained. 

The  distribution  of  strains  J s given  by 

e,.  ev«  SLX  (55) 

with  Pt*"  given  by  £q.  (54),  and  where  £ and  ^ are  the  meridional 

and  circumferential  strains,  respectively.  The  function  h(3/ 4;  'x, 'gj 
ia  discussed  and  tabulated  in  Set-.  3»  Thu  maximum  central  strains  are 


given  by 


. . - _«**■.  > 
C,e  *»■*.«*-  X ’ 


Tha  dimensionless  constant  is  enual  tc  0#C932«  Tlie  criterion 

p 

of  rupture,  the  principal  thing  of  interest  hero,  is  then  given  by  tha 
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(61) 


Experiments  on  the  rupture  of  steel  plate  a by  the  contact 
explosion  of  loose  Tatryl  charges  have  been  conducted  at  the  David 
Taylor  Model  Basin,  and.  soma  data  obtained  therefrom  have  been  kindly 

C‘ fn  Mi.l-K  / 

supplied  to  the  author  by  C.  K.  Gerlach  of  the  Bureau  of  Ships. 

A 

The  comparison  of  the  results  of  Eq.  (61)  with  these  data  is  restricted 
to  the  csss  of  single-ply  steel  plrtee,  the  applicability  of  the  theory 
tu  Ittfii liiatvu  plates  being  Uncurtain.  The  Value  Of  the  ejioiT^j'  fraction 
>*.  adjusted  to  bring  Eq.  (6i)  and  experimental  data  into  agreement  as 
regards  the  relation  between  the  charge  weight  W and  the  plate  thickness 
•0,  is  ueod  as  a criterion  of  comparison,  UBing  h^**'  » C.C932,  & » 

1.02  kcal/gm,(for  loose  Tetryl),  and  £c  ■ 0.25,  Eq.  (61)  may  be  special- 

i i - - 

e«."  -Uir^)  ('•*75‘fe 0 + T X>  (62) 

giving  JC.  as  a function  of  aQ/V^  and  cr^.  in  Eq.  (62)  and  henceforth 
is  expressed  in  Inches,  W in  pounds,  and  °~0  in  pounds  per  square  inch. 
In  Table  IX  are  tabulated  values  of  J£  dong  with  the  experimental  values 
of  a0  and  W fro®  v*>.ich  they  were  calculated.  The  yield  stress  assumed 

for  each  kind  of  steel  is  also  tabulated. 

It  in  seen  that  the  values  of  given  in  Taoie  IX  vary  fivu- 
roughly'  0.1  to  0.3  ir.  tbs  order  cf  ‘ -Teasing  thickness.  It  might  be 
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supposed.  that  this  vari»*  ion  is  duo  to  cavitation;  however,  quantitative- 
eoiiioat.es  of  the  cavitation  offset  baaed  upon  the  Taylor  cavitation  time 
show  no  such  dependence  on  the  plate  t hie knees.  Thu  larger  values  of 
y are  of  reasonable  magnitude  and  thus  the  comparison  with  export. "inn l 
may  be  considered  a partial  verification  of  the  treatment  of  3train 
used  here  since  the  alternative  treatment  based  upon  nomcl  motl  on  leads 
to  unreasonably  small  values  of  (about  one-tenth  as  largo) , From  the 
standpoint  of  predicting  rupture,  th6  theory  as  it  ct&nds  cannot  be 
considered  very  satisfactory. 

The  theory  iB  by  no  means  limited  to  contact  exploaiona, 
nor  is  it  limited  to  infinite  platen.  The  essential  restriction  on  its 
application  is  that  the  charge  distance  and  the  distance  from  the  point 
of  attack  to  the  nearest  edge  be  so  related  tliat  a transverse  plastic 
wave  starting  from  the  nearest  edge  does  lot  reach  the  point  of  attack 
during  tiie  rupture  process.  This  condition  may  bo  stated  in  tho  form 

la  W(3/f4}  - 0.927,  (6-) 

R * "n 

where  is  the  distance  to  the  nan ’"feat  edge. 
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APPENDIX  A 

bEtUVATIGN  OF  T, EQUATIONS  OF  MOTION  OF  THIN  PLATES 
SUBJECT  TO  AXIALLY  SYMMETRIC  DEFOKI-IATIONS 


In  Part  I,  Section  2 (F.qs.  (1)  and  (2))^the  equations  of  motion 
n f thin  plates  wore  elated  without  proof.  H<*rc  vro  give  an  elementary  der- 
ivation of  these  equations  employing  a procedure  similar  to  that  used  fcy 
M.  P.  Wrtlit«2/  for  the  case  of  static  equilibrium. 

tf=  n.'.tt  consider  the  geometrical  doRcrip- 
tion  of  the  deformation.  Strictly  speaking,  the  position  of  a particle  in 
the  deformed  plate  is  described  by  the  Euler  coordinat'*  ( r , , * ) which 

are  related  by  a time-dependent  transformation  to  the  initial  or  Lagrange 
coordinates  ( ) of  the  particle.  Since  we  consider  only 

axially  aymoetric  loading,  there  is  no  dependence  or.  ^ . Since  the  plate 

is  very  thin,  we  shall  employ  the  plane  atrese  approximation,  and  neglect. 

bending.  We  now  write  for  points  on  the  middle  aoctifn, 

“s 

fc). 

Holding  t constant,  thess  expressions  are  the  parametric  equation  of  the 
surface  of  the  plate.  Holding  r0  constant  in  the  above  expressions  we  ob- 
tain th«  parametric  equations  of  the  trajectory  of  a particle  whose  radial 
Lagrange  coordinate  is  rc  . The  radial  and  vertical  components  of  the  ac- 
celeration ot  an  eiernmi  of  the  plat"  «re  ouiiSequcntly  hy  (3r/crtl)r. 

and  respectively. 

Before  going  to  the  derivation  of  the  equation  of  motion,  we  moke 
the  assumption  tiuit  the  diapiuagj  is  sufficiently  thin  for  the  bending  stresses 

p H,  p.  Whitt,  Div.  2 report,  A-l ?7. 

A1 

7-*- 


TP13 


to  bo  neglected  1ji  comparison  with  the  membrane  stresses,  Since  the  forme; 
ie  proportional  to  the  cubo  of  the  thickness  whils  the  Jatter  ie  propor- 
tional to  the  first  power,  the  above  assumption  ie  applicable  to  thin  dia- 
phrafjns.  There  Is  another  assumption  (seldom  mentioned  because  it  ie  ch- 
vinuely  valid  for  practically  all  cases  of  int-«r«st)  that  the  time  of 
travel  of  a wave  front  through  the  thickness  of  the  diaphragm  is  very  small 
compared  with  the  decay  time  of  t.he  incident  shock  wave. 

Taking  advantage  of  the  axial  symmetry  we  consider  the  forces  act- 
ing on  an  infinitesimal  segnsnf  of  the  circumferential  atrip  included  be- 
tween r,  r+ir  , , and  . We  make  use  of  the  unit  tide  vec- 

tors 1^  , 1,  ,i?  , and  KT  -faMEBMUMhi  wtu.cn  are  related  to  each  other  as 
follows; 

«C  ■ 1,  «**-•$•  4 lk  tr*.  ) 

i -—f  *t4  ^ (A— 1) 

«.  m cea.i>-  - » 

where  13  the  angle  between  T?  and  5^  and  le  given  by 

T?  ' w - t*-  -•  (<**/3r  \ • (A-2) 

Before  proceeding  further  %we  assume  that  two  of  the  principal  stresses  <TJ 
and  we  in  the  meridional  ( t*)  and  circumferential  3 ) directions 
respectively  and  tiiat  the  third  principal  stress  in  the  normal  direction 
( n?  ) may  be  neglected  in  comparison  with  the  first  two.  The  force  acting 
on  the  element  included  between  r , r+Jv*,  $ , and  4 ♦ d if  , due  to  cir- 
cumferential t ension  la 
I ”*  -4 

dfc<At  ■!,  a «"i  Jlr  • (k-^ 


! ( ) 

1 

i 

I 

I 

t I 


The  force  due  to  t.he  incident  pressure  p is 

A S„  A*  . ff  <w.  ih 


saa 


f*T" 
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Tho  lore*  aotin^  at  r due  to  meridional  tension  i a 

iL(r)3+  « £*  r*  (Tjdt  . 


The  acceleration  of  the  clement  ia 


2-  + 


and  th*  mass  is 

4w.<£i^  h r^ir  A t '•.-?) 

equaling  the  total  fores  and  the  product  of  mass  ann  acceleration  we  obtain 

+ 4 jc  * if,  * S'*"*.  CA-s) 

after  division  by  ^ + ♦ 

Substituting  (A-j),  (A-A),  ik-y),  U-6),  and  (A-?)  into  (A-S)  ani 
tiKing  the  vertical  ( A,, ) and  meridional  («  ) components  then  dividing  by  r 
we  obtain 


_p4  a t -*■  •"  ^ (r  <r;  A t ^ 

A-  o»4_ i>-  CL(  — -L-  Ctcp  4 ) -t-  Si*.  « o ^ 

5 

-*  s*  I 3*-*.  \ 
a*  £ ' 


(A-10) 


( A-ll ) 


* «r- a - **+{%)' r'*~- • (A-i?) 

With  the  aid  or  tq.  (A-i),  the  U igoiiometrle  functions  of  may  ba  eoepressed 
in  the  form 


is  /r 

m i- 
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i ( ) 


ac?  i 

til.  j 
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• • • 

r\ 


Aus  tit  a 


(A-13) 


^ lA  1 


The  substitution  of  these  expressions  into  (A— 9)  and  (A-iO)  gives  Eqs.  (1) 
end  (2)  of  Fart  I. 


re  soapi'ite  the  derivation,  we  must  fine  explicit  expressions  Tor 


CLn  and  <2(  . Introducing  the  redial  displacement  u.*  r-  r,  we  may  write 


(tfL 


2- 

9 b \db  pf 


(SL)  = 21  + 21_  + (Z±y  21,  423k^  2_  , u 


in  which  the  partial  differentiations  with  respect  to  t-  and  £ are  under- 


stood to  be  performed  at  constant  £ and  r , respectively.  Operating  on  «. 


by  (A-15)  and  (A-16)  we  obtain  after  some  manipulation 


i-  a*  ’ 
* *7? 


s J21*_ 
^?Wrf  ; - 


arc 

D'«  — 11-  + Yll. 

I - ‘1^  I . Sa  I ->r-. 


"57  / 


■ »*:w.  ■ 


Vt 


The  substitution  of  (A-20)  along  with  (A-13)  ar.d  (A-14)  into  (A-ll)  and 
(A-12)  yields  Bfjs , (2)  and  (A)  of  Fart  I* 


(rrz 


i\  r 
M O 


! 1 ... 

il  i ) 

M 


i ( 


if  - | 

l*  i ■ a 


W i '• 

i i 


a B 


DETAILS  0?  THt.  SOLUTxOK  TV  SEC  TIC!'  2,  PART  IV 


the  equation  of  motion  (3),  Pert  IV,  to  bo  solwi  ie, 


V'-tAC-  ; Jit*.  “•  s 3x  v*  dz;  y*Z  ' 


* di/f  R*  , X-  Sof. /*of  , 


and  C it  «u  Integral  operator  defined  by 

OFCtvO-  iff  W^rA  FU',*)- 

0 


Eq.  (B-i)  la  moat  conveniently  solved  by  the  method  of  Laplaoe  triius  forma. 


Taking  the  Laplace  treaefbrn  of  both  aides,  *»  got 


w*(h  JO)l(h,w)  - U) 


u(*,h}=  ? 


^ p*  <$  t . 


If  the  deflection  rfx,  i)  is  s^p^ded  in  & aeries  of  Bessel  flint- 
tic"*  *o  in  Eq,  (5),  Part  I?, 


x {r,t)*  Z.  (.-<:?/ 

4»i 


*hers  S9  ( Hu.)  is  the  aero  order  5*soal  fomties  of  t,  sad  Kt‘ ie  t be  i-th  aexo 
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of  J,  (O  > it  follows  that 


Chiir ) t 


<B-4) 


(6-1) 


where 


L4(w?  V ^ -t-iCtJe.  "*<■>£  . 

Substituting  tbo  expression  (E-4)  into  &q,  (3-2j,  multiplying  by 
*^0(^4*}  , and  Intagrating  with  respect  to  x froa  0 W 1,  w obtain  the 
following  sot  of  equations, 

e»> 

X;  [Cs^  t A<-'X')a>1^  S-  1 \T,OOJ'1(l^)L;C«‘0  (B-5) 

* $S}d  hdzl , j 


r “® 


3 : 
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(B™2) 


where 


*■  «•>*  Ki  « <Te  k*  /j r R»  , 


£J  " l , 


( <?  . <•  #j 


and 


; *>j 

.1 


as  in  Eq.  (iA),  Part  I?,  It  ie  apparent  that  A<y  * AjJ . 


I ! ( 
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\ 


j 13 tj  % • 


b*  the  oofiCtor  of  the  <j  -th 


wtar#  8ij  * — ■iKp^AL^-  S 3,,  -a  0,;  . 

Lot  A({0=  } rit-j  -(*££j-\  sad  let  &fc.y  bo  tho  cofaotor  of  t 

elaoant  of  tho  doterainant  &(rO.  Tho  solution  of  Kq.  (B-6)  is 

L-O)  * . 


Tho  quantity  Aj;/ & may  be  expanded  in  a an  o*  p&rti&l  frfttitlo&s 
follows;  if  has  the  roots  pf,Jt»lp2,  ...t  all  of  nultiplicity 

l us 


ono>wd  haw* 

^ = £ a.  ( (*j ) 

A(p)  4«l  Cp'fij)  k'(fy) 


A'Cp)-  ^-&(?) 


Using  (B-e)  tho  solution  (B-7)  boooaoo  with 

L-C*-)  . 1i_  £ — ?: <**«£*  &,-,•(  ~^Q 

f*#  (B-9) 

A \ «£V 


• -JL-  £ , 

iUs«/0  * 


-2?  _ v. 

“f 


and  I “ 


*•  tf(-afc) 

f ^ 

t*o  it  J ei  t : 


ifttr n -■  .-tT  - * ' ■ t 


7*. 
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The  inversion  of  the  Leplt.ce  transform  gives 


(B-10) 


xtl*)*-!—  \ 
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•h§,4  c-‘  uU" 
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"Wwi  function  ) can  also  be  written 

C .... 


S*C6)*  “^b 


^tQe^njfk-t'Jrf-e' 


50  p,C*'><J*' 

In  the  case  of  an  ea*»a«jtial  wave, 
p.Ct;  » *•"  c,m  v » »■  o 


jKq.  (B-L2)  becomes 


^tCcP,  ST-g. 

t-e 

In  thj.e  caae  the  c caplet e expression  fbr  * is 

*■"<£.  «.<  tt)  X,(k,cX  ) 

where  I " .9  and  Cc}  is  6iv®-ri  t7  (B-U). 
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APPENDIX  C 


SUPPLEMENTARY  DAT*  CONCERNING  THE  SOLUTION  IN 
section  3,  PART  IV 


Eq.  (20),  Part  IV,  contains  aer-iral  quantities  which  are  here 
written  out  in  expanded  fora. 


AC(0 


&l>>«  *(*-  t?lt- 

((**  (O  j 


B, 


AJ> 


(See  C-5) 

V -0.?«(6  , 


Su*  b. 


« 8 i-t.  AH> 


A ,•»  “ 0.158  , 

A%.  . 0,260  , 


k,  - 2.40f  • 
JjC'O  -0.5191, 


- 5.520  , 


J.CV.,)  • 0.3MS  f 


(<>)  * > 

&.*(«)*  M(>)  , 

&»».  * t3,.  ~ (>  • 


The  rvcts  (%,  and  ^ arc  obtained  X j 
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(c-D 


(C-2) 


(C-3) 
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M(0*  (O,,  -(O(0**,-<»)  " 


(C~4) 


,lTl°‘  - ».  - t (B., <o  - Vi-  7 

^4- • 0»t)— j 

It  1#  obvious  tint  p,  and  <?x*re  real  and  that  p,  is  poeiti^j  <?A  i« 
po.itive  if  | ®"  *«■  | > 0,  which  can  be  easily  trifled. 

Vat  the  o**8  at  X • 2.75  (corresponding  to  the  m®I.  diaphrage)p 


(C-5) 


Btl  - 0.528 

&«*  - 0.0328 

0*,  - 0-0563 

w0V«*>/  L - o»»  * O-'286 

ta>*«  1.582  w0 

*»£/«>**  - P*  • 0.5513 

<*>?-  4.305% 

apparent  that  if  the  nondiagccal  tew* 

Qn  end  in 

on«  would  obtain  for  the  roots  p,  and 

, the  value#  13, 

^ © «bioh  differ  little  fta»  the  r since  actually  oot«ned  for  tta  root*. 
o«^  bb^rtbbl  ^1—  <*•  ***  S-  “”*• 

Tbi.  m*.  that  tb.  B»  -*  «b.  ““  p!rt'‘‘' 

»ti„.  i.  tb.  tovmf  bf*”*  •»'  ■ *“  C‘«  *” 

C”’  <*•*)?, OO  ' **  K Jj 
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BUCKLING  INSTABILITY  Of  THIN  CYLINDRICAL  S1ELLS 


John  V.  Richardson1  ana  John  5.  Kirkwoo# 


The  buckling  instability  of  thin  cylindrical  shells  i3  here 
ticuted  undsr  static  loading.  The  Poisson-Love  theory  of  3holls  as  corrected 
by  Spstoln  is  applied  to  the  case  of  cylindrical  shells  with  numerical  re- 
6ul;s  that  differ  rather  little  from  the  von  Kises  treatment  based  upon 
the  iwcorrcoted  Poisson  .ove  theory. 


4/  Physical  Chemist,  Explosives  Branch,  Bureau  of  Mines,  U . 3.  Depart- 
ment of  tho  Interior, 

&/  Professor  of  Chemistry,  California  Institute  of  Technology,  Pasadena, 
California. 


BUCKLING  INSTABILITY  OF  TO  IN  CYLINDRICAL  SKILLS 

EX'ifiSNAL  STATIC  LOADING 

i.  Introduction  and  General  Theory 

The  buckling  of  cylindrical  ahclia  closed  at,  bulli  ej*Io  Wrier 
external  hydrostatic  loading  has  been  treated  by  von  Mise^/  using  tho 

1/  von  Hises,  Stout  la  Festschrift,  p.  11 C (1929) 

Experimental  Moiiel  Basin  Report  566  11933} 

Saunders  and  Windenburg,  A.S.M.E.  Trane,  vol.  53  (1931) 
winder, bvag  and  Trilling;  A.S.M.E.  Trans,  vol.  56  (193L) 

Poiason-Love  theory  of  sheila.  Recently  Epstein*/  has  corrected  certain 
p/~  Ep«»<”i<v  .Jonr.  Hcth,  and  Phye.,  vol.  XXI,  ly8,  (1942) 

errors  in  the  second-order  terms  in  the  equations  of  the  classical  theory 
of  shells.  They  arise  in  prrt  from  incorrect  expressions  for  the  curva- 
turee,  and  in  part  iron  the  premature  introduction  of  the  plane  utrass 
approximation  into  the  membrane  terms  of  the  shell  equations. 

It  is  our  purpose  her©  to  develop  the  theory  of  buckling  of 
cylindrical  shells  under  static  loading  on  the  basis  of  the  corrected 
shell  equations.  Although  ths  numerical  corrections  to  the  buckling  pres- 
sure cure  not  large,  it  seamed  to  us  ’.^rr-hwhile  t-c  present  cor ’•acted  tabic" 
and  graphs.  Moreover,  the  theory  of  stati ; buckling  is  presented  from  a 
different  point  of  view  than  the  usual  one.  Envisaged  from  the  dynamical 
point  of  view,  the  condition  for  static  buckling  is  found  to  be  equlvcu-mt 
to  the  condition  for  dynamical  instability  for  small  displacements,  in  the 
sense  that  one  or  more  of  the  snell  fr  ■ ■ ■ mcies  becomo  complex  when  the 
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critical  load  is  cxce*d*4. 


Although  tuo  foi.iiuloticn  of  the  dynamic  theory  of  buckling  Is 
somewhat  more  involved  than  that  of  the  usual  static  theory  a;*!  yet  leads 
to  the  seme  results  for  static  loading,  It,  has  several  advattagoa.  First, 
It  may  be  generalised  in  a natural  way  to  yield  conditions  nf.  stability 
under  dynamic  loading.  Second,  it  shone  that  the  critical  pressure*  of 
the  static  theory  rsaily  defines  the  limit  of  stability  for  tha  aiivcture 
under  small  perturbations.  This  is  important  in  ooiUiastion  with  the 
nonlinear  buckling  theory  of  von  Kerman,  2/  a 1 r 'ia  it  shows  that,  even  if 


2/ von  Karmtifl,  Ena.  d.  Vsth.  TUea.,  ti.  IV,  4?ft  (1910) 

Frledrioks  and  Stoker,  Aw.  Jour.  Veth.,  vol.  IJCIXI,  839  U94l) 


static  nodes  of  buckling  are  possible  at  lower  loads  then  the  critical 
load  of  the  linear  theory,  they  could  only  be  excited  by  large  perturbations. 
We  consider  a cylindrical  shell  of  radius  R,  thickness  a,  and 
length  L,  closed  at  'noth  omT*  *nd  in  equilibrium  with  a uniform  external 
hydrostatic  pressure  ?.  We  denote  by  u,  v,  w the  axial,  circumferential, 
and  inwardly  directed  i-auiab  components  of  the  auppleuenterj  dlsris-etcut? 
produo  i by  additional  loading  duo  to  an  excess  pressure  p{9,a,  t)  whore 
0 and  » are  cylindrical  coordinates  specifying  position  ou  the  surface  of 
the  undo formed  shell,  and  t is  the  time.  Buckling  can  of  course  be  excited 
by  out-of -roundness  as  veil  as  by  a supplementary  load.  However,  the 
excitation  function  for  out-of-round  nee  s can  bo  regarded  as  sr.  equivalent 


excess  p'  eaaui' 


re.  Supplementing  the  Zpsie ln^  shell  equations  with  the 


U Epatoin,  Work  cited  in  footnote  2. 


. - • -v  l*1' sii 

■ - st— • 
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jnciewi 
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aentrane  term  due  to  the  uniform  load  F,  we  have  the  following  equa- 
tions of  motion  for  the  shell  excited  by  the  e XC&w'S  xvd u ki 

- <?0»)ur^  0ltv<  °,j  «*<  * dfcfo. 


it' 

*■  D,.,  »v  •*•  D„  v + Orvu.  i o 
+ Oj.v  ■*  * O 


(1) 


dr 
t ■ «*v  £ 


“*  ’ jR*C>-vM  ^ ■ 2 *■  ’ 

where  £ ia  the  elastic  modulus,  VPoiaeon's  ratio,  and  /°  the  density  of 


the  material  of  the  shell.  The  shell  operators  DiJ{  and  the  buckling 
operator  B-q  are  given  in  Appendix  A.  In  Equations  (1),  terms  of  order 


and  $ have  been  neglected  and  will  also  be  neglected  in  the  ex- 


pansion of  determinants  entering  into  their  solution,  llary  of  the  terms 
in  tne  Epatein  operators  are  really  redundant,  since  after  elimination 
between  Equations  (2)  they  would  be  found  to  contribute  oniy  to  terms 
of  higher  order. 

The  boundary  conditions  fur  the  problem  considered  are  satis- 
fied by  tho  Fourier  series 

( rtf'*  t - *'*• 
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Hjr  t 
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a>cV 
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<*£■)«" 
u.  . if  £ »>C*lrl»,v*  . 

lu-n  far 

The  boundary  conditions  are  single-vsluedness  of  all  displacements  in  0, 
vanishing  of  w and  v at  cylinder  ends  due  to  support  by  rigid  frames,  awl 
vanishing  of  the  supplementary  axial  strain  at  the  ends.  Tho  last 
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condition  at  first  glancs  appears  to  Halt  the  soiutionsA(2)  to  oases 
tot  which  the  supplementary  preesure  p vanishes  on  the  cylinder  ends. 

This  limitation  is  actually  not  implied  if  only  the  terns  for  the  axlul 
mode,  A ■ 1,  are  retained  in  Equation  (2),  since  in  this  approximation 
the  equations  of  motion  and  the  orthogonality  of  the  trigoncmetidc  func- 
tions show  that  there  ie  no  interaction  between  the  terms  of  Equations  (2) 
and  terms  in  u of  the  form  sin  (rf^s/L).  excited  by  supplementary  pressure 
on  the  cylinder  ends.  It  Is  understood  that  terms  for  n » 1 are  to  be 
.omitted  from  the  sums  (2},  since  they  correspond  to  uniform  translation 
perpendicular  to  tha  axis  without  deformation. 

Substitution  of  the  series  (2)  into  Equations  (1)  and  use  of 
the  orthogonality  of  the  trigonometric  functions  yields  for  each  Fourier 
component  a set  of  Equations  of  the  form. 

r'^  S*t)  _C«<3  p .ft) 

o. 

4 *Vo  aWI  ,s*0  *m) 

+ "Xa*  A*v  y;i  •+  A*,  0^.0  J 

<£? ..  A«;  ^ /*-’  V„  - d~i  v «,  , 


(33 


and 


The  matrix  elements  A and  0 ere  givon  in  Appendix  A.  The  solu- 
tions of  Equation  (3)  appropriate  to  vanishing  values  of  the  displacements 
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and  riiooitiss  r.t  tha  initial  instant  of  tiae  '£  * 0,  are  readi.1}  found  to 
be  (most  conYemantly  Kith  tha  aid  of  Laplaou  transforms), 
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and  tha  quantities  * J\  ^ * 1,  2,  3 are  the  six  roots  (hsauaed  non- 
dessnsrste  in  Equations  (4  and  5))  of  the  secular  aquation 

^(pJL)U)«*o.  (?) 

Thus  the  Pi  arc  the  ratios  of  tha  shall  frequencies  for  the  nl  mode  to 
tha  fundaas/ital  frequency  From  Equation  (4),  it  is  seen  that  a giver. 


k>, » , 
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-10  b«oM8  unst.*.  lf  « or  of  thr„  frwl##  cww 

*-0  b.  real,  a ««ol«t  coition  i>r  instability,  under  which  at 
least  one  frequency  is  pur*  imaginary  ie/ 

*lnlWo. 

‘a“°  • ®LVen  aode  oeceaao  unstable  when 

* (nl><«  - W) 
tti.  1,  pteol.ai,  t„«  .main*  *,  ,„tlc  alxyJSr^  ^ tllM  ^ ' 

"'i“M‘  >’“Uo“  *°  —«>**.  uau.  ft,  TOlalos  ^ 

pl«.nta,y  Ited.  Otter  ,„..  of  ajrMaal  laat.MUt,  t»,  .t„n 
" ““■*•  P‘”*lbl*  ,"h  *«*«'“  ~1»»  of  tte  .tell  but  „ 

•teU  „«  «...  W.  Tte,  „ulfl  corraapond  to  ao.pl.*  fr„o«,„„ 

with  non  vanishing  real  parte. 

Wmrv  +.Vt  * Wal  a A.  / rO  ”W  . r . 

■ y»,,  Kqwtioa  (6;,  ie  a^onds-i,  and 

^ °f  ° <*H)  **  «***>  *"  *■«-.  «.  th.  relative  ^ 

fora, 

Hr  . 

b » C'*v^)  it11  4 

C«  V**.*  |J*J*  (.H*  ♦ -V  U-'  -I  ) 

- J ' (10) 

*■  s - uS  »OC«-  iC»ev)K*  ) 

+ *t'  c Hja*  (”,  .,-jv  .jv»t(iv’  - a.|a.'* > >«.•»  ] 

+ <'"vK,"#v>- - <-*>**  <«-** **v»v  i ^ weR/L . 

Suokliuig  instability  in  a given  shell  mod*  occurs  at  a critical  value  oT 
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13ucldiug  of  the  shell  takes  place  in  the  mode  which  gives  the  least 
critical  value  of  at  pressures  exceeding  a critical  pressure  Pc, 
corresponding  to  this  value  of  (ft . We  have 


p " a E 
c R i -V* 


02) 


unless  E<^c/(l-v2)  exceeds  the  yield  stress  <r~0  of  the  material  of  con- 
struction, in  which  case 


pc  * (1?) 

It  is  found  that  the  buckling  mods  corresponds  to  y?"  1 and  to  a value 

of  n,  equal  to  the  number  of  circumferential  lobes  excited,  which  in- 
creases with  decreasing  ratio  of  shell  length  to  diameter. 


2.  Tables  and  graphs  of  the  Critical  Buck-lliy  Pretisuro  and  the 
Number  of  Lobes  as  a Function  of  the  Shell  Parameters 

The  buckling  nren„ «-«  Pc  of  iyiinaric.il  shells  has  been  calcu- 

lat-vt  St®  1 fvnot-i0*’  ^ ^ *•  *«  t!  /ow  bhH  T /'JP  fVisw  w«4-4  ^ _ n 

thickness  and  shell  length  or  frame  spacing  to  the  diameter,  with  the  use 
of  o<]uai,J.or>.<  (10),  (U),  (w),  and  (13).  The  following  values  of  Young’s 
modulus,  Poisson's  ratio,  and  yiel*  stress  >.-1re  employed, 

E *3*  10?  p^e.i, 

V - Co 

*~0 » 3 x i»y*  p.s.i, 

fhe  results  arc  presented  in  numerical  form  in  tie  accompanying  tables 
and  graph  (figure  1).  m the  tables,  the  lobs  zones  are  markt*d  out  with 
solid  linen  and  tnu  boundary  between  the  plastic  and  elastic  zones  is 
indicated  by  a dotted  lire.  In  Figure  1,  the  buckling  pressure  Pc  is 
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e&lcu- 


the  use 


1'oung's 


» 

Jl  with 


m !i 


plotted  as  a function  of  L/2R  for  constant  values  of  a/2R.  The  lobe 


•ones  are  marked  out.  vd.th  the  cbtted  curves. 


Our  buckling  pressures  differ  but  a few  percent  from  those 


of  the  von  Mises  theory  over  a considerable  range  of  shell  parameters, 

/a  ue. 

Although  the  differences  4i,»pif  no  practical  Importance,  we  hope  that 


our  tabulations  of  the  results  of  the  theory  wiU  prove  ueeful  because 

t 

of  their  comprehensiveness  and  convenience  <4*  form. 
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APPENDIX  A 

Defialtiena  of  the  Operators  and  Bn,  and  the 


kutrtx  Blameits  Av:,  And  Cv“ 


: i ( 


For  the  (»nv«i lance  of  the  reader  «o  repeat  here  the  definition 
oi  the  shall  operators  and  the  buckling  operator  B11  of  OSRD  3780^/ 
and  the  corresponding  matrix  elements  Av^  and  The  symbols  to  be 

used  are  defined  as  follows: 
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r>-  —a  a. a 

WBiwxU  v*-»_  Wll 


<*-2  a2/12R2 

Tf‘  i.i/L 

ff“  1/(1- v) 

a Shell  thichus.jo 

H M^®n  psyiius  cf  £?lindsr 

L Length  of  cylinder 

(r;6, z)  Cylindrical  coordinates  with  the  origin  at  one  end  of 

the  cylinder  and  with  the  z-axis  coincident  with  the 
axis  of  the  cylinder 
tV 

Poisson* a ratio 
n,Z  Defined  by  Eqs.  (7) 

The  definitions  of  bpeta.n  shell  operators  Bjj,  ana  the  tuckling 


operator  ujj_  are 

* R2 

3. , - * d - - 

^ rr?  a 


DU  " 1 + V)  ♦ ^ (wM  r s ^ ^ ^ c •**  ■*"  ‘ l)  R'|-,  ^ 

2^  » + ^5-0,r* ( j.~  > 


. . ».i; ••- 1 - yr 


S“ 


••*••■  - 


liticne 


i to  be 


m 


: ckilug 


j*fc]. 


J;  ?i- 
{ *■  )9©  * 


R Si 

m : t 


D13  " -yRk  ■■“'fe-  ^ r-3)  * ~ Cm*  fe'--^  « J-li.  , 


d21  " & * T^r-iff)  ♦ (i.r>.v- > )|1  « X.(»ri.*v3 ) *'£1  j |y  , 


" “ (j**  + ^T2  rVt'v)-  7-' (-35^ » 


" = - 'iv  o il_  _s  1*  , -a*“\?_V- 

o ‘ ‘‘^a*  it  v , 


D31  " v*f*  '' Ur’,*,*>ft?*^>C»r-»-«*»-«r-«,)jg%+(w«u,r.l)K'^3n^:  * 


^33  . 


l'he  definition  a of  corresponding  matrix  elements  and  C^?^*r* 

ik  In 


'n  * *■*  + ij*-*- » 


Jig1)  * I +«l[v!ro)-x V*r-Sc-n$** + v - ^ (*<r*- 1 , 


i($*)  - -I i (-r*--x(T<-3)r\v  - jjp  (3T-“-6r~  ' 41>  yi*  _\  r 


lg*)  = v*  (*r*  + 


=-»tvnV*C^(rV»‘lr-i^  -t  (*r*-o-»0«.,--a?  (•.r,-lr1-V/|iv]/ 


**r'*V'cr*v  ^ s * “?*;■!* 


~saiaa.  ' ’rTv*&w-  *V -T" ‘ 

Lit  a _.:_ .. 


j.V&3*SJ<4'l£a 

W%X'7>&S£ 


:l  O 


i I r 

i > ' 


Ant)  . 


l±2i  ..  _ ..  **T -.  (a‘~i')x{  h » »ii>l  1 

% f r ' ^ ’?•  * f • - • ^ | 


a(33}  : *«■*'»  »»**«•*  t 2p  ♦ 


TIME -DISPLACEMENT  STUDIES  OF  DIAPHRAGMS  DEFORMED 
BY  FYPtn.tnvV  LOADING 


G.  E.  Hudson  andC.  T.  Johnson 
David  W.  Taylor  Model  Banin 


■i  * e \ 


American  Contribution 


May  1944 


i \ 

I 


445 


TIME-DISPLACEMENT  STUDIES  OF  DIAPHRAGMS  DEFORMED 
BY  EXPLOSIVE  LOADING 

Bf  G«  8*  Hudoon  and  C.  T.  Johnson 


INTRODUCTION 

The  experiments,  described  in  IMB  Report  509  (10)*  in 

which  a thin,  circular,  steal  diaphragm  mounted  in  the  bottom  of  0 steel  boat 
is  attacked  by  a snail  charge  of  explosive,  have  been  extended  to  a much  wid- 
er range  of  distances  between  charge  and  diaphragm,  In  the  meantime  about 
five  nmeb  as  many  diaphragms  nave  oeen  tested  by  the  methods  described,  with- 
out an  essential  change  in  the  technique  or  the  apparatus,  a great  aeai  mors 
Information  has  been  gained,  owing  as  much  to  the  mors  detailed  and  more  ex- 
tended analyses  of  the  data  aa  to  the  greater  number  of  tests.  All  of  tiuese 
data  and  analyses  will  be  described  in  0 subsequent  TMB  report. 

The  al”  of  the  present  report  is  to  furnish  to  other  workers  on  dia- 
phragms a detailed  time  history  of  the  motion  of  the  diaphragms  as  observed  in 
these  mure  recent  experiments.  This  description  covers  details  of  the  first 
swing  of  tha  diaphragm  that  are  not  given  in  the  previous  report  HO).  The 
description  Includes  an  account  of  the  subsequent  motion  and  vibrations  of 
the  boat  after  the  shock  wavs  impinges  upon  it,  as  well  aa  an  account  of  the 
subsequent  bulging  of  the  diaphragm  as  a result  of  this  pressure  pulses  emit- 
ted from  the  oscillating  gas  globe. 

Although  not  all  details  of  the  notion  arc  fully  understood,  at- 
tempts are  made  at  explanations  of  certain  phases  of  it.  Such  explanations 
are  presented  chiefly  as  hypotheses  to  be  teBted  by  further  observations  and 

experiments. 

TEST  APPARATUS  AND  PROCEDURE 

The  diaphragms  used  in  these  tacts  were  of  furniture  steel,  having 
a yield  stress  r,  of  1(3.5  * 1 o'  pounds  per  square  inch,  and  radius  a of  S i?; 
Inches.  Their  uniform  initial  thickness  was  0.0567  inch,  Fsch  ohsrge 
weighed  C.8  ounce  and  consisted  of  22  grams  of  tetryl  plus  a detonator  cap. 

The  diaphragms  -verc  welded  at  the  rim  10  steei  holding  rihgn  i inch 
thick,  which  in  turn  were  Boit"d  to  a mounting  ring,  so  that  the  combination 
was  about  2 inches  thick.  The  mounting  ring  was  bolted  to  the  bottom  piste 
oi  a flat-bottomed  steel  boot.  The  bottom  plate  or  one  poat  wes  of  sceel  ' 
inch  thick,  5 foot  wide  by  5 1/2  feet  long.  "Ihe  total  weight  of  the  boat,  wa; 
about  1 400  pounds.  The  charges  were  detonated  in  the  voter  beneath  the  bout 
and  on  the  axis  pf  symmetry  of  the  diaphragms,  at  distances  varying  from  5 
inchsM  lv  J2  inches,  ill  other  pertinent  dimensions  are  given  in  Figure  21. 
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Figur 


21  - Schematic  Diagram  of  Underwater  Explosion  Apparatus 
Arrange!  for  Streak  Photography 


Observations  of  the  motion  of  the  diephragma  ana  the  boat  were  made 
by  streak  photography.  As  explained  in  Reference  t»0)  such  photographs  show 
the  motion  of  spots  of  aluminum  paint  situated  at  various  points  on  the  dia- 
phragm and  boat.  One  Spot  called  the  center  spot  W8S  at  the  center  of  each 
diaphragm;  two  spots  called  the  Bid-spots  were  placed  midway  between  the  cen- 
ter and  edge  on  a diameter;  and  two  calls!  the  edge  spot?  were  painted  oii  he 
holding  ring  at  the  extremities  of  the  diameter  on  which  the  other  spots  were 
located.  The  film  was  run  at  various  speeds  up  to  a maximum  of  about  1200 
inches  per  second.  If  it  was  desired  to  obtain  good  resolution  of  the  ini- 
tial motion,  wnich  lasted  about  2 milliseconds,  It  was  otthined  at  high  film 
speedB,  giving  a record  as  shown  in  Figure  22a;  if  an  overall  picture  of  the 
motion  was  desired  it-  was  obtained  at  low  film  speeds,  giving  a record  like 
that  showi-  in  Figure  22b.  An  Intermediate  speed  yielded  a streak  photograph 
such  as  that  in  Figure  ice. , 

MOTION  OP  tilAPHRAOM  AND  HOLDING  RING 

When  the  shock  wave  from  a charge  reaches  s diaphragm  It  lmperts  to 
the  diaphragm  and  the  holding  ring  an  Initial  velocity  normal  to  the  original 
plane  of  the  diaphragm.  As  far  as  can  be  determined  from  the  straak  pictures 
with  the  present  limit  of  resolution  the  action  appears  to  bn  impulsive.  When 
the  charge  is  sufficiently  far  f'oio  the  diaphragm,  that  Is,  when  Its  dirt  awe 
exceeds  8 to  10  Indies  or  one  diameter,  the  shock  wave  reaches  all  parts  of 
the  d.aphragm  ut  about  the  same  instant,  so  that  to-:  initial  veloelt;  of  the 
diaphragm  material  .s  practically  uniform.  Except  for  the  material  near  the 
edge,  whlcn  is  jerked  to  rest  almost  Immediately,  the  diaphragm  stems  to  be- 
have Ini* 'ally  quite  like  a free  plate. 
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The  diaphragm  velocities  observed  vary  from  about  4.1  x 10s  Inches 
per  second  at  o cnurge  distance  of  5 Inches  to  0.64  « 103  Inches  per  second 
at  a charge  distance  of  32  Inches.  On  the  other  hand,  the  initial  velocities 
of  the  edge  spots  were  much  lower,  varying  from  about  0.6  x 103  Inches  per 
second  to  0.1  x 103  inches  per  second  owr  the  same  range  of  charge  distance. 

If  the  actual  distance  from  the  charge  U>  3 diaphragm  spot  Is  mul- 
tlplJad  by  the  observed  Initial  velocity  of  that  spot,  a constant  Is  obtained 
which  is  Independent  of  the  charge  distance.  This  may  be  expressed  by  the 
relation 


«• 


20  49 

inches  per  millisecond 


where  v Is  the  velocity  of  the  spot  under  consideration  and  i is  the  distance 
of  the  charge  from  that  spot  in  inches.  The  dimensions  of  the  numerical  co- 
efficient Is  inches*  per  millisecond.  The  product  of  the  edge  spot  veloci- 
ties vs  by  their  respective  charge  distances  is  also  Independent  of  i he 
charge  distance.  This  Is  expressed  by  the  relation 

vc  = Inches  per  millisecond 

“s 

where  the  subscript  E Indicates  that  the  quantities  refer  specifically  to  the 
edge  spots.  Trie  dimensions  of  the  numerical  coefficient  Is  Inches2  per  mil- 
lisecond. The  root  mean  square  deviation  from  the  mean  of  these  constants  is 
+ 1 .41  inches*  per  millisecond  for  the  diaphragm  spots  and  ± 0.50  inches*  per 
millisecond  for  the  edge  spots. 

A theoretical  calculation*  based  on  the  theory  of  the  behavior  of  a 
free  plate,  developed  by  Kennard  (11),  leads  to  the  values 

17.26  Inches*  per  millisecond 


and 


c 63  inches'  per  millisecond 


for  the  diapnragn  constant  nnd  the  edge  constant  respectively . The  reason 
for  the  discrepancy  between  these  values  and  those  obtained  from  the  streak 
photographs  Is  not  evident.  The  differences  appear  to  be  larger  than  the 
experimental  error. 


9 In  this  catenation,  the  assumption  Is  eat,,  that  cavitation  occurs  ar  boot  sa  the  pressure  In  tix; 
rater  drops  to  aero.  Tie  Incident  pressure  eaae  le  esmsaed  to  he  described  by  the  formula 

1 

bs.t  '3a.fr  ..3  a , . 

r = — - — a a 10  poavis  per  equals  Inch 

rherr  ( le  In  eierocccoude  end  i is  In  inches.  The  numerical  coefficients  in  title  t'ona.Cu  calcu- 
lcted  on  a slnllerlt.v-  basis  fro*  t lie  oeak  prassure  and  tlae  constants,  noueureil  ' y dr.  K.  Chnplro  cl 
the  Teylci-  Sodel  Basin  staff,  for  27.2  grate  of  tetryl  at  3 feet  (12). 
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Thfc  bulge*  <,u*.war<i  **  tls.i  tj,  possibly 

due  to  itpulai  received  *h*o  .avitatioa  close*  *ip. 


To*  band in|  wavt » r*aeh*u  cencar  *nu  .ill  notion 
case**  taujorarLly . 


Th®  Jtrtry  notion  01  a*  ter  id  appear*  in  the  flat  j 
nsntral  r*giou  of  th*  diaphragn,  shown  by  broker.  \ 
xine»#  possibly  due  to  vibration*  in  • layer  of  S 
water  left  on  undersurface  of  diaphragn. 


The  dirphrag^  acquires  uniiona  initial  velocity. 
Cavitation  takes  place  between  ref i arced  chock 
wave  and  diaphragm. 
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Figure  2j  - Various  Stages  of  Motion  of  a Diaphragm 


As  scon  as  the  diaphragm  heglns  to  move,  a bending  wave,  carry!..* 
the  news  of  the  retarding  presence  of  the  edge,  travels  radially  Inward  to- 
ward tne  center,  as  In  Figure  21.  The  material  In  the  central  region  cf  the 
diaphragm.  Interior  to  tills  bending  wave,  continues  to  move  with  a '.must  its 
Initial  uniform  velocity  until,  the  wave  reaches  it.  Near  the  center  a small 
but  definite  jerking  motion  is  superimposed  on  tills  velocity,  as  seen  In  toe 
typical  displacement-time  curves  in  Figures  24a  and  24b,  of  the  center  coots 
on  the  diaphragms.  In  general,  there  r:  - he  four  separate  peaces,  occur- 
ring at  times  ' t and  l,.  The  material  in  the  central  region  re- 
gains sufficient  velocity,  after  times  ta  and  l0 , and  in  about  one-hair  to 
two-thirds  of  the  cssoc  after  time  J0",  to  more  than  moke  up  for  tr-t-  velocity 
lost  at  these  litieo.  That  is,  in  this  region  ip  tc  time  tp",  and  la  about 
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Figure  24*  - jin  Id**l?*«Kl  DiapLac^'-nt-Ti**  Curv* 
of  vh®  C*nttr  of  a Di»phriga  of  th®  U-Ci*8a 

Tf<*  **1*t*nc®  of  tfca  at  Ujm  td  1b  ujic.nrtain . 


T ima 

rigyr®  24b  - An  Ld®iLU.s*d  DlaplaceMnt^TLte  Curve 
of  the  O iit-er  of  a DLeiphraga  of  the  L-Claes 


Figure  2 V - Typical  Displacement-Time  Curves  of  Center  Spots 
on  the  Diaphragms 
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one-half  to  two-thirds  of  the  eases  up  to  time  tx  the  overall  displacement 
la  about  what  it  would  have  been  If  the  Jerking  motion  had  not  been  present. 

At  time  1 1 the  bending  wave  reaches  the  center,  as  illustrated  in  Figure  23, 
which  then  comes  to  rest  or  undergoes  a slight  elastic  return. 

There  appear  to  be  two  different  modes  of  vibration  in  the  dia- 
phragms. This  divides  the  diaphragms  into  two  classes  corresponding  to  these 
modes  of  vibration.  In  the  first  class,  referred  to  as  the  upper  or  U-ciuus, 
the  diaphragms  regain  at  tne  time  i,  she  entire  displacement  lost  during  the 
pauses,  as  shown  in  Figure  24a.  in  the  other  class,  referred  to  bb  the  lower 
or  L-olass,  the  lost  deflection  Is  not  fully  regained  us  In  Figure  24b,  and 
the  deflection  at  the  center  is  less  than  if  the  motion  had  continued  at  a 
uniform  rate.  The  origin  of  the  Jerking  motion  in  the  Pat  central  region 
is  not  known,  nor  is  It  known  why  there  seem  to  be  two  different-  modes  of 
this  type.  One  suggestion*  Is  th3t  the  Jerking  is  due  to  a pressure  wave  re- 
flected back  and  forth  between  the  central  sres  of  the  diaphragm  and  a navl- 
tated  region  in  the  water.  If.  v sord*  it  may  be  reused  by  vibrations  In 
a layer  of  water  left  on  the  undersurface  of  tha  diaphragm  as  it  is  dlapl weed . 

Figures  25,  26,  and  27  show  the  variation  with  charge  aiscancv  ,;i 
the  measured  times  t & . t0",  and  t.  respectively.  The  date  on  t0  were  too 
meager  and  difficult  to  measure  to  indicate  any  significant  variation  with 
distance.  The  measurements  which  were  mace,  however,  give  an  average  for  t0 
of  about  0.12  millisecond.  The  time  (0‘  decreases  slightly  from  0.2  milli- 
second at  a charge  distance  of  8 inches  to  about  0.l6  milileecond  at  s charge 
diatrnce  of  13  lncnos.  At  greater  charge  distances  this  value  remains  prac- 
tically unchanged. 


* This  •»«  firs*  &&de  to  th#  vrltoi  in  a dJ  session  with  1 Jr.  V.  Fye  of  tt*!  Woods  Hole 

Oceanographic  Institution. 
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Figure  26  - Time  i0"  of  Third  Hesitation  in  the  Mr.tion  of  the  Center  Spot 

Not«  (separation  into  upper-,  U.  nnd  lover,  L,  clacnoe. 


yigure  27  - Time  tt  of  the  Arrival  of  !;}.■»  Bending  Wave  at  the  Center 

TWb  1b  tbp  ■'■tag  tJae  0 1 the  dinphra^ti. 


First  evidence  of  the  separation  of  the  date  into  two  groups  ap- 
pears in  th'»  graph  of  £0"  in  Figure  26,  which  consists  of  two  branches.  The 
U-branch  is  practically  rectilinear,  extending  from  0.30  millisecond  at  7 
inches  to  0.34  millisecond  at  a charge  distance  of  l8  Inches.  The  L-branch 
is  also  Hr. ear  “ilh  charge  iictancu  and  extends  from  0.24  millisecond  at  12 
inches  to  0.273  millisecond  at  32  inches  charge  distance.  The  two  groups 
are  separated  still  farther  in  the  ^-graphs,  Figure  27  The  ij-hranch  in 
rectilinear  and  extends  from  0.49  millisecond  at  7 inches  to  0.6  millisecond 
at  1C  inches.  The  h-Sranch  exhibits  a slight  tendency  to  depart  from  linear- 
ity. It  extends  from  0.435  millisecond  at  a cnarge  distance  of  12  irchss  to 
about  O.56  millisecond  at  32  inches,  with  considerable  scatter  in  the  date. 

The  fact  that  £,,  frequently  referred  to  as  the  swing  time  of  the 
diaphragms,  Is  not  constant,  hut  seem*  to  increase  slowly  with  charge  dis- 
tance in  both  the  TJ  and  the  L groups,  is  probably  a combined  result  of  many 
sowax-ate  effects.  The  major  part  of  this  variation,  however,  may  very  likely 
be  ascribed  to  the  increase  in  plastic  stress  due  to  increased  strain  rates 
at  shorter  charge  distances.  The  result  of  this  increase  in  strese  would  be 
to  Increase  the  velocity  of  the  bending  wave,  thereby  cutting  down  its  time 
of  transit  from  edge  to  center. 

At  time  t,  the  diaphragm  appears  to  be  almost  conical  in  shape.  The 
departure  from  a cone  may  be  attributed,  in  pert  at  roast,  to  the  strain-rate 


Figure  28  - Central  Deflection  Zv  at  t.ie  Tine  of  Arrival, 
of  the  Bending  Wave  from  the  Edge 

Sot*  that,  U«.  * chart#  clotaao#  of  6 Inch**,  tba  UhliacUoa  1#  larga  bacaua#  tha  cvrtnt  haa  - icslvoi 
U»  bio#  ca-jaad  bx  clcsls-  op  of  '■•Titatian  bafora  tha  basUht  */»#«  an  ,raa. 
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effect  mentioned  in  the  previous  para- 
graph. Tha  central  deflection  ZCx  at 
tlilo  time,  varies  from  1.2  inch  at  a 
charge  distance  of  7 inches  to  0.?6 
inch  ut  s charge  distance  of  32  inches. 
ZCi  is  plotted  in  Figure  28  and  shows 
the  characteristic  splitting  into  a 
U~  and  h-graph. 

The  rplltting  in  not  quite 
as  obvious  in  the  graphs  of  central 
deflection  against  charge  distance  as 
It  is  in  the  graphs  of  time  against 
charge  distance.  However,  It  should 
be  emphasized  that  the  double-branch 
phenomenon  is  not  due  '.Imply  to  a ran- 
dom scatter.  This  is  quite  clear  from 
on  examination  of  the  displacement- 
time  cu.ves.  Moreover,  the  diaphragms 
which  appear  in  the  U-branch  of  one 
graph  also  appear  in  the  U-branch  of 
the  other  graphs.  The  same  statement 
applies  to  the  diaphragms  of  the 
L-class. 


Figure  ?9  - fin  Sniorged  streak  Record 

ThlB  rd  »ib  tr*c#a  fron  a photograph.  It 
•howi  the  ba.idir*  mv*  trtvtUng  to  u**  r 
of  j diaphragm,  and  thj  affect  of  tha  blow 
i ace  Wart  at  tha  canter  as  .:%Yltatiou  cloaas. 


just  befors.  or,  mors  frequently,  a few  tenths  of  a millisecond 
aftvr  the  time  tj  et  which  the  bending  wave  reaches  the  center,  an  additional 
impulse  la  received  uy  the  diaphragm.  ThlB  takes  the  appearance,  as  in  Fig- 
ure 20,  of  a sharp  Increase  in  velocity  near  tr.e  center,  which  region  has  al- 
ready come  to  rest  when  the  chsrge  distance  exceeds  7 inches.  The  impulse  is 
accompanied  by a bulging  of  the  outer  portions  of  the  diaphragm.  Tills  phe- 
nomenon is  thought  to  be  Cue  to  a kind  of  waier-ntumner  effect  when  the  cavi- 
tation In  the  water  closes  up  under  the  Influence  or  the  pressures  in  the 
tall  of  the  shock  wave.  The  time  t3  of  occurrence  of  the  blow  at  the  center 
is  plotted  in  Figure  30  which  again  exhibits  the  splitting  of  the  data  Into 
the  two  groups,  U and  L.  The  trends  are  quite  definite  In  this  graph  *>r.j 
show,  as  the  charge  distance  la  inoreas . a comprrc lively  r»pld  increas*'  in 
the  lime  at  which  the  blow  is  received. 

At  about  1.1  millisecond  after  the  initiation  of  the-  motion,  the 
diaphragm  finally  comes  to  rest  relative  io  the  holding  ring  save  for  s 
alight  elastic  lr.otic-n  of  oo,.y  small  amplitude.  The  central  deflect i.or,  ZCj 
at  this  time  i3  io  shown  in  Figure  Vi  plotted  against  Charge  distance.  The 
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?ltSia-o  30  - Time  tt  Plott  ed  against  Charge  PI  stance 

< - 1#*  thu  »hlf.b  s.n  addltdtau^l  blow  la  r*o«i^ad  *1  tfc«  ouUr  of  r.h*  dl»piira,/» . Ihi*  hlrt* 

14  nUN()<>«t  a>  Ce\tS«n)  bj  tirt»  uiOt**b»6  \«i>  Of  UsM  OkVli^Wd  le^lna  ip  X.hd  biW . 


PlKure  31  - The  Central  Deflection  £Cf  eft  or  i.h> 
Received  and  Oitf  Hue  Reamed  Its 
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Figure  h - * The  Cciitfiil  Deflection  after  the  Dilip! u ttx^D  Has 
Returned  Elastical’y  irora  tin,  sti7.ii.uu  Deflection  2Cj 

reparation  Intc  two  group*?  is  still  In  evidence  In  tills  graph.  The  effect  of 
the  wator-haiiiiter  blow  Is  also  evident  if  the  graph  is  compared  with  that  of 
/c,*  Figure  2b.  The  deflection  has  Increased  to  about  2.25  Inches  at  a charge 
distance  of  7 Inches,  an  Increase  of  about  1 inch  relative  to  the  U-brsnch  cf 
Figure  26,  At  52  Inches  the  deflections  are  0.29  inch  In  Figure  51  and  0.26 
Inch  In  Figure  26.  The  elastic  return  scmowhai  decreases  these  central  de- 
flections, as  shown  by  tne  cuves  of  Figure  52  In  which  the  centre!  deflec- 
tion ZCi,  observed  about  2 or  } milliseconds  after  the  Initiation  of  the  mo- 
tion, is  plotted  against  charge  distance. 

7h6  displacement  of  the  diaphragm  thus  far  has  been  described  rela- 
tive to  the  holding  ring  wnich  is  bolted  to  Lhe  mounting  ring  in  the  bottom 
of  the  boat.  The  etcfco'*  pictures  snow  that  the  motion  of  the  holding  ring 
is  '8  follows:  On  the  impact  of  the  shock  wave  it  la  given  an  initial  veloc- 

ity upward,  as  discussed  previously,  on  which  there  is  superimposed  a damped 
vibratory  motion  of  large  amplitude  having  a frequency  of  about  6c  cycles  per 
second.  This  frequency  agrees  roughly  with  that  calculated  for  the  free  vi- 
bration or  a rectangular  oiulo  n~  tho  sane-  uimeneions  as  tne  bottom  of  the 
boat.  The  holding  ring  and  pert,  at  least,  of  the  bottom  of  ths  tout  to 
which  it  is  attached  jump  to  a height  cf  about  2.8  Inches  whe.i  the  charge  Is 
fired  ?n  Inches  from  the  diaphragm.  The  holding  ring  Is  then  8ccpi*rateo 
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figure  22b  - Low-Speed  Streak  Photograph 

downward,  presumably  undo?  the  Influence  of  gravity  and  air  pressure,  and  re- 
turns to  one  original  level  at  about  75  milliseconds. 

Simultaneously  with  this  return  of  the  holding  ring,  the  diaphragm 
receives  another  blow  which  appears  to  be  not  quite  sc  impulsive  in  nature 
yet  strong  enough  under  the  proper  Cofelitior.s  to  do  considerably  more  damage 
to  the  diaphragm.  This  contributes  the  major  part  of  the  "C-piises"  damage, 
inferred  in  Reference  (10).  Indeed,  at  charge  distances  leas  than  18  inches, 
the  diaphragms  invariably  rupture  during  th«  application  of  this  second  blew. 
Because  the  time  Interval  between  the  initiation  of  the  notion  and  the  second 
blow  agrees  so  cio-cly  with  the  period  of  oscillation  of  the  explosion-gas 
globe,  it.  senna  quite  probsble  that  the  increase  in  damage  is  due  mainly  to 
the  pressure  we''e  oent  out  from  the  gee  globe  or.  resompresslon.  It  Is  also 
suite  possible  that  tne  return  of  the  boat  to  the  water  level  Just  i»  time 
to  receive  the  second  press-  re  pul  so  wight  fortuitously  have  increased  Its 
damaging  effect.  That  1b,  the  results  obtained  in,  tests  of  this  kind  almost 
certainly  depend  upon  the  nature  of  the  supporting  structures. 

That  little.  If  any,  work  1b  done  on  a dihp'nr*gm  in  the  tine  Inter- 
val between  2 millitecunde  after  the  initiation  of  the  motion  and  the  time  <e 
75  milliseconds  later  Just  before  it  receives  the  . <nd  blow  is  evident  from 
comparison  of  the  central  deflections  Zc%,  meaaiu  '«  latter  time  ana 

plotted  In  Figure  33,  with  the  central  deflections  <*, # ,no«n  in  Figure  32- 
It  la  found  possible  to  nos  sure  tne  Conors!  deflections  Z’-t  of  a few  of  the 
unruptured  dlephrcgap  alter  the  auconu  Mow.  7 . ■ °re  plotted  in  rigurc  3^; 
because  of  the  paucity  of  data  and  because  of  the  screening  effect  of  the  sec- 
ond blew,  the  data  are  not  separated  Into  two  branches, 

After  the  testa  were  completed  tne  diephragae  were  cut  from  the 
holding  rings  and  their  profiles  were  drawn,  Heasureir.eaca  on  these  yielded 


a 

i 


i-  - . 


dc , Ghorgo  Diitonc#  m inch** 

figure  33  * Central  Inflection  Just  before  Arrivsi  cf  the  Second  Pulse 
Caused  by  the  Globe  Oscillations 

Ompv*  ritb  flfur*  32. 
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dc , C*H}re«  Diftonca  in  inch** 

Figure  J';  - Centre!  Deflection  Juet  after  the  Second  Pulse, 
froa  tne  O«c-Globe  Oocillatlokie,  Has  Done  Ic»  rtu-age 


the  filial  central  deflections  XCf.  plotted  in  Figure  33  For  ch®  ruptured 
dlaphragse.  estimates  of  the  central  deflections  ware  m p**  by  assuming  par- 
abolic shapes  in  the  torn  central  region,  I'r.-.-ae  doubtful  deflection  values 
ere  distinguished  by  plotting  them  as  crosses.  Of  course,  tt-  ;rc  1r  consider- 
able scatter  among  these  latter  points,  but  the  break  In  the  cu?ve  at  the 
critical  * upturn  distance  rs  quite  dear,  tittle  damage  is  done  to  the  die  - 
phragns  after  the  second  bluw,  a*  can  be  verified  by  cohering  Figure  33  with 
Figure  31). 
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Figure  35  - Final  Central  Deflection  ZCf,  As  Measured 
from  the  Diaphragm  Profiles 

Tfo*  cro£503  diaott  central  deflection  ol  the  ruptured  dltiphragmj.  The  curve  through 

thft  uftAipturtd  dlephregee  agrees  »»11  eith  that  of  Figure  34. 


it  may  be  noted  from  Figure  22b  that  tne  60-cycle  vibrations  of  the 
bottom  plate  of  the  boat  ere  again  excited  by  the  second  blow,  am!  again  by 
the  third  blow.  Tills  can  be  verified  by  or.  Inspection  of  the  streak  photo- 
graph. The  time  Interval  between  the  second  ana  the  third  fclovis  has  been 
measured  and  found  to  be  about  58  milliseconds,  which  la  shorter  than  the 
interval  nctween  the  first  and  the  second  blows.  This  probably  results  from 
the  enortened  period  of  oscillation  cl  the  g a?  globe  as  it.  loses  some  of  its 
energy  in  the  successive  pressure  waves  emitted  during  Its  compression  phases 
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Figure  ??b  - Low-Speed  Streak  Photograph 
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The  radial  displacement-time  curves  of  the  particles  in  the  dia- 
phragm have  not  yet  been  studied  Thl6  experimental  Investigation  will  be 
made  as  soon  is  the  requisite  apparatus  becomes  available.  It  should  furnish 
infonaation  e.bout  the  thinning  of  the  diaphragm  during  the  deformation  and 
therefore  stout  the  all-important  question  cr  rupture  by  underwater  attsern. 
Incidental  to  this  study,  considerable  light  may  bs  shed  on  the  interesting 
, Jerking  motion  of  t'n.-  material  in  the  center  of  the  diaphragm, 

CONCLUSIONS 

The  observations  described  in  this  report  bear  out  in  detail  the 
hypothesis  put  forth  in  Reference  (10)  that  the  C -phase  pressures  arc  effec- 
tive in  producing  damage  when  the  charge  distance  is  less  than  a certain 
critical  one.  Moreover,  quantitative  evidence  supports  the  contentions  of 
(til)  that  (a)  the  pressures  between  the  closing  up  of  cavitation  and  the 
second  blow  do  little  demage,  and  (b)  the  initial  impulsive  velocities  of 
parts  of  the  diaphragm  are  proportional  to  the  Inverse  first  power  of  their 
distances  from  the  charge.  That  is,  the  initial  kinetic  energy  of  the  dia- 
phragm at  the  larger  charge  distances  1b  roughly  proportional  to  the  solid 
angle  subtended  bv  the  diaphragm  at  the  charge. 
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Attract. 

a tech-siq.e  I z descrioed  for  high  spaed  cin^pnetogr^my  of  tne  p»ienQr*en*  *tich  take  place 
,,**.a*  or.o.11  iau*vi*rC-  C“-r;rc  tr;  f i rjd  yr.urn  «alcr.  At  ir.e  aarms  time,  the  oxploslvt  pressures 
»-c  recw»*ivJ  uj  piw*o-:’cct*;c  technique.  pressure  •■•certs  * - retei r-.ci  'or  a pe'iod  of 
60  ml  Mi  seconds,  and  high  spew  pnotoqraens  era  by  .*var.  of  g 16  nr>.  rism  camera  at  speeds 

d?  V>  S,65'|  T-Xi/ 5, oC0H<J.  At  the  riieifiwftt  speed,  A Cire  ret<  rd  In  black  _hd  <rit©  or  colour  i» 
oiitalutd  for  - Kc-.  ;Vw  w cS  .*.*.«!  Tho  llyOut  Of  equlpo^ent  is  described,  a,-,J  dct.lits  „f 

time  minting  And  Sag.-OhCd  timing  arrangsments  jivtn. 

[n  trpduet ion. 


in  studying  phenprena  associated  with  th»  detonation  c?  vail  explosive  char$r<  under 
wat-:r.  tKe  problem  arcs?  of  tatir^  -notion  p-ctc-res  of  an  area  3 feet  6 IrChCt  • «:»» 

fed  Of  «atvr  c\  speeds  up  to  *,C0o  frames/ second.  1>«  »llv*r.  natlnn  of  limited  areas  for  this 
purpose  rtusoi  1 • be  provided  c>  r.etns  of  cort  incus  tight  so  rcas,  but  the  power  r^ml  rements 
are  considerable  if  the  area  to  $0  photographed  is  cxtcr.3: (Calcplo'.tcns  snort. cJ  that  in  this 
instance.-,  colour  photography  feuio  tcouir . tcout  l.if-'  ► .*.  or  pr  t;.»ioo3  li.-hting,  which  nSs 
Cl;-  »rl7  : "4; r V. 1 1 C an  1 £). 

high  intensities  Of  Ulj'.u  jticn  may,  however,  oe  provided  for  limited  periods  oy  means 
of  photo  ft  ssn  bulr.s  (1),  (2).  (3i.  -rd  t no  tecnniqye  which  i-»  dcscrif.d  is  tssed  .pon  this 
principle.  Phetocfuphs  tv-.«.n  sinpl  f.n.'$us1>  0?  nx.wvvn  j Above  .md  o;inw  the  «ft  Ur  surface. 
Thii  equipment  h'-S  been  .Is-'iqft.d  so  ;s  to  Synchronize  fh*  phptC5r-jh/  rith  other  mithc-d*  of 
recording. 

The  photographs  ervef  1 period  of  tO  mi' 1 Isecm.ds  at  mo xinus.  speed,  and  therefore  giv* 
t.1-.::  histoiy  of  t‘.c  ‘xPloSio-'  i/herom>na,  ruit  infcrrmticn  is  Obtained  by  projecting  the 

records  as  n fil"  at  namai  SperJ.  from  a StuO/  of  ti»c  fi.r  it  is  possible  to  decide  at  which 
pom's  me r„*  detail  and  time  "solution  &f;  required,  the  detailed  study  is  then  carried  out  by 
*•»'  ir.-  ::  it. -o second  flash  pho  graphs  .it  suittbl*:  tines  from  the  instant  of  detonation. 

Eater  :reof>cnt. 


Experiments  nave  cc«r.  ^.-'rieo  out  in  o cyi  iroricai  tank  of  diameter  I.  feet  and  d<spt;« 

Z feet  srm.-d  wnicn  nas  oecn  Ou ; ; : ; lo?-...atory  tc  provi"a  cover  over  thr  »Ank  itself  ani 
icccnrwdat  ior»  control  end  recording  ?guipmentr 

W*tv-r  ClTity  ii  niint-siii;d  by  «.  .rcf«!  CACl'.'T'Ch  Of  duSt  Snd  Continuous  filtntich  (tnc 
fil^e*-  randies  cue  tank  volirie  pnr  oay)  . -In  a':»:al  i.-.it/  of  CM. 6 is  maintained  by  the  add;*;0r 
of  oodltn  carbonate  (abuu;  6 9 of  tnc  anhydrous  salt  per  o^y).  The  addition  t-f  C.6  g p'^G..  ai.rr. 
ocr  diy  then  enures  ro-.jjl  'ticn  or  suspended  m'tter  and  its  ,u.v:l  by  th.  fitter. 

Fho  to  fraith  1 e c?u  tt»:-i  l. 


The  wustem  tl«ctric  16  "n.  Fastax  camera  mis  k;«n  used.  7-.: 
of  *i.T-CC  1 ieccnd,  the  7W.I/;  7 »*V-  then  teinq  BO  i r r i . 'C;  f.ds. 


camera  has  S .T.sxifkXn  speed 


1 <_nnUi 


I -n  un.:i»n  ■»  iror  nvy.-  h..  » 'J;ji  :"J5i  ?:,G  ;tt„*  ;- 

2 irtchcv)  n-jt  giv.  » Sufficiently  largo  field  of  vice.  It  n-»5 


„t,t.  msanrsio* 
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by  a Oall-jyer  'Averse  !*•  e-m.-ito'  ’em  «hlkh  has*n  *rfectlvo  focal  lonj'a  of  l inch.  me 
rpi?Af.'.  lively  1 irge  distance  o#  i Inch?'  from  the  rear  ccr^onent  !C  tr*»-  focsl  pi  'in--  MVes  It 
possible  to  u30  this  Imj  in  spi*..’  Of  the  SpdfC  OCOuplefl  by  thO  rotating  -jldSl  OlCCk  Which  is 
a fast  u:'o  it  the  cr,  'll. 

K|)  •:»-.-4rhar  I*  Y/Aii.blO  with  t*e  cvrrn  »«  manufactured*  A rrstei  tube  (Sylvtnia 

Type  s. Jiy5.*;  Mi  tfar-fc*:  socn  :.»staiicr  to  c^ome  it  s tuning  foev  cent '■oiled  f roc-j^cy 
5 kc/3.  Tn.  11-iM  Is  fOCuSS-O,  by  m»>;ns  of  a anal  I mirror  and  lens,  on  to  thj  film  o*  tN? 

Sv<uv«kX  *♦'.'■-•1  in  tue  sp'.ce  between  tne  perforation*  and  tna  edge-  of  tr.c  f i Ins.  ’re  -.rr-nyencnt 
is  showrt  in  Figure  2. 

Vlflht  sour-,, 

i,iMht  is  p ovldad  by  firlnr  a ssqucrco  of  Mean  t^'iDa,  the  wir*-fhi«<j  tyc?  K-urj  :•• 
prefer-orw  to  lho,e  with  Toit  fitting.  Tna  advantages  are  that,  wit''  to  • wi ro-*i 1 led  variety,  tho 
•*«e  *t»fVM  Di-tweon  the  .4O1  leit  Inn  of  voltage  lr«J  naxlrum  light  r-”»pyt  is  constant  within  ClOCC 
Units;  the  purceottgO  of  bulbs  uf»icn  '-.:1  r fire  lx  very  snail;  the  Duir>5  Oh  not  Mr? 

-With. .rti cel ly  a-w  may  thus  he  mantad  cimpactiy  in  prov-ps  without  the  use  cf  parti  mis.  They 

are.  moreover,  robust,  and  able  to  resist  explosive  shoe  a. 

•(.•Hector  units  hwvc  pivr.  nuilt  to  tiiko  tweS.-  or  twenty- four  ojits  which  arc  fired  at 
'. ntcrvyl 3 of  it  "»1 1 1 1 tesneis.  ?:-vir  li3H».  eatfutt  <)v*ii90  to  give  an  even  . iiminntinn  ♦►''"■jji'oat 
the  Soquonre. 

Provision  Is  made  for  firing  a maximum  number  of  101  bulbs  in  groups  ever  periods  varying 
from  po  to  370  r.ilUirvorxJft.  fo«tu»ir.a  formula,  derived  experimentally,  gives  the  rsewtor  of 

flaaft  bulbs  roquirci  (ojlbs  used  being  hnil. pa  P.F.  s*  with  ar>  output  of  56,000  ijnen  seconds) 

,2  „l  * .0/10 

" " *30*2 

where  t Is  the  tens  aoeratme. 

d the  distance  fro*..  ».v  light  sourto  to  the  subject  In  iect. 

0 1*  thn  water  f-eth  In  feet  trivursctf  ty  **•  tight  betwoon  lignt  togreo  and  c^-ora, 

S Is  the  speed  of  the  cwri  In  thoutnde  cf  frerees/ second  (with  the  Ftistox  cs*or*.  the 
exfosuro  Urn®  Is  approximately  one  third  the  time  p**r  fraiuc), 

2 is  a factor  which  varies  Wwcrsc!>  with  the  speed  «r  the  ’Mm  u»od  and  hx?  a value  of 
uni  ty  ft*  r KOOACh romc. 

h In  ttn  nu»£f<.i  of  bulbs  In  each  grov,'.  the  nunbor  of  g vwps  being  determined  by  th-* 
length  of  record  required. 

photographic  tryout . 

The  layout  is  sn.-m  i«  figuie  l.  The  cemere  is  mounted  with  its  axis  running  vertically 
th"'vnh  the  centre  of  6 inch  o»«to  glass  winder  >.  the  of  a brwsi  (me  waterscope). 

The  function  of  thC  watufSCOpo  IS  tC  cliAlA-UO  OPtiCJl  dUlortlon  by  tho  weter  SurfitC.  a mirror 
is  mvanped  beneath  th>  watorsccpc  at  an  anjic  or  iioet  15®  to  the  vert:cal  the  depth  jnd  angiv 
of  tho  mirror  both  beinq  *d^u#tsbic.  * surface  siiveroo  mirror  is  introduced  between  thv‘  cr<ra 
and  waterscopc  «>on  pnotogn^e  «ve  the  wutur  surface  nro  requirrd. 

Photugr»ph>  1$  carrltd  out  by  refjected  llgnt  against  a ol ock  Dachflnpuno,  Thc  rgHxtOr 
un>ts  are  clipped  un  to  vertical  poiss  which  may  Le  wi  tnarexm  from  the  o;er  .n  ords.  to  <ht«^e 
tnt  bulbs*  so  wsti1  rj,rno flag  It  provld;d  a*  the  bulbs  opsrate  quite  satisfactorily  v*'dvr  wJtwr. 

The  explosive  charge,  a 15  grain  electric  deto-'.itor,  is  supoc^nd  open  stiff  wires  »hlch 
so.’ve  «lsj  ic  '!r,no  t-ad.  Orange  and  g'cen  coloured  cable  Is  us.c  v S.iat  the  cvlour  •eruering 
be  cnecs?"  'n  '■o'uiit  fll.ua. 

frtasurt  race  r din  ff. 

Jhocfc  wave  pleasures  are  ru-cordud  for  s pwriod  cf  tC  . ■>  1 1 1 seconds  by  p i ^o— cKctrl  c 
technlQuo.  T»c  i in'.h  d’«m»:t*r  tou^sal  int  crystal  gauge*  aro  connected  to  anpl  i Tiers  and  tno 
oruwfcjnis  rocord^o  Oy  in  uacll losccpc  sno  uiui  camera. 
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Til's.*  fronting  i*  pnividra  Oy  raruni  01  a vr.ilcr  tube  operating  in  parallel  *■1*'  thC  tuD# 
in  the  f At  to*  CAf  >era.  The  two  roc- -da  c3  synchronized  Z,  Inturruptlng  the  timing  tr*:ss  for 

u,u  !»■•!« -*^;nds  about  *6  mii.i9eeonds  after  firing  tut  cnargo. 

In  oroor  to  fac i * *■ ate  conpir*  s?r.  cf  pressure  rsiords,  tut  Z~S-  vamsrs  »pt«d  m adjusted 
to  r»  r.p.n,  ccrorc  to.  r*\t*x  c uncra  Is  start. d,  the  sp-.’cd  bcirj  check*-)  m r-jliowr:- 
a rcdljt  linr  palnten  upon  the  driving  pulley  of  the  dray*  Is  illuminated  by  moans  of  a nlon 
l»  rooosr^ipo  opcratlrg  at  a tuning  fork  controlled  fre^CfiCy  of  fifty  flashos  por  sicor.d. 
the  drin  is  funnii*  u /SC  r.p.m.  the  lino  is  teen  as  a cross.  The  Charge  IS  fireo  when  tie 
cross  ^pi.ars  ttit'cn.ary. 

f » nt  n 9, 

-ri~-  . -a. 

Seoueni*  uf  events. 

fha  technique  of  tiring  the  pho  to  1 rape  I C Wid  pressure  records  ‘s  influenced  by  features 
of  the  deal*;'  of  the  ow in n graph  recording  C4 P»era  uiilch  will  f»rst  bu  described  with  .ne  aid  of 
figure  2.  Tr>e  film  is  wrapped  around  a dru*  1 foot  in  c 1 reuafe renej.  the  ends  of  tho  film  being 
threaded  through  a slot  in  the  porlphery  of  tho  d rv>'  and  hjld  1*  plac-  by  meins  of  a ^»dge. 
fjq^OSure  of  !ht*  file*  during  on*  revolution  q9  the  One'  IS  roguiat*d  by  the  Shutter  5 (FlgUfV  2). 

The  Shutter  Consists  Of  o brss.-.  plate,  constraints  to  fsl  i /crt::illy,  s S'et  in  tho  pi*tc 

permitting  **po'.u*'«  of  the  film  «j  the  shutter  passes  the  goto  in  the  body  of  the  Cfc’ura. 

The  Shutter  It  relosaad  0y  the  electromagnetic  trigger  I at  suci  a time  that  exposure  of 

the  film  bogms  o f«r  mchos  3Uvr  me  join  in  the- film  hat  psswj  the  gate.  riming  if  effected 
by  means  of  the  c/yitactor  c mounted  on  the  spindle  of  the  carre  <inr,  the  angular  position  of 
the  contactor  «cgmont  being  .idjustiBl c frith  respect  to  the  position  of  tnu  join  in  the  film. 

Th  molt,  sequence  will  now  Du  made  tle-sr  by  Figures  2 IP.'/  3-  Thu  dr*x»  camora  is  first 
run  vy  to  'peed.  When  th.r  speed  «s  stc*<4y  it  150  r.p.m.  the  F'.stsx  e-Wk*r.a  is  started;  thereafter 
timing  is  rtgul  at.-O  by  two  circuits.  Tho  first,  a simple  6 1 ay  circuit,  novems  the  time  of 
firing  the  ch*.rnc  relative  to  the  Stir;  or  th*  fMt  *.x  cn-nra.  conticts  nr,  c!oscd  At  a 
pradetrrnined  time  after  the  start  of  th*'  ruwera.  (This  circuit  is  .'OT  re^i  md  in  cameras  Such 
as  the  Eastern  High-speed  c-nura,  w*ilch  Incorporate*  a mctninie-il  switchh.^  device). 

This  cioiucu  ccmpioto*  me  circuit  to  the  contact zr  c.  wm  mt  contactor  segment  r%*athe« 
tn^  brvsn,  the  ucond  control  circuit  Is  S-.'l  in  operation.  Cetdits  of  tht^  circuit,  which  »S 
built  around  i r:  at  nrr.ee  uniselector,  cru  given  oolow.  on  receipt  of  the  signal  iron  the 
contactor,  relays  sre  operated  which  allow  the  uniseixinr  to  p<.rfcv»a  or.o  cyclfe. 

The  cycle  is  per  farmed  in  twenty-five  steps  at  intervals  of  16  mill isoconds,  Th*  fissh 
bulbs  are  fired  nn  step  n^ner  2 and  nr.  5unseq-«ii  >teps.  (The  ninoer  of  steps  used  d«p«.ads  upon 
the  1 en.jth  of  rccoro  rrauireoj, 

ri  sicna)  is  supplied  to  tne  circuit  oprrites  the  drun  enmera  shutter  on  step  nincar  l. 

The  rnar^o  ij  fired  on  step  number  u.  On  step  number  a a Syncnro.aizat  Ion  pul  si*  ‘a  injuctoc*  Into 
the  tirvj  marker  sucply. 
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Cpntg I.  circuit. 

TM3  circuit  is  designed  (l)  to  tlfM  the  opening  of  the  shutter  In  th?  drir#  .'Aiwrs  used  In 
pressure  recording.  (2)  tu  provide  o SynCh ronlzat  ion  pulse  to  the  tint  mamers  on  the  ra*tj«  «od 
and  drun  cameras.  (3)  to  fire  a seoue^ce  cf  nhn*«f* *—■  *.ib»  an.?  (u)  t«  ri,.  tJve  charge.  Thesa 
operations  are  p/*rfo*i  by  a tost  Cr‘fce  t'*»i  so  1©C  to'  !?;'?c  *rij.  The  rouindcr  of  the  circuit 

starts  thr  unl  sjKctor  at  the  oppnrprl.itc  time.  cnSt-ros  .hit  it  performs  one  cycle  only,  end  pe:mi  ts 
the  t.-stin-j  nf  the  unlsylcctcr  dtrp*t  firing  tr.L  M ssn  tuios. 

The  ci rryi t la  fhjwn  In  Figure  4;  it  Is  oparMad  by  C»i«aectlng  '.he  temlpal  nutrked  ■stert* 
to  th?  rcyativs,  aid«  Ov  t'-.'  110  ^ I lupnly.  ’’h^  dur*.|<»-.  wf  this  contact  nm,  be  either  prolor-lCO 
or  c*  jnort  as  a f«w  ..ill  I secerns.  -n  oif-  r - as-',  thn  un.s-vUctc  v p:f  f,,*.  Qfie  c^cle  an<j  then 
stops.  » • t.» » switch  S U In  the  open  pu  1 ***  the  Cirte't  v.*:  i ; Automat  i cailv  whwn 
the  starting  carat*:  rcm.:.vd.  »ca  the  switch  S is  closed,  the  ciir-wit  u*t  be  ro-aot  c y ?ind 

before  inothci  Cy  le  is  perfpim.*o. 

Th.>  feature  (h-ano  rj-ect)  is  access  I tat* -d  by  the  nature  of  t*e  contact  whia  opemtei  th9 
cricu.i  in  piauiiuu.  as  has  occn  *vntlcxi(X  this  circui.  is  started  by  tiat  rotary  cuatactor  on 
tht  urm  com.  r%  Contwg  . -Atiy,  once  the  c-rcuit  to  tU*  o.TACtor  MS  b.an  .waOv.  impulses  0? 
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•Dout  Z nil*.  Issconds  duratiO'i  are  repeated  at  intervals  of  BO  milliseconds  - once  for  wen 
/••volution  rt  the  drum.  u • -*  ^atic  ro-StiUia?  between  impulses  tnr  uniselector  *o*ld  operate 

repeatedly  with  conscqucr1 

The  control  elrcur.  ,M  thus  fulfil  t*c  conditions:  (1)  it  must  operate  on  a snort 
du/ation  starting  pulse  ar.3  (2)  it  r*»$t  then  provide  power  to  me  uni  set  actor  for  e leng  enough 
period  to  make  one  stop.  after  m-s  the  unlsaloclcr  takes  controlr  The  power  Sucply  *"051, 
however,  bo  .-«*r>vtd  before  th,:  completion  of  the  whole  C/dc  in  order  to  tvoid  the  initiation 
of  a further  cycle. 

>>e  first  condition  is  achieved  cy  »"9  rapid  closure  of  the  double  wound  Relay  a 
(figure  «).  This  rsliy  is  cner/sM  Initially  on  a voltage  Of  nr  volts  throvg-  the  ccmicts 
x vtiicn  arc  nomallv  closed*  Tnis  permits  a surge  of  current  to  flow  until  operation  or  the 
relay  opens  the  contatts  x^.  Relay  * is  then  mslnttmeo  by  the  reduced  current  wnicn  'lows 
through  the  series  resistor  k. • uador  thrso  conditio.-.;  ms  operation  of  *$»•>■  x is  sufficiently 

rapid  tc  ruepnd  fo  tno  sterling  putSu  (which  is  of  dure  sine  * mill i seconds) » 

Tne  relay  Is  alss  ••lintalned  by  the  opc.«*iv  «j;  contacts  x,  wnia*  connect  tn«  second 
exciting  coll  of  the  rel  ay  to  the  negative  ond  of  the  Simply  through  the  switch  S (wtuen  is  show 
closed  in  the  position  t:r  “hand  r<^aot“). 

The  operation  of  the  contacts  X,  completes  tne  circuit  to  the  driving  mayiet  m of  tno 
uniselector  ii.iough  mu  first  wiper  and  the  single  contact  on  «*ich  the  wiper  normally  rests. 
After  the  first  SU;  the  mp;:  pi.is  contact*  with  the  “homing*  arc  h.  The  driving  current 
through  the  magnet  m and  the  self  drlvo  contacts  Dr  is  then  maintained  until  the  uniselector  has 
Completed  a Cycle  of  IS  steps.  The  wiper  then  eu*es  to  r*st  aj-iin  on  the  sinyle  contact 
mentioned  abovo. 

py  tnis  tlrre,  the  ircuit  to  tre  positive  cr.G  o*  the  supply  rruit  cc  Croven  if  a second 
Cycle  is  tn  ne  avoided.  This  .5  Drought  aoout  by  tne  contacts  r ^ Relay  T is  operated  by  the 
closure  of  the  ccrtacts  x}.  it  Is  loaded  with  a capacitor  Cj  an;  -cplisc?  through  the  resistor 
r^.  and  therefore  closvft  relatively  slowly.  Ccnsequontiy,  current  is  supplied  to  tre  driving 
magnet  cf  the  uniselector  during  the  interval  between  the  operation  of  relays  X and  v.  mis 
Interval  Is  adjusted,  by  mole*  of  th.»  vaiuas  or  and  C^,  and  U just  sufficiently  long  for 
tha  wlpor  to  gain  contact  with  the  'homing*  are  m. 

Operation  of  relay  v also  causes  the  contacts  Y ^ to  open.  The  circuit  m&y  therefore  be 
rc-Sfct  by  opening  any  closing  the  switch  S,  This  de-wvirrgiscs  relay  X which  in  turn  breaks  tne 
*ui>ply  to  relay  v.  *•>!?>  V 1;  the:  f;  ir/,.*;  t,-5  it  ~ ^ so  that  the  contacts  x^ 

open  Dcror*  Vj  rucloses  and  r upsetting  dor-s  not  initiate  */x  yd*-.  Ti»v  contacts  x.  jlso 

operate  a pilot  lamp  wftlch  is  alight  whwi  relay  X Is  not  onorg  , i.e.  weian  the  circuit  's  r<My 

for  rat  ion. 

Automatic  <«-eulliug  is  a? ranged  by  leaving  the  switch  S opon.  Operation  of  relay  Y causes 
the  contact*  v?  to  open,  Relay  x is  do-energised  at  this  stage  nr  wren  the  starting  contact;  a-;, 
opened  i*  this  .;h.  ild  occur  later*  this  in  turn  de-*norgi stu  relay  r and  leaves  the  circuit  rnidy 
for  operaJon* 

Contacts  Z to  23  inclusive  cn  th«  second  bank  of  the  uniseltctor  are  brought  out  to 
socket  to  which  the  reflector  units  ire  plugged.  Arrangements  are  nado  to  fire  ths  bul os  on 
contacts  2 to  6,  2 to  12  in"  i to  2}. 

Provision  Is  made  for  testing  the  control  unit  and  checking  the  speed  of  the  uniselector 
without  firing  tha  flam  bulbs.  Kj  and  ic^  are  contacts  on  a rton-iocklng  test  te>.  Closure  of 
Kj  malr.tiJos  the  uniselector  for  as  na/.,  cycles  is  are  oasirvd,  n.-ijy  z ooerat^s  ‘.hen  is 
clasod  ar<J  16  fkairit^ii>«ju  vi..  contacts  t.  wiu  tnu  naming  arc  coni  tne  tno  of  the  cycle  Curing 
which  Is  ope«**d.  Tn-'  contacts  2^  orear.  the  rirc»;j  to  tha  flmn  wnlch  consequently  do 

••ot  fire  durlr-j  testing.  The  pilot  lamp  la  wired  so  as  to  ti$ht  once  per  c/c*  - a»  wiper  No,  « 
passes  ovor  t lost  * contacts  of  me  bank. 

Tt.  veed  of  the  unloelector  <s  controlled  hy  meens  of  the  va.raoH  (esistor  R.e. 
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rnsi iMis&sy  stat  c test  of  a pox  model  target  plate 

Et  N,  Fox. 

May  1943 


(i)  Multi  art  given  of  a static  test  on  a Box  Mod?!  target  plate  subjected  to 
uniformly  distributed  lateral  pressure. 

(4)  The  shape  of  the  deflected  plate  is  in  reasonable  ogreencnl  with  that  exported 
theoretically  on  the  assumption,  as  made  by  prof-ssor  G.  I.  fay  lor  in  the  report 
•Tfn;  distortion  under  pressure  of  a diaphragm  which  is  clamped  along  its  *d«e 
and  stressed  beyond  the  elastic  limit"  (hereafter  called  report  a),  of  uniform 
stress  in  the  plate.  The  lo-jOde Meet  ion  curve  is  also  reasonable  agreement 
with  the  theory  of  report  a if,  due  to  strain  hardening,  the  uniform  stress  In 
the  plate  is  assumed  to  'ncrease  as  the  deflection  increases  with  pressure. 

(31  Permanent  strains,  as  measured  along  the  centre  lira*,  were  greater  n6Ar 

♦does  then  at  the  centra.  This  result  is  attributed  mainly  to  the  lnfiu*m.c  of 
S'  rein  hardening. 

Introductory  Mote. 


fne  lest  described  In  this  report  was  of  ah  exploratory  nature  carried  out  with  restricted 
fecililieu  and  both  the  accuracy  ant*  scope  of  the  measurements  were  necessarily  limited. 


Sines  It  has  not  yet  been  possible  to  carry  out  a more  comprehensive  trial  It  is  thought 
that  the  results  obtained  in  this  prel imiftary  test  are  of  sufficient  Interest  to  warrant  the  present 
report. 


drrqiifaiMfits  /or  trust . 

Tra  tot  Hcdel  used  fer  the  test  mss  of  welded  construction  built  by  w.e,o.  Portsmouth 
immediately  pror  to  the  test  and  since  ustd  for  explosion  trials  in  conjunction  with  *ne  older 
models  of  Similar  design  Out  of  riveted  construction. 

Ine  Model  Is  este-itially  a eectanjulsr  ou«  ufbr  »t  one  face  aroyn"  which  an  external  angle 
SKtion  form*  a flange  to  rticn  iho  milo  sttui  target  plate  (5  »r*5. /square  fcet  nominal  rcunoogc) 
was  fisuntd  by  bolts  passing  through  a flat  clamping  plate  of  the  jiw  sld'.h  (6  Inches)  as  the 
flange.  Views  of  the  model,  t*J.c.'  after  the  test,  ar«  shown  in  Plates  t to  *. 

The  modal  m*  r.n  its  oac.  •.I1,  .argot  plate  horizontal  and  is  shown  \r.  Plate  1 without 

clamping  frame  but  with  the  arrangement  devised  by  M.C.O.  Portsmouth  r«r  measuring  deflections 
during  thu  trial.  Thla  arrangement  consists  of  nine  -noden  rods,  o"  aiuc.ru  asutioh  with  pointed 
tower  end.  constrained  to  move  vortical 1/  by  guidi-;  holes  in  the  channel  frames  tear.  m Plate  u 
These  rods  wers  marked  off  on  one  fere  w.th  seal  os  to  4j*h  inch,  readings  cf  which  wero  tens*  where 
tney  were  crossed,  for  each  group  of  thraf  rco*.  by  a thin  thread  stretched  vjrlyontally  between 
the  vertical  angle  sections  supporting  th-s  overhead  channels.  This*  threads  (net  shown  ’n  Plate  1} 
wero  not  Quite  touching  thu  rods  to  ensure  their  not  ^vlng  with  the  nyds  and  th»  scales  were  read 
during  the  test  by  the  us»  of  binoculars  at  e short  distance  from  the  Model.  Thi.  i*»»©r  arrangmv.ni 

was  adopted  as  a safety  precaution  since  it  tas  not  known  prior  to  the  teat  at  whet  prasamu  or  i;, 
what  manner  tne  plate  would  fall,  nn  difficulty  was  experienced  ir,  reading  the  scales 
»o  the  nearest  marking,  *.e.  to  jjjth  loch,  oy  this  method. 


The 


1 


5 

A 

* 

i 

* 

i 

t 

* 

4 

i 


l 


3 

l 


V 


1 


pfjn 

ulc 


The  Mode*  filled  with  mater  and  ct>v*c»#3  to  a hydraulic  swp-.i/,  tr.§  f.ro;:,«rc  sc  applltd 
being  maasured  by  * gauge  connecter  to  th*  Model  at  the  hats  marked  J(  In  Hate  i.  This  gr.*ge 
food  wo  to  2*p  lbs. /square  Inc?  In  9 m. /square  lr<h  Intervals  rm5U  or.  additions)  gauge,  r«aidlr,g 
to  £50  Sta»/»q*or«:  invh  i:i  InUr^fit*  u?  i 2 Ics^SQuaro  Inch,  *«»  connected  t.;  the  Inf^cs  pips  ct 
4 distant*  ct  about  \0  feet  from  In*  Model.  There  Met  no  slgnlt leant  difference  between  the 
readings  given  by  the  two  gauges. 

th  addition  to  readings  taken  daring  the  trial  by  the  preceding  nwthod,  nweeurawmntd  of 
panaanant  deflection  after  tJv  trial  were  taken  ct  the  points  no  the  ptet*  Intslcwtuo  (n  Figure  i 
and  Table  t. 

Meatwredmnts  of  final  poil-ln  at  the  edjes  ware  «i»o  taken  as  Indicated  In  figure  > and 
Table  * anile  measurement*  cf  permanent  attain  were  made  along  the  centra  lines  wj,  Lli  (Figure  1} 
by  taking  strain  rybbiny*,  before  and  after  trial*  of  centre  Bunch  werks  • paced  at  approximately 
l Inch  intervals. 

flaacrifttin* 

t Nit  intended  prior  to  the  trial  that  the  pressure  should  bn  Increased  In  stay**,  at  the 
end  of  t-ach  Itage  ti*  pressure  bo  lag  held  constant  while  the  deflection  at*  lei  mere  read.  This 
procedure  mil  adopted  for  the  preseures  shown  in  Table  l up  to  art  inducing  ito  tbx./tquarw  inch 
but  at  this  Utter  prciturx  a alight  leas  developed  at  the  edge  fixings  and  It  became  difficult  to 
maintain  the  pressure  at  a Heady  value,  *-  Immediate  decision  mss  accordingly  end*  to  continue 
tha  trial  by  increasing  the  pressure  slowly  and  to  concentrate  on  remding  the  central  deflection 
scale  only*  in  thlt  way  the  contra)  deflect  ions  shown  in  Table  1 for  ereature  above  iK  lbs ,/ 
square  Inch  wufe  recorded.  it  should  be  noted  that  in  inis  second  stage  the  central  deflect  ion 
increased  by  lies  trwin  S inches  In  s rtatie’  of  minutes  so  that  any  Inertle  resistance  offaJtfl  by 
the  plain  mas  completely  negligible  compared  with  ine  applied  pressure. 

at  • pressure  of  27*  lbs. /square  inch  the  trial  teased  abruptly  by  shear!*  of  a closing 
bolt  In  tha  middle  of  a long  side  and  with  malar  issuing  rapidly  at  this  point  U«  pfetaurt  dropped 
suddenly  to  ter©. 

!>%  stu  set  on  0/  fosutti. 

li  3h*c^of  deflected  pi  sty. 

To  avoid  shearing  of  the  plat*  round  l he  edges  tno  »r*.r  edgo  of  tha  Clanging  frr.r-r  rss 
rounded  off  to  about  ^ inch  radius  a*  ahnwn  In  Mg«re  i*  ana  tno  unsupported  target  plate  area  was 
thus  given  by  the  dotted  lines  in  figure  t tt  the  cs*v*nc««nt  of  the  trial  but  decreased  slightly 
during  the  trial.  To  the  order  of  iccurscy  of  the-  meoluremcmt  the  unsupported  area  of  plate  can 
be  taken  at  * feet  by  % feet  while  the  points  l to  *•  at  which  deflect  ions  wr*  measured  during  the 
trial*  are  the  quarter-points  of  this  *“•*. 

f*e  deflections  ««««n  c„r  i .tg  ti*e  trial  are  tabulated  in  TabV  l while  the  permanent 
deflections  after  the  'rial  a re  p1-''*  «-  The  deflections  quoted  :n  Tscie  t for  sor© 

pressure  Correspond  to  initial  asymmetric  slackness  In  the  plate.  Con*r':iwn  of  deflect  Ions, 

In  both  Tastes  s and  2.  for  polr.ta.  r-g.  2 and  8,  rwi1  «*i u sytiR*t  Holly  si  mated  with  respect  to 
the  centre  bf  the  put©  anom  t*it  the  deflection  of  the  plaU  under  th*  uniform  pressure  and  after 
lie  «-.1«nte  «»  fvaaonably  sye**tr‘e;i. 

in  r;gort  s.  frefe^ser  G.  'rty1o-  d- “*:_v  in©  Theory  of  a plate  strained  plastically 
by  uniform  lateral  pressure  and  obtained  t solution  for  a rectangular  plate  or  the  assist  U.-  t;«at 
the  pi m«  befoed  u a membrane  exerting  jaifonm  stress  in  all  *?  rations  in  Its  plane,  bit* 
this  assi^ption  the  shapr  cf  tt*s  CefK-c»*o  plate  is  the  imc  t*  ;;v*t  well-known  *or  a poap  film; 
contours  of  wwica  shape  are  ~-s-r.  by  the  dattrd  curves  In  Fin<*r»  2 i a sMc.-.  Vii  ;ur.rs 
the  uuhiwrs  of  me  tfcfltcidO  piatc  *r*-r  tri*;  a>  plotted  from  tne  «ata  In  Table  2.  ..1  In* 

compari»on  the  contour  have  «u«r«  dr*%r.  for  equal  esntra'  deflection  and  it  is  seen  that  the 
tueoreMcat  nnd  observeo  contours  are  :n  reasonnde  agreorwunt.  *s  a further  chect  the  thtoretlcai 
1 .pit «**  uf  t.  * " r *'CT-  r»ole  3 the  rnrr^«ot i.ding  r-stio****  ?%ot  - rtar 
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trial  snd  from  1.9}  to  2.0*  for  6r»3Sur«*  0?  *0  - 120  lbs. /square  Inch  during  trial.  Both 
figure  3 ltd  Taoi©  3 thus  Shuv  that  the  shap*  of  the  deflected  pUte  It  in  reasonable  agreement 
with  thi  thtufy  or  foport  a. 


2,  loati-fleflectlpi  curve. 

The  relation  bolw:«;n  spplU'd  pressure  and  centra*  deftiiCt  Ion  la  plotted  In  Ft  Jure  * whoro 
tho  experimental  points  from  Table  1 fihc«n  connected  by  a faired  curve. 


If  the  plate  bchnv.>d  ns  i ncirbranp  rm:rtin<]  a constant  stress  tnn  leao-oonec*  ion  rurve 
wOMld  be  a straight  Hoe  through  xiw  or  In  In  given,  from  equation  3*  of  report  a with  Onryv'* 
r.jtat  Ln,  by 


ic 


0.1?«  H* 

-s/*- 


(0 


■Mrc 


ic  ■ central  deflection 
p • applied  pressure 
a " hoi f long  span  (36  Inches) 
h - plate  thickness  (O.lll*  inches) 
So  e yivld  stress 


Coepariny  this  aquatics  with  the  curve  of  Figure  4 it  should  first  oa  noted  Chet  in  the 
initial  Stages  the  theory  would  not  be  expt<tod  to  apply  in  view  of  the  clastic  nature  of  smalt 
deflections  and  of  the  initial  slackness  of  the  plete.  Considering  pressures  above  W lbs,/ 
aeiMre  Inch  XU  w*ceri«entsl  curve,  anile  it  cenr^t  be  approximated  closely  by  e straight  line 
through  ths  origin  ov^r  the  who!*?  of  its  tength,  is  n*v~rt*#i£;j  not  in  otsagreemant  with 
thpornticel  wxpectstlc*  If  allo^nce  is  .«>  »or  strain  hardening.  Thus  if  we  assume  the  stress 
In  the  i-'lete  to  be  Constant  over  the  surface  but,  due  to  strain  hardening,  to  incree&n  with 
increasing  deflection  t%in  equation  (1)  will  still  ho»n  it  any  MrticuW  fleet  ion.  The  stress 
t will  now  be,  howvver*  an  increasing  function  c*  2c,  end  thus  the  1 03  d-d*  Meet  I on  curve  will 
become  concave  to  the  pressure  a* Is.  Conversely  from  f ,gurv  we  can  estimate  the  variation  pr 
• which  muild  be  necessary  to  give  agreement  between  cation  (l)  enC  the  experimental  Beta. 

In  this  way  we  find  that  for  piwssure*  f.-gm  60  lbs. /square  Inch  to  273  lbs. /square  inch  the 
calculated  value  of  sQ  varies  from  it  to»i*/squire  Incn  to  23.9  tons/square  inch. 


Aa  the  twai  was  * pre» imi ry.ry  vw  intended  originally  to  explore  the  possibilities  qF 
Static  tea* & rather  then  to  obtain  definite  dots,  the  plate  used  wen  taken  art. ».—  **.  * 

-v.k>ard  stocks;  when  It  realised  that  the  data  cbtalnad  was  of  sufficient  Interest  to  warrant 
analysis  no  *narn  aince  of  plate  was  available  to  carry  out  a tensile  teat,  ft  can,  however,  be 
said  that  thp  preceding  values,  deduced  from  figure  *,  of  s0  Increasing  from  l*  tons/ square  inch 
to  23.5  tons/square  inch  seem  reason$ble  In  vim  of  the  ultimate  strength  of  H - 30 
inch  required  by  specification  for  the  stock  of  platps  from  iduch  the  particular  plate  used  In 
the  trial  mb  taken. 


if  ms  assume  as  indteatod  by  Table  3 that  the  Collected  plate  Is  appre :«mt<ely  constant 
In  shape  corresponding  to  n mean  value  Zc  * l.M  thnn  the  volume  of  the  deformed  plate  is  directly 
proportions)  to  the  maxim*”  deflection  and  from  figure  a thv  total  work  done  by  the  applied 
pressure  can  then  be  calculated  to  give  e value  of  185, ooo foot  lbs.  This  can  b«  r«garo*d  as 
divided  between  elastic  strain  energy,  energy  In  permanent  strain  1 no  of  unsupported  target  plate 
area  and  work  <kv»  in  Oul I— In  at  tne  rdg«.%.  From  Table  * end  Tabic  2 it  is  seen  that  the 

measured  elastic  recovery  at  tne  centre  was  ™ily  0.05  inches  so  inai  evon  allowing  ror  an 

experit  *nt«i  error  of  O.i  inches  the  work  done  in  elastic  deformation  it  wniy  l - si  of  the  total, 
an  estimate  of  the  work  done  In  pull-in  at  the  edges  is  giver  by  multiplying  A^h  by  the  total 
area  of  pull-in  as  given  in  Table  *.  As  discussed  previously  %Q  -my  be  taxen'a*  varying 
between  16  and  23-9  tene/squer*  inch  whenen  o mean  vnlim  of  21  tons/aqunut  Inch  we  f I ml 

that  tlM  work  done  in  owl  1— in  at  the  edges  is  25, ooo  foot  i&s.  which  is  abvut  25f  9t  the  total 
work  don*.  k*  are  thue  left  with  rbout  160.000  foot  lbs,  <yf  work  done  In  stretching  the 
original  unsupoorted  target  plate  area  of  2*  square  feet  again  using  sQ  * 21  tens/square  inch  on 

the  mcnbranD  asatMption  '!hta  wors  den*  Corresponds  to  an  Increase  of  JTC  .square  Inches  !n  the 

original  area.  This  tailsated  average  area  extension  or  io.7»  corresponds  to  en  average  lineal 
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strain  of  about  5*  which  Is  not  inconalftent  with  the  measured  strains  recorded  in  Figure*.  3 and  '> 

tor  the  cantrw  lines. 

Strain  aeaiurcftcnts. 

to  obtain  estimates  of  permeant  strein  puncn  narks  were  made  on  thr  t«u  cent ro-1 Ines  at 
approx InatQ'r  1 incn  centres  and  rU0bln;s  of  trwso  narxs  taken  before  end  aftvr  trial.  Owing  to 
the  thinness  of  the  plate  these  punch  marks  eould  oi.i*  i*a  lightly  trade  and  it  was  found  that  the 
rubbings  were  r.ot  In  general  tSlut ln-rt  wnrygh  tr-  jrt  sufficiently  cecuratr  ™MSurnmpnt$  <w»  1 inch 
internals.  the  rubbings  were  accordingly  measured  up  in  successive  over- lapping  pairs  at  three 
inch  Intervals,  l.v.  between  punch  merks  1 and  ».  I and  5,  etc,,  since  In  tnl*  way  error*  ouw  to 
Ill-definition  of  rubbles  contribute  only  one  third  tne  error  to  me  men  strain  as  ccmoarud  with 
iT-Msuraaents  ovar  1 inch  gauge  length.  The  moan  strain*  In  these  successive  overlapping  tnrc<- 
inen  intervals  «rr>  shown  plotted  as  ordinates  in  Figures  5 and  < agsinat  t:<e  mid-point*  of  too 
intervals  aft  abscissa.  tubbings  of  several  of  the  punch  marks  were  too  ill-defined  to  give  any 
reliable  measurements  and  there  are  corresponding  missing  points  in  Figures  d and  o;  it  is 
unfort jrmte  met  punch  acres  near  the  edges  comprised  mast  of  tnis  category. 

Ov*  to  inaccuracy  of  measurement  no  significance  can  be  attached  to  minor  variations  from 
point  to  point  on  Figures  5 and  6 but  on  the  other  hand  the  general  trend  showing  strain  Increasing 
towards  the  ?dg#s  is  undoubtedly  a rosult  not  arising  from  experiments!  terror.  This  result  was 
rather  unexpected  since  for  an  ideal  plastic  mater) si  yielding  at  a Constant  stress  the  analysis 
of  report  A shewed  the  converse  effect  that  for  both  a circular  and  an  elliptical  plate  the  strain 
decreases  f*om  a mrxinun  at  the  centre  to  zero  at  tr*  edges.  A qualitative  explanation  of  the 
ootsrved  result  can,  howeve*,  he  given  If  wer*  hardening  is  taken  into  account. 

Thuo  if  we  consider  an  Infinitely  long  Plata  under  uniform  lateral  pressure  each  element 
of  trm  plate  is  constrained  to  have  no  movement  parallel  to  the  edge*  and  If  wore  hardens  under 
load  the  trenevy'se  strain  will  b*  a single- valued  function  of  ti*  transverse  stress.  This  latter 
will,  however,  be  constan*  *ver  tho  span,  in  order  to  satisfy  the  aquation  of  equilibrium  in  the 
place  of  the  plate  and  thus  the  strain  will  also  >e  constant  over  the  span.  T0  account  for  the 

strain  being  actually  arcater  «t  the  edges  than  at  the  centre  it  Is  only  nt-c  cssary  to  assume  that 
due  to  the  belt-holes  It*  plate  It  rather  weaker  near  the  edge.  ),«.  the  stress-strain  curve  for 
on  element  neer  me  eoge  le  assumed  to  He  below  that  for  an  element  near  the  centre.  Since 
equilibrium  will  at  ill  demand  a transverse  stress  constant  over  tim  span,  c greater  .-.train  will 
be  produced  at  tne  edges  than  at  tna  centre*  *r>a  preceoing  expianatim  lb  regarded  as  tentative 
since  firstly,  Figurss  8 and  t do  not  rule  out  the  possibility  of  the  strain  decreasing  rapidly 
very  near  the  edges  and  secondly,  th*  theoretical  result  for  no  strain  hardening  quoted  from  report 
a refers  to  ■ Circular  or  an  elliptical  plate  and  the  correspond!^  theoretical  solution,  yet  to 
be  obtained,  for  « rectangular  plate  might  yield  a different  result. 
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Tne  causa  of  cessation  of  trial*  namely  by  sheering  of  a clamping  bolt,  was  unexpected 
since  in  explosion  triala  fallurt  at  the  fixings  takes  piece  by  tearing  of  thr  plate  aloag  the 
line  of  bolt  holes  at  the  centre  of  one  or  both  of  the  long  edges.  Wore evor  when  failure  does  rot 
ocryr  m expieeien  trial*  but  tho  deflect  ion  is  appreciable  the  bolt  hole*  are  always  considerably 
more  donga  ed  than  in  the  static  trial* 

It  is  not  thought  that  the  static  failure  was  fortuitous  due  to  a weak  bolt  since  adjacent 
Ovita  wire  appreciably  sheared  enu  ii  would  oe  improbable  that  t—  bolt*  used  for  the  static  trial 
were  weaker  than  nny  used  i*  the  many  explosion  trials.  This  apparent  relative  weakness  of  tta 
bolts  may  be  due.  however*  to  the  fact  that  In  the  static  trial  the  pressure  «es  outwards  and  the 
bolts  were  thus  subjected  not  only  to  shear  as  In  explosion  trie's  ‘•■at  also  to  tension.  If  this 
were  »i.c  congitete  explanation  it  would  be  expected  that  that  fa<’u;  would  have  o"urr*d  at  a 
awwller  deflection  in  the  ststic  trial  «*»reas  in  point  of  fact  lha  static  defloetions  both 
rroxlrojfc  and  scar.  were  to  - *01  greater  than  anv  that  have  been  obtained  in  explosion  trials 
without  rwptu.e.  It  thus  seem*  necessary  tc  p^t-.tate,  not  only  that  th?  bolts  have  a oossiMy 
lower  resistance  under  the  conditions  of  the  static  trial  but  that  me  plat*  has  a lower 
rotistanco  at  the  bolt-holws  in  the  explosion  trials.  Regarding  this  latter,  'he  suggestion 
offered  is  that  in  explosion  trials  the  plastic  wave  set  uo  in  the  clamped  edge  of  the  plat*  tyy 
the  deflecting  unsupported  central  portion  haw  difficulty  in  traversing  the  relatively  veak  line 
of  boit-holes.  Cwsldn ration  of  %uts.  v.mpagatlar.  cf  a plastic  wove  across  o line  of  weakness 
1 *•*  uuisid*  the  scope  of  the  present  paper  but  is  a prculem  it  is  hoped  to  consider  in  me  future. 
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An  *ppaxi»*te  theory  !♦  d**aioped  tor  the  behaviour  iMir  inpuUivf  loading  or  o 
rectangular  plot*  which  Is  relatively  Mtk  at  tha  adgoa,  it  bo.'nj  an»d  That  the  odg*  fixing*  «x#rt 
a naan  wsnbr«r»  tension  r per  «.•*»*  'engtr.  of  psr!p\sr>  wMch  Is  less  than  tU  «an  oeaOAne  tension 
?e  required  to  streten  tne  «*>ter|*l  In  the  unsupported  area  r.t  tna  plat*. 

for  • given  type  of  losing  the  theory  Indicates  that  then#  will  be  a critical  asgnltude  of 
load  and  a correspond!^  rfitu^i  final  Man  dafloctlon  talon  which  all  Increase  of  unsupported  area 
ta&ee  pine*  at  tha  ad  gas.  for  greater  first  soon  flections  cor re* ponding  tc  aor*  man  leading 
the.  Increase  In  area  will  Of  due  doth  to  adga  pull-ln  and  plat#  stretching,  tha  fractional 
contribution  of  tha  lattar  Increasing  steadily  with  increasing  final  Man  oaf  l act  I on  corresponding 
to  increasing  aagnltwde  of  1 mo* 

aperiaental  data  on  adga  pul  Mn  of  the  tsrget  pl*tv*  In  lot  nodal  trials  arw  In  genera) 
qualitative  sgrasaant  with  tha  theory  and  quantitative  comp* risen  laada  to  on  ewtlMU  that 
(T^  - T|)^T0  I*  df  order  3s  or  lias  for  all  shots. 

It  la  concludad  that  astlmtas  of  energy  absorbed  Oy  tha  target  plat*  which  have  been  given 
in  prevlcus  reports  or  tha  assinptlon  tnat  theft  Is  no  adga  waahness  on*  am d by  id  or  ItM  due 
to  naglact  of  thl»  particular  phenovnon. 


Objtct  of  analyt i a. 


!•>  pnBvlou#  analytes  of  tha  roaults  of  do*  *>de»  trials,  II  <ms  fbvrrf  that  fer  coss 

•note  tna  estimated  energy  absorbed  In  plastic  d*fomctlcn  of  tha  target  Plata  ear  conaldarably 
largar  then  tha  energy  coMunicatSd  by  tha  shoch»*ava  as  astlaatao  r-n  different  tnaorlas  of  toadlf^. 

Several  possible  soureaa  for  this  dlf  feranca  wans  auggatted  and  tha  present  report  la 
consumes  with  one  of  tnosa,  nweoly,  that  the  entrg;  darted,  as  calculated  on  tha  aisuytAon  that 
tha  piste  was  raised  to  Its  ylald  stress  everywhere,  algnt  M oericutly  ewjih-est  lasted  ir  pull-ln 
,IT  tr»a  saga  fixings  could  occur  at  a asan  strews  men  lower  than  the  ylald  stress  far  tha  plate. 

in  order  to  tranlne  this  possibility,  Musurtwent*  of  tha  pull-ln  at  tto  edge*  of  tea 
target  pletp  ware  nl*  aa  a fwilns  ufc<edur*  «n  ail  fees  Modal  trials  Irm  Shot  ns  onwards-  At 
the  *m*  tlaa  an  approver  thmratical  endyais  naa  irtdertahen  fo-  application  to  tree#  amourmnU 
with  a vlas  to  ewtlaatlna  the  rwalatenca  to  pul  Kin  rslst  lv«  to  resistance  to  pis;;  stretching,, 

The  present  report  gives  lha  faults  of  this  application. 


Quit  in*  o j theory. 

The  detailed  theory  is  qIvia  in  th«  Appendix  and  w*  ena>1  therefore  gW«  o».V  the  -.In 
assMpt'on*  and  results. 

(l)  MjrtlMl  assumptions. 


I ( 1 

I 


lha  plat*  Is  essmed  to  hthevs  aecorilng  to  tn.-  n * fan  I Her  *coe,)-Otf*b1a*  approx  last  ion  (x) 
(■•••  fry  Jncrwsn  Ir.  ares  occur-*  *wder  a constant  ^wrw<  tension 


««era  «d  Is  the  ylald  stress  and  n Is  tha  original  imcmwvs  osaut~;  unlfera  over  if*  p)#w. 


•>  anatojy  ulth  tM  pi  tv*  aatuaptlon,  at  niuw  that  tnt  M|i  fixing*  mart  t Man  tanalon 
Tj  par  unit  length  of  edge  uhan  pull-in  It  occurring,  ant  u*  UliM 


coiTMpentlng  t«  th*  tag*  flvlno*  being  relatively  **s**r  than  th*  plat*. 

n naglaet  any  alaatlc  *f fact*,  all  enargy  obaorptlen  In  plat*  cr  at  *3]**  tM*  being 
•wucM  Irruvaralbt*. 

Thp  putt  I*  attuned  to  M Initially  plan*  and  at  rent. 

Th*  lapulelv*  praaaur*  It  saaimd  to  bo  of  th*  f»m 
P ■ * («)  fj,  («.*) 

ah *r*  x,y  *r*  rectangular  co-ordinate*  In  th*  plan*  of  tM  plat*  ant  t 1*  tint,  and  tM  tolution  la 
obtained  for  tM  two  (paclfld  saw*  of  f|tit 

(a)  load  caaaMleatod  ln*tantanaou*ly  a*  an  Initial  »*!coi".y. 

(*)  toad  suddenly  applied  and  than  mintalnad  cooatant.  l.a.,  P(t)  m h(t)  whar*  n(t) 

I*  uoavlelde"*  unit  function. 

( S)  Method  of  analyala. 

being  tM  practdlng  acamptlon*  an  approulmt*  theory  la  eavalopad  In  tha  atpantlx,  ualng 
tM  oat  hod  of  an  oarllar  report,  tM  doftucttan  « and  tM  JUplarMnt*.  u,  « In  tM  plan*  of  tM 
plat*  bain*  -atuaad  to  as  of  content  distribution  In  *p*ta*  « glum  Dy  uquutlon*  (l!  to  (1)  In  tnu 
appandlx. 


I ha  deflection  u and  dlaplacacsnta  u,  * an  aeataad  sufficiently  anal  I to  n*gl*ot  term 
M(Mr  than  neon*  order  In  ■ or  flrat  order  In  u and  v. 

an  u further  alnpl  If  Icatlon.  tM  aoiutiona  ara  cart  I ad  through  on  tM  BgMS^IbS  the* 

(T„  - f,)/t#  la  snail,  thla  Mini  Juatlflao  latar  By  application  of  tin  theory  w tM  «w*riaa.itsl 
resulted 

(!)  naiura  of  notion  nd  aaln  result;  of  thacry. 

for  tM  particular  toad*  aaawaad,  It  I*  anom  In  tM  appandln  that  tM  notion  will  conalat  sf 
tuccatalva  at— y-c  of  ont  or  othar  of  tM  follonlng  typaui- 

typ*  U Plata  atraic.Mng  and  pultlng-in  at  edgat. 

typa  III  flat*  Inaxtanaloral  but  putling-ln  at  ad pa*. 

Tn*  intonating  gualitatlu*  ratvlt  la  that  ootalnad  that  for  altMr  typa  of  load  tM  action 
• 111  cere  I at  entirely  of  Type  II  If  tM  load  I*  of  aufflclantly  Mil  nagnltudt  corratjBndlng  to 
aufflelantly  mall  final  a*an  deflactls.-.*  tj,.  Th!*  result  la  axhibltad  In  flgura  t,  mere  It  It 
saan  that  btlov  a ctrtaln  critical  final  aa an  daflactlon  't1  sr  v;  (-  i»e*  a^)  o# pending  on  typa  of 
lean,  all  th*  Incruaa*  of  e,**a  S,  eccura  at  th*  edges  laplylga  that  all  tM  antrgy  la  oBtarhad  tiara. 
AW-'S  th*  critical  valua  w,  or  a progrtaalvtly  ana  liar  Tract: un  0t  \ occur*  at  tM  toga*  «no 
conaaguantly  nor*  aid  nor*  unargy  I;  abaorbad  In  plat*  stretching* 

it  any  be  noted  that  tM  >m  curvaa  In  Flgura  i for  tM  tap  different  typa*  of  loaa  era  for 
practical  purpose*  of  tM  aana  map*  over  ikg  rang*  glottao.ilr.ee.  >r  «.r  curvo  (s)  rare  plotted  with 
abac  I tea  uj  *2,  It  Meant*  virtually  col  aidant  alth  curve  fc).  ml*  la  a aeaaehsf  rtaartabla  fact, 
alne*  the  aguatlon*  for  tM  tap  curvaa  ar*  not  mthsaetlcally  Identical  ai~  .to  obvSsirt  physical  rmaon 
can  be  -egguctad  for  auch  var-colneldtnco,  upatvar,  thla  raault  dote  augpaat  that  u»  gueiitativr 
Jhapa  of  tM  curve  '«  not  vary  dependant  on  th*  particular  fora  of  teaeii^  lagtasd  '»  tf-  — 


- i • 


In  addition  to  flgufl  J, 
auPtfidK,  neatly  r 


II*  other  aaln  ratui:  of  tna  theory  It  aquation  (Id*)  of  tht 


*t*  * *»* 

i a.  • - i X 

tab  M MO 


(to*) 


Mer*  frtn  aqeetion*  (Ol)  and  (tit)  ■*  mould  taka  I ■ S aa  a raaaonablt  probable  vain*  and 
l • «e  u : probable  ovaraatlnatlon  of  a. 


SxitrimtntiL  data. 

fn*  lea  nodal,  dpec'lhtd  In  an  aarllar  report,  cor* late  aaaantlallp  of  a rucf-engutpr  ataal 
don  open  at  ont  ilda  which  la  eovorad  dvrlnj  tn*  trial  op  a target  plat*  Mid  I*  poll t Ion  bataaan 
th*  box  and  a flat  fran  Pgr  too  rcn*  of  y*  I. J.  Polta  paatlnp  through  the  rraat  and  through 
an  angle  bar  fnattnad  round  th*  adga  of  tea  Poa  (flgura  1).  The  mat  dlamtlona  *f  th* 
targat  plat*  nra  7 f**t  Pgr  $ feet,  ahllt  thou  of  thp  large  plat*  aa  **r*  a faat  Pp  * fptt. 

In  tap  ahot*  (M  and  jot)  tha  targa  plat*  fran*  whs  rapt  cad  pp  a tail  fraae  of  1 r**t  Dp  3 foot 
external  d leant Iona, 

Out  to  alnpr  rtpalra  afttr  daaaglng  theta,  th*  unaupportad  art*  of  target  Plata  aaa  not 
aaactly  constant,  Put  for  tha  pruant  purpoia  It  la  aufflclant  tp  nett  that  It*  art*  at* 

M « ah  • too  aqua™  incna*  correct  to  91  for  all  ahott. 

Shat*  Involving  rupture  at  tin  adga  fixing*  art  not  autnapl*  to  aialptl*.  and  all  ahott 
Ceraldtraa  ere  tint  non-rupture  ahott.  In  all  cat**  is*  target  plat*  ma  aim  ataal  and  m» 
tuanandad  vertically  alth  charge  ana  centra  of  target  plate  at  a depth  of  7 faat.  Oatalia  of 
chsrgc  conditions  sad  plate  thlonestt*  do  not  enter  into  tha  preaant  emlpalt  hut  nr«  includaJ  In 
TaPI*  i for  taka  of  coaglatanaae. 

In  ordaf  to  aaaaur*  the  lijo  tut S In,  a line  ml  scribe*  on  lh>  target  pitta  at  tha  Inside 
adga  of  tha  claaplng  freae  before  tna  a not  and  the  dianlecaaanta  of  thia  lint  relative  to  the  fran* 
aaeeured  after  tha  anot.  tha  final  valuta  for  total  area  of  pull-in  are  given  In  taoia  j and. 
aictpt  for  dhoti  1M  and  10*.  it  la  ctnaiuered  that  they  ar*  correct  to  ar.  axparlwntal  error  of 
Opput  9t  or  lata. 

for  ahott  stf  JM,  tha  vary  rigid  large  Plata  fran*  aaa  raplncad  Pp  a aval  I tree*  for 
a raeyen  not  concerned  elth  tha  pratant  analyait,  and,  «»  ■ reault,  the  franr  end  box  aufrered 
(light  dlatortloe,  the  total  pull-in  of  ths  target  Plate  being  apprecloolp  greater  than  that 
•aeaurad  raiatlve  to  tM  fraae,  unrortunatelp,  the  tubaldlarv  role  of  the  pull-ln  Muunianti 
l*d  t*  this  bistort  Ion  of  tM  fraae  raaainlng  unnoticed  until  after  the  see  one  «hot  ao  that  It  It 
net  poaalPl*  to  glut  an/  accurate  correction  for  fraae  distortion  for  each  ahot  aeparattlp. 

Maaaver,  tha  fire!  total  puil~!»  of  tne  fran*  for  th*  tsu  shots  «at  approxlaatal » equal  to 
th*  coablntd  oull-ln  relative  tn  tn*  f~se  is  »sj  ;«  .hots  ana  tM  values  of  tn*  letter  wera 
accordingly  aarltlpllad  py  a factor  of  lee  to  give  tsc  corrected  values  of  S'm  show  In  Tadls 
These  corrected  values  for  Shots  ZZA  and  20S  nap  oo  up  to  shout  , S»  In  error, 

CtnapoH  ;on  of  theory  end  txttrimtn  t. 

i 11  prsaenritlon  of  date  for  enalyala. 

In  order  to  analyse  tM  axoarlaatrlel  datr  hr  neons  or  tne  tneorp,  it  It  n*c*iiu.->  first  to 
sat  I Met*  tM  tete  Ineraeee  of  an:»  5B  due  to  both  Brll-ln  --i  plat*  stretching.  This  can  by 
calculated  frois; 


5 . i S X 2 

a 1 l a 

Where  u^  Id  tl>*  final  aean  deflection  and  Is  given  9/  equation  (»)  of  th*  Append.-  If  f • (x,yj 

Is  the  final  that*.  The  wean  deflection  !e  colCulsted  frat  the  observed  deflections  by  . c >jn - t u ns 

forvula  es  dsecrioed  fn  a previous  fswurt  end  Is  fxbjirt-f  v,rn»  j,  i,  pnrajrsgu  a, is  ,.,e 
Apyvrrdln  it  i*  sheen,  mat  for  enedth  shapes  trie  vnitifc  of  racist  but  little  with  exact  arxtp* 
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of  MMlctlon  a«J  th*t  u a naan  «a1  -jo  It  is  reasnrabla  to  asatfni  Aj  ■ 3l*A*  *•  can  thuj 

CtlCuUU  tht  ratio  3fm/Sm  frcn  tne  formula 


ti  i!-s  v 

19  obtain  the  values  given  In  the  mat  colwsn  of  fable  1. 


Tne  cowblneO  orror  In  S'„/SB  oue  to  orftri  in  i 'm  uni  errora  In  attlnatlng  5^  ore  eonsidefM 
to  oo  ot  most  toi  e'th  tno  exceptions  cf  Shots  3)6  ana  209,  for  which  thn  error  rey  or  sa  -ouch  as  ’ft*. 


(I)  Central  comparison  of  lliecr/  and  cxcorlnanl, 

Tho  valves  Of  >'J\  in  Tools  l huso  Down  plotted  against  *K  In  Figure  J,  one  It  will  do 
toon  that  In  tplto  of  a eontlotinolt  ocittor  thort  It  a Oof  Inlto  limitation  that  i‘J>9  Incroaoti 
at  »„  decraasts  (a  tutlttloal  chock  Indicating  that  toll  it  significant)  and  varlta  In  jcncnl  In 
touch  tho  way  that  tho  theory  predicts.  Scam  if  tho  icnltor  lo  undoubtedly  Out  to  tho  noaolMo 
axparlaanul  orror  In  dlncueeod  In  tho  prevloue  sec* tor,  In  particular  the  value  3‘n-'3n 

u-  i,J»  for  Shot  221  two',  srr  from  thl i cauto  il«o  Cy  onflnltlor.  V . <h**v«r,  tho 

OKparlnontal  rooulto  cotoi  • larva  variety  rf  ohoto  with  differing  charge  conditions  ana  plate 
thlcknoeato.  eo  that  even  If  S'^S,,  coulo  oe  eccure'aly  aeaturM  a conal'mrtiOle  tcatter  Is  In  any 
cnee  conceivable  due  to  variation!  In  type  of  locOIng  and  of  !Tg  - T.]/To  Von  (hot  to  ohot, 

Thue  the  curvet  dram  In  Figure  i cnrraipond  to  the  thoerotlcal  eurvei  of  Pleura  I with 
K,  V If  MS  Sj  - s.es'  O.-  ...at  they  hfaewt  the  «psf!a.r«a?  paint*. all  scatter  spuld  bs  fcs 
purely  to  variation  In  type  of  loosing  fro*  ahot  to  ohot.  Since  the  second  pulee  duo  to  bubble 
collapao  la  of  auen  longer  effective  duration  than  tho  Initial  ahock  wava,  auch  e venation  In  tvot 
of  loading  la  quite  feasible  from  anot  to  that  depending  on  ;r.c  relative  contribution*  to  daaaga 
of  tnoeb-weva  and  t aeons  pulao. 

Oow  if  WW  put  »t  • t*  or  Hj  • use*  In  equation  '190?  with  aab  • X20  square  Inches  end 
« * 16  frwi  equation  (lyi),  we  then  find  that  (T£  - T()/Te  ■ o.oon  Thus,  If  wi  itua  ;,<e  eCattar 
In  Figure  J to  be  due  prlaarlly  to  variation  In  typo  of  loading  between  Inatentaneoue  lepulee  end 
H(t),  no  anculd  then  expect  (T0  - JiU'r0  «o  b«  about  n for  all  ehota. 

However,  we  cannot  rule  out  the  possibility  that  tht  ecatter  epy  do  equally  or  eore  dependent 
on  a variation  of  {To  - Tj)eT#  frtse  ohot  to  ohot. 

Slnco.  at  pravlautly  eiated,  the  ahaptt  of  rM  two  curvet  ?s)  end  (b)  In  Fluurw  s ere  virtually 
the  oatse,  we  con  Interpret  tite  Curves  In  figure  3 nut  only  ■-  v£  - s£  > t.oo"  cor  respond  i np  to 
different  ladl.g  and  tana  (Tg  - T,)/T?,  but  wloo  os  *t  • t*.  v(  > t.eo‘  for  pens  Irepulta  loading 
correapondlng  free  aquation  (of)  (with  * * ».  »eb  • >130  tqutre  Inches)  to  (T#  - Tt)/Tc  e o»OOe 
and  0.021.  Slallarly.  we  could  Interpret  these  curvet  In  Figure  )««,  • 1*.  •i  • um"  corresponding 
to  a(t)  loading  with  (T0  - Tj) /Tg  ■ 0,002  end  O.dOt.  Convtreely,  It  fellers  that,  prnvldwo  the  type 
of  loading  ia  such  as  to  give  a theoretical  curve  In  Figure  i lying  batsmen  curvta  (a)  and  (b),  then 

the  valuta  of  (TQ  - Tl)/Tj  for  all  eho'.a  are  deduced  to  He  In  the  range  0,092  to  0.026.  Further, 

the  upper  ettlaate  of  thi  s range  would  only  be  insrsosud  lor  other  ty^us  of  loadl.'m  If  tnreo  could 
give  t Curve  lying  to  the  loft  of  curve  (a)  In  Figure  2.  Inla  Ices  not  sens  poealble  alrca  the 
Inetantanaoua  Inpul se  It  tht  woet  suodan  loading  we  con  tcouto  end  no  ahbuld  expect,  at  Indicated  by 
the  relative  pee  I, lone  of  curvet  (a]  and  (o),  that  tho  lata  sudden  the  loading  tht  greater  the 
tendency  far  pull-in  at  opposed  to  piste  stretching,  the  eore  tho  curve  1 me  to  the  right  In 
figure  2.  tms,  our  uppur  ettlewte  of  9.02*  bated  on  pure  lapu<>t  anculd  b*  a true  upper  ettiiwtv 
for  all  typaa  of  igodins.  On  tho  other  hand,  cur  lower  Halt  of  c,0Qg  naiad  on  N(t)  loedlr^  It  to 
aogll  that  It  la  relatively  unleportem  that  avan  lower  eitleatte  could  be  obtained  by  eeeuning  typne 
of  loading  giving  curvet  lying  to  the  right  of  curvt  (o)  In  Figure  2. 

im  thue  eetluate  that,  whatever  the  type  of  loading  ect-elly  occurring,  tho  valuta  of 

(T0  - Ijl^Tp  for  alt  ahota  iia  in  a range  from  vlrfuslly  sere  to  about  0.8?.  This  lettor  !e  (used 
vf.  a pfuvxbTo  eean  value  a * 29  but  even  ir  wo  a I tune  k - *0,  ahlen  It  prcbtbly  too  Urge  (tee 
a- is),  eurettlmtis  of  (T0  - Ti)  ff  still  ronaln  snail,  M.i^  lass  than  O.M.  Tnlo  lap’ las,  of 
course,  the  relatively  snail  variation  of  las’,  then  PS  In  '^Tp  fr-v*  ts.n-t  lo  «.sfg*c.  This  l»  net 
unreesoneole  If  tht  oeln  rtalstanco  to  poiM.i  Is  tf*  rosUtane*  against  the  plate  stretching  at  tha 
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tolt-iwlas.  Tha  ratio  of  thit  lattar  to  tht  raelstanct  to  atrttchlng  in  Th*  wit  body  of  the  plat* 
mold  da  upoctM  to  bo  I ndapondant  of  tho  plot#  thlcknm  and  dapandant  only  on  tha  plata  natarlal 
and  on  tn«  gasnitricai  p«u«rn  of  tie-  oo'*s,  doth  o*  <hlcn  focton  nr*  nMlnolly  tn*  im  for  all 
Ur,ttk.  Thnra  raneina  therefor.  only  tha  contrloulion  to  T of  th*  frictional  railstaor*  afich  *111 
do  pond  on  dolt  tlphtnrn  rttiia  its  rati*  to  TQ  *ltl  prodadiy  decreets  *ith  p:aU  thlcknasa.  (fcnvar, 
thl*  frictional  realatancu,  although  verloOlo,  ic  prooaoly  onlj  a stall  raft  of  tha  raalathdca  to 
pull-in  avail  initially,  and,  :nca  th*  ptata  cjineences  to  thin  dut  to  atr**chlrg  at  th*  Pelt  heist, 
th*  f rictinnel  resist cnee  rapidly  oacoia*  nsgtlgipl*.  On  th*  nhole,  therefore,  tha  snallnn*  of 

tha  variation  of  T,/T0  fro*  tergal  to  target  li  no.  ur.-noo'**  «<•  th*  M<-r~  hmul-  wrletlona  In  th* 
mail  frictional  raaiatanc*  could  cohcttuadly  product  appraclabla  variations  in  th*  matt  difference 
(T  - t ) pnd  could  thua  da  la  part  or  wan  wlnly  reeoonalbln  for  tho  scatter  of  tha  anparlnsital 
polnta  In  Figure  ), 


Firstly,  **  can  no*  consider  ho*  neglect  of  pull-in  affacta  aatinataa  of  energy  abaorbao  by 
tha  largo;  platt, 

Thua,  If  **  ntgiact  tht  ralatlva  «eaknta*  of  tha  amrgy  fiainga  and  attune  all  Inermat  In 
ana  to  tana  olaca  aoninat  tha  as*1*  nandrana  itraal  T0,  th*  tnirgy  macro**  I* 

^ * V. 

On  tn*  otnar  hard,  tht  trua  Mt  Irrato,  taking  account  of  a ralatlva  waoknaat  at  tht  aega.  Is 


r0  <S«-5'J  * T1  »’• 


«wnc« 


is 


Si. It*  S',/*.  < 1 and  (Tj  - rj)/'0  * 0:03  « conclude  that  nag  1 act  o'  adgt  wetknees  only 
lapllai  an  *rror  of  ordar  at  or  1*M  in  in*  attlnatu)  energy  ahwroao  Oy  th>  taigtt  pitta.  In 
particular,  such  ntgiact  cannot  tharufora  ncc-unt  for  th*  much  lprgt  dlffereneet.  recorded 
pravloualy(l) (I) , oataaan  energy  noauroed  dy  target  plat*  and  tnirgy  conmnlcatad  according  to 
varlou*  thtoria*. 


Sasktiaa* 

(ll  fhd  agrtcissn'  cstween  in  pcproxi«*»e  tneoi;  are  *nc  auparlnnntal  raaulta  la  ratsonabla 

bearing  in  *lr.:  tret  ins  Urge  tactic  sf  tho  fyoarlnaiital  paint*,  ta  platt**  in  Ftgurb  j.  it 
to  0*  eipcctct  In  via*  of  piobsola  variation  In  tyo*  of  loading  and/or  Ml  1 vitiations  In 
odgt  rati  stand  froa  shot  to  snot.  Cut  to  th*  larga  variety  or  cnarg*  and  targtt  condition* 

In  th*  (xpai'laantt. 

(l)  Tha  naan  nandrana  straaa  Tj  round  in*  periphery  is  ssMmtad  to  differ  Oy  l«a*  than  31  from 
th*  noon  nanorun*  atrn*  In  tha  untupportad  arte  of  plata, 

(JS  talinaus  of  tnergy  tltorbefl  dy  th*vtars*t  plata  given  In  previous  r»pofts{')(l)  ar*  net 
likely  ;o  Da  In  urmr  dy  *'a  thin  anout  si  due  tc  ntgiact  of  tn*  pull-in  pnanonanon. 
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Rcftrwncct. 

(i)  T-^lgr*  G,  l«  "Th#  Olttortion  under  pre  Blurt  of  ft  OUphragn  which  it  elftapod 

•lom  I La  adoe  and  strait*)  Dt/ond  iM  ftUfttlC  ?!*!♦** 

U5  rax,  r.B.,  cod  Hollo,  ?Analyti*  of  eox  trials.  n*. 

W.T, 

(3)  F<>**  BhO  Craig, J.«T«  optima  distribution  of  weight  between  pitting  tnc  r.tlffer»ra 

for  rnxliuitfi  uxietancft  to  Iftipulilvt  loading  - f|i$t  tMorttlotl 

. I,a 

kumi.idia  a 


:5l»  clatvrc. 

m tint 

■ r«ct,nguiar  tt-ordlwtmln  el»n*  of  plot*. 

t . lortgtlt*  of  • !*»•  Of  o.)*uJ(Crx*d  pun  «r„. 

• «(«1  fj  («.»!  * U,ft«V‘iwi  at  pa*"'  of  P>»**> 

• U(t)  f,  <«.X» 

L ■ oiiplocfmtit  lit  p'aw  of  plot*. 

- v{t|  fj  (tt.jOj 

• thlcKnas.  of  plat,* 


*> 

«,r) 


a 


aass  oootlty  of  platen 

laenew  of  plat*  «»•<  am  to  atratchlnj. 

Increase  of  data  art*  am  to  pjll-ln. 

5«  ‘ 5l 

final  maxl"V*  vajat  of  5. 
final  msxircu*  value  of  *j, 
final  mean  defection  • imxlmur  value  of  *. 

&J.-WM lu  vaIihs  of  vm  for  nc  stretching  In  the  t*o  t^edlrvj  cetzs  Censored 

p(l)  fQ  (x,y)  " eppl led  Impulsive  jfci$ore. 

initial  naan  velocity  due  to  Instantaneous  impulse.. 

Magnitude  of  P(tj  when  load  is  suddenly  nppl  leJ  ind  maintained  constant, 

generalised  uniform  menftrane  tension  per  unit  lcn*ti  In  pl^te. 

yanaraliaro  unlfcm.  UMlcnj.rr  unit  Unjlh  rem:  esg«  &f  unsupported 
slate  area.* 

constant  value  of  T when  ?l*u.  ct.-i.tc1:  in;, 
constant  value  of  T"  wnen  u-Jgw*  »ra  pulling-in. 
areal  strain  at  cantre  of  plats, 
final  strain  at  csntr#  cf  pinto, 
a t 

value?  of  ft  and  t at  ccw.?rcem*M.  of  pl<.u  ciretcnina, 
voiuaa  of  $ and  t at  cessc'ioTi  of  plsts  stretching. 


Is  dofinad  0/  equation  (if) 


r 


> 

)'< 


I \ 
1 I 


4(>1 


J 

o 

**  'i  S 

■r*  defined 

by  MWllen  (*) 

1 

S •*  £I 

t ■ 

1 

(Vi 

: 

i*  • 

■ 

(a*) 

. 

i 

4>  (t) 

U») 

! 1 

A 

(71) 

■ « 

(U2) 

V 

• a 

(*♦) 

\ r, 

■ 

K 

■ • 

<»•) 

F1  V> 

art  • 

citations  (no) 

i 

*i  *1  *3  k* 

* * 

equation  (si?) 

r 

- 

general  vatrable  of  Integration* 

Dote  *re  used  to  denote  dl f farentlntlon  with  respect  to  tine  t,  white  the  four  subsidiary 
eyrito It  5,  y,  «,  and  5’j*  which  are  mod  only  temporarily,  nr**  defied  wure  they  occur. 

A.  a £*#>  r«  « s to  n J for  surface  increastt. 

TM  for*,  utumri  for  td.  0lip1»c«mMt«  .r*t 

w 

- 

»<t)  ft  (x.y) 

(i) 

u 

• 

u(t)  f2  lx.r) 

U) 

v 

• 

«(!'.  ’j  <**!■) 

<» 

attire  U,  v and  w are  to  be  determined,  while  specific  r0rms  ror  tj.  t ^ «iill  o«  assuFSd  later, 

he  note  for  present  use  that  f&v  f2 • f#  must  satisfy  the  follwing  ooundary  condUiofttt 

'i 

ar 

0 along  edges  x » ± e 
and  y - ±o 

!») 

fs 

• 

0 alon-j  edges  y • ± D ] 

v< 

0 along  edge  x • a i 

(») 

fJ 

* 

v along  5?dg«  x * -a  J 

s 

at 

o along  edges  x » ± a | 

$ 

0 along  edge  y - b 

(s) 

o along  edge  y * -o  ! 

The  Inequalities  in  (5)  ard  (a)  /Barely  specify  without  iou*  of  tenoral ity  the  elgn*  of  u and 
v (namely  positive)  In  the  light  of  the  physical  condition  that  int  plate  is  pulling-in  e.t  edjoc. 

AIm  ■Iti'out  leu  of  g.rsratlty  <n  un  tpttlfyi 


| % d*  Oy  - 

J-a  J-b 


0) 


•o  tne*  w is  identified  with  the  mean  deflection. 


To 


m 


- 8 - 


To  tbo  first  «r»!tr  In  u ind  v and  tc  i fit  «*uii4  order  in  -s  tnt  Incrotn*  In  srct  at  tn*  original 
unsusportM  pit;;  »■'*» 

•••I  I l;  • r,  • i { s?l'  ** 

J J -0 


C «,  (-  •./)  - f,  1 a> 


•■'f. 


V*  May  not*  thitl 


C («.-  ul  - f,  (x.o)  ! a« 


{•> 


ho! 


the  first  Being  oovlous  fro«  the  expression  for  •» 4 , white  the  latter  two  fol  tow  fre«  the  Boundary 
conditions  (5)  i.nd  (el. 

The  totet  area  of  eulMn  .*•  edgss  Is  glvsn  Oy  integration  round  the  edgas  asi 

■*  f6 

j * y fj  (t,y)  ay  * u («*,?)  4* 

J-c  J-o 


J. 

r - v f 3 (n.ci  ;x  * p 

J-4  3-a 


v r~  (*,  -b)  ox 


wholes  fro*  (*)t 


<ti) 


X, $ F.nttgy  txfirtsz ions. 

Th*  v-rlfl.sa',  »y  unsupported  nr®*  of  pinto  may  do  reflftroad  at  a closes  system  subjsctso  to  a 
lateral  loao  and  a tonsil ■?  forcu  round  its  0^903* 

Thv  total  hlnotlc  energy  of  the  system  Is  tnon,  using  (1),  (2)  and  {}), 


j P*>  j f (»*  e ui  * v'il  dx  «y  • ■jpfi  aj)*t  CjV-, 

i-a  J_o 


(U) 
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o 


o 


U. 

I 

a J-0 


V a* 


't  "t 


V o*  «y 


(Ui 


using  tha  concept  gf  a ^ncrol  Ised  mean  strt$s(3)  to  c© *er  cm*  cast  when  the  plat©  Is  not 
Stretching,  then  tht  potuntial  energy  ©V  ?t*t*  at/ptenlng  1*.  given  p,  j&%  gi  (cj  as» 


1*0 


In  which  T moy  0#  rejsrJj.i  as  .i  function  of  timo  and  Is  Qju'.l  to  at  any  tint  when  the  pint*  is 

stretching 


rs0 

• rU 

T 0 S0  > 

MjdH-  t »1  0 u - 

0 j 

0 Jo 

Similarly,  the  potential  energy  of  pull-in  Is  by  use  of  (it): 

f\  fU  fV 

j T’  0 Sj  » T*  fi,  a u ♦ I fCjflv 

Jo  Jo  Jo 


dU 


where  T*  may  be  regarded  *s  a function  of  time  and  Is  eq jal  to  at  any  time  when  pull-in  It  ccrurrln; 
fuller  consiaeraMon  of  T and  V is  given  later  (paragraph  A. 5) , 
finally,  If  the  applied  Impulsive  pressure  Is  of  the  iwm: 

P(t,  *»  y)  = r(t)  # (».  y) 


then  the  potential  anorgy  of  this  pressure  can  be  written  as: 
r» 


r 

* o 


r r * 

'-0  - 0 

C I* 

*0  • ! fjx,  r)  ft(x,  y)  ox  s> 

J-»  -Li 

Hence,  we  nave,  finally  frem  (4J)/  (l»)^  (x>)  efti  { l?)  that: 

Total  «.t.  - jPh  [ K:  *!  * l,  ul  * c,  V1] 

r fu ' 

Total  P.E.  • A.  TWO*  -8.  I (T-T')O 

* J 

Jo  Jo 

rv  f 

- e,  j [T-  T-)  0 »-  4o  P(t)  o 


(Ml 


(17) 


<l«) 


(JO) 


!' 


ggHottowt  0/  notion. 

«•  mm  mil;  tijrtnflt’i  i-  in  •»pm«ilon»  (It)  ar«  (10)  to  obMlni 

pn  ».V  ♦ »,!»  ■ »0  ■(«!  C 

/»  (,«  • (t  - T')  ;t  ( 

pn  c,  v • (i  - r)  ct  ( 

In*  Initial  condition  or  r«o<  ji'csi 


' fritfl*  (22J  • U>#‘  i**'  u follows  Inwod lately  that. 


8,  Cf 

J u ■ Jt  i 


•im  w,  . S«  j.tw  wf  {*;)  o -ind  V ,an  a.-tn  be  espreiSM  in  tem»  c*t  by  the  rtlationsi 


c.  s. 

V ■ t_J 


fra*  (22),  (23)  and  (22)  It  then  fcllcws  that  th*  equation  of  wot  Ion  fur  U 


/*■  \ • »,  (T  T’) 


with  »nlU»1  ecrriHIcM* 


f ! i 


If  we  denote  3 as  the  total  increase  of  area  of  dished  plate  due  doth  to  stretching  and  to 
pul1~ln,  then  from  (a)  and  (u)» 


4 * l*!-'  ■ S0  * 31 

(»•);  (ff)  and  (n)  we  note  Kr  future  u«»  that* 


* ■ r(<)  t fm  ».  i*  ♦ »,(T'  - T)  - tx.  T »* 

*1  1 * H 


we  now  ha«(e  the  three  equation  (II),  (17)  and  (IP)  for  five  unknowns  w,  Sc,  34,  T and  T*  and  we 
therefore  require  two  more  equation*  which  will  now  be  derived  from  cent  iteration  of  the  physical  typa 
of  mot  I jn, 

A * 5 Physical  sundiiiuiir.  restricting  tifie  o/_*dtio  ?!  - 

we  shell  restrict  our*elv*i  tc  ti.«  case  where  tat  epf»ilec.  load  It  s.twaye  of  ona  sign  and  we 
can  then  without  lots  or  genei*allty  as  aim  thatt 

A,  ?(0  ^ 0 {>») 


j ; 


i * 

I 


since 
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r 

\ ’ 


i * 

i i 


» i 

t 


( •' 


i o 


vinca  in  I a merety  states  tfwu  we  are  munsui  i nj  w In  the  elrsctlon  o»  applied  Iced. 

Wu  aho  (»ar  In  mind  that  tno  constant!  *t  C^,  *?  Ij  C,,  u defined  earlier  ty  squat  lorn. 
(*).  (i3)  m*  U*)  3P*  •'*  pcsltlvt, 

<n  onjvr  to  consider  which  types  ft  Action  art  possible,  «•  tint  collect  together  ijw 
conaangtncaa  of  cur  physical  aeinv*.  I ora. 

firstly,  the  assumption  that  tne  plate  ctraichal  under  constant  tension  TQ  Implies  t.nti 

■ca  $ 


T - T(  UOt,  i,  > 0 | 

T < <Mn  *c  J 0 J 

and  Similarly  for  the  wdg*  rmll-ln  wo  n*w*j 

T4  ■ T.  whan  S4  > 0 1 

. 1 

T»  < T,  wnan  5 < 0 J 


{}*) 


i33) 


Secondly,  our  assumption  tnaf  tha  edge  fixing  is  relatively  the  weaker  ias»1ics  thati 

T„  > Tj  > 0 <M) 

and  thanfa  ns  a cnrollsry  from  (32),  (33),  (3S)  and  (27)  we  haves 

Sj  > 0 whan  50  > 0 (38) 

Finally,  wa  shall  nawd  to  show  that  thorc  Is  no  tendency  of  t*e  plat#  or  edpti  to  buck’t  .r  -"nwrM« 
alnct  this  I-  not  uhystc«|ly  wOvtous.  For  inis  purpose  *«  *,.n  •••*;*  ©ur  general  equut!r*S  (2l)  and 
(27)  to  hold  provlowo  r and  f «ra  comprtsslvt  and  not  tensile.  I, a.,  wa  iwist  nevat 


J*  4 0 whan  3, 


M) 


sine*  otherwise  wa  should  Pa  extracting  energy  from  tha  plate  or  ed^e  fixings  which  la  contrary  to  car 
aaawtlon  that  frw.  dishing  is  plastic  with  irreVora'Mw  absorption  of  tr^irgy. 

J ,6  Continuity  conditions' 

On  physical  grounds  the  ditplacenanu  u,  V,  w end  the-erora  $,  SQ.  :xmtu\  be  continuous;  wa 
aust  also  assume  that  T and  T*  n.e  *lnlte  and  than  from  (27)  it  follows  tnov  3,  Is  always  finite  ana 
ina*arors  that  Sj  is  continuous.  Also,  I*  W 0.  than  from  (30)  end  (3l)  SQ  will  beflnlw  or  positively 
Infinite,  tha  tatter  corresponding  to  the  concept  of  an  insloetanmouc  Impulse;  thus  8 will  M either 
continuous  or  will  increase  dlscpntinuously  provided  w > o, 

Tha  continuity  condltiona  are  thus: 

W,  3q*  &,»  \ continuous. 

W,  continuous  vr  increasing  discor.t Jhuoutly. 

It  follow1  < ’tat  If  at  the  end  of  nr\y  particular  typa  of  nulion  we  l»v#i 
W * 0 

[ 

in; 


1 ,h*?®  ’*•  -111  #«  by  tr>»  inKUl  eonaitlsn*  •or  th*  suecwdln,  typ*  of  wiflon. 

1.7 


,.} 


(37) 


A 
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4.7  Possible  types  of  motion. 

m ncr  Introduce#,  « function  of  Urn*  defined  byt 

A k 

4 (t)  « J>— 2 M f>(t)  ♦ ph^tT  (3*) 

uhtnca  sqimtlcn  vJl)  InOllOS  that: 


<t  *s  o 

it  ar.y  tins  when  *>Ct^  thefffor*  in.  peril eul a>- wfM  thS  relations  (>n)  *ra  cntlsried. 


using  this  function,  it  then  follows  from  (30)  uti  (F)  that 


s4  • <t>  ' 

» fr-  - t)  - -1—  T «* 
J ‘2 

(•1) 

p»  s„  ♦ r*  «! 

*la  J 

• 4 - -A-  T 

(*«! 

*2 

to  can  no*  prova  the  following  Learns*.. 


Lam  A.  tfWjtO,  Sft  > 0,  S1  > o initial1/,  then  3P  > a.  3t  > 0 In  the  enauInQ  stays  of  mat  ion. 

Fcr  5 > 0 by  the  previous  continuity  eons i aeration*  and  therefore  5j  > 0 by  (35).  Thenee 
aincu  Sj  > C Initially,  Sj  > 0 lc  ensuing  notion. 


learn  0.  If  w ^ 0,  3Q  » 0,  St  3 0 I 1^1 1y.  then  Zn  > 0 In  ensuing  stage  of  notion. 

assmk  «*■■*  ;•  false  euvs  t(ai  s0  aicwi  < o.  then  we  must^ncva  s < o since  So  * 0 Initially 

further  r < n fro*  (30).  But  SQ  < 0 and  T < 0 together  Impljr  3 . > 0 fws  (Ml  and  therefore 
Imply  that  3.  becomes  > 0 since  > 0 l.-.iliaiiy,  flut  S > 0,  *4  >*0  together  imply  that  T > Tl  ■ 
(27).  (33)  end  (3s).  and,  therefore,  since  T > C,  «e  cannot  have  S0  becoming  negative. 

m is  falsa,  **  arrlvs  it  contradiction  and  therefore  mu*  1 be  true. 


T4  > 0 from 
Thus.  ’?  L* 


la— e C.  If  W > 0,  3ft  » 0,  3^  > 0 Initially,  then  33  O if  ensuing  stage  of  notion. 

frr3tly,  if  Sj  > 0 Initially,  thin  > 0 in  ensuing  stage  by  continuity  condil  ].»<•. 

Secsm'-y,  !M.  • 0 Initially,  then  If  lemn  is  false  and  S.  becomes  negative,  than  alto 
becomes  negative.  m ®ut  5t  < °.  ^ < 0 imply  T < T * £ -0  from  (27)  a.“4  (30)  and  there e from  (so)  and 
(si)  iwrtt  have  SQ  > 0 and  therefore  SQ  < 0 since  SQ  ^0  Initially.  But  aQ  > 0 ii-plies  T a 
from  (32),  thus  con! .'dieting  7 < o already  proved  to  hold  If  Lenina  Is  falsa.  Thus  lama  must  be 
true. 


The  preceding  i.sneu  thus  show  that  the  stag*  of  motion  succeed  i£  Ir.Uial  conditions 
satisfying  (30)  must  bo  0*  of  the  three  types. 

Type  I.  3.  * O,  lj  > 0 

Type  111  s0  ■*  0,  3.  > 0. 

lype  Mi.  (riftU  at  rest)  Sc  * 0 *•  0. 

Haw  the  Initial  condition*  of  rest  prior  to  action  as  jlvsr.  by  (2*1  i»:.d  {29}  satisfy  the 
reieiions  (jf)  O'"*®  thus  *n*  initui  stage  of  motion  «j|t  os  of  lyoe  1 or  T>-ft  11  during  either  of 

tfiia.  ;4  U Increasing,  S0  ir  constant  or  Increasing  and  W is  irtff«sln*  ao  Ln*t  H becomes  positive 

%nd  tmm  V\*  condition*  (38)  will  be  •atlefieo  *hrpughout  this  steps  find  ty  our  cnsvl^s 

coht.Awlty  con*»ne*»,  .0f,5  siwy  t'  1 **»-  b^zt"ni-~  * the  second  ttso*.  ThU 

then  In  turn  be  of  Type  !,  M or  Ml  by  -.ne  prceeeding  isrmme  and  thus  ty  Ir.lvci Ion  It  folljwt  that 

all  Stage*  of  the  -hols  -etlen  «f!»»  !>e  sf  Types  !,  i!  cr  iff;  Ir.  effect,  uc  hsve  sresn  tr«;  taarg 

Is  nc  lemlency  for  the  plate  or  edge  fixings  to  g»  Into  coaprKslon  when  the  load  U of  one  ilv*n  and 
the  em-rgy  ebsofplioti  is  irrwsrsibie. 


w?  have 
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4£r 


Uu 


t*  have  therefore  to  conlder  the  action  is  co«rounded  *f  Pwectttlve  ItlJH  In  «ftlch  th* 
plate  may  ba  either  (i)  stretching  srtf  pulling  In  at  edges.  or  {?•  inavtenalonsl  but  »i  **ng  in  st 
or  {y)  at  roit.  we  have  throughout  considered  tht  condition  of  rest  n a typa  of  notion 
oscaute,  white  irivlnl  If  It  fo<h>»  the  final  stage,  It  could  in  feet  Dt  an  Intermediate  stag*  between 
stagan  of  actual  notion  in  the  Cat*  irtere  the  applied  load  It  of  oic (Hating  magnitude.  !•#•»  the 
piata  cculo  rease  neving  «m«n  n~  *• tt  -m  dicr-dSir.g  a rtf  then  r-#w~W»  to  '•tnva  «?^in  wiser  tM  l?ai 
had  subiequantly  increased  ts  a tufflclant  magnitude.  *e  can  now  writ.*  down  tht  relevant  aquation* 
«*ich  held  In  the  different  stages* 


i, $ Equation:  gitvttrinf  tach  typt  of  noti& 
Tree  U Plata  atrgtcMng  and  pjinntt-in  at  eoge*. 


I!  < ' 


The  physical  Cord  it  ions  are* 


shtnee  r'cn  (3?)  and  (JJ): 


Thane e from  (21}  and  (27): 


fix  4J  * * Al  To  " * \> 

r . .V<VId  - , 


daflnlnfl  a new  parameter  *. 

We  thus  have  four  equation;  IV*  trse  four  unknowns  T,  T%  V and  ^ and  thence  and  S e«*e 
given  oy  (2d),  It  nay  be  noted  for  future  use  from  <2»)  and  («6)  that! 


50  ■ (5-t)  (*/) 

Ourlf^  thla  type’  cf  motion*  The  solution  of  tn«  prated  hg  equations  -nr 1 1 1 be  Invalid  if  it  violates 
Iho  condition;  { *3/ » 


type  II . Plate  Ihextentional  Cut  gullhjfcln  at  edges . 

The  physical  conditions  Imply  in  view  of  (V)  and  (3J)  that; 


nhence  the  equations  r.  * net  ion  (21)  ami  (?tJ  become; 
Pf  *,  * ♦ -•  T * " 


= A-  l*  - 


and  e<|watlont  (29)  ?nc  («)  give: 


we  thus 


( 

I 

i 

t 

> 

i 


i 

i 

i 


i 
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Ma  thus  havs  si*  aquation*  g?vtn  by  (*♦),  (50),  (S|)  ($2)  *or  *1*  vflfcAQWft*  T«  *'* 

w,  S4  5 anc  5 . th*  squat  ion*  *r#  only  v*U0  *o  long  «i  tha  condition*  (*t)  *r#  *atl*ri*d» 

C 4 


Fro*  {»),  (3*)  and  (**)  -*  no**  that i 


A,W  1 ^ 

1 4?  * *T  j ‘ * * 4-  1 


so  ttat  during  Type  it  notion  wo  have  by  virtu*  of  (*B)  tholt 
T > 0 

Also  ?ro«  (51)  and  (52/ S 

A_  (r  - r) 

-Jj-fi— - e Y - $ 

(* 

so  that  (tt)  may  t*  replaced  by: 

S > 0 


i,  > 0 J 

F t y J 

use  wo  *1  so  mu, 

(A  ^ H*  | * AW 

1 . _1_ . /»*,«*  4 -A-  (*  f(t)  ~ T * <) 

***J  j *J 


For  future  use  wo  Also  rata,  fra*  (5l),  (5?),  (5?)  and  (30) , that 
. 2 *2 


Tvfe  in.  slats  at  mt, 

Th*  physical  condition*  arc: 


*o  “ 0 
where*  from  (if),  (U)  and  ( 57}* 

* W * 0 

S » 0 


i 


T • T* 


*Q  P(t) 

A.  M 


ThvS  m hsvs  «iX  fv."  tii«  * i A.  yiiiiiuaiK 

(32)  and  (.13)  ths  A'ato  or  r«»t  »m  «*iy  bo  pcsiisU 

S »1 

T < \ 

whorne  frtn  (59)  an)  (je)  the  puts  con  retain  at  rsst  provlaeO: 

*a  9(t;  s * 

77k  energy  Equation. 


(5*) 


(55) 


(551 


(57) 


(5») 


(59) 


ami  Sj.  *iso  tm*  (39), 


(50) 


Ki) 


tiiv.rj  :N>n  mat.  with  our  asawp'leiu  ot  Initial  rtst  enO  presture  «l*n>»  positive,  tea  <tc!l 
la  (M*oufl(9fl  of  * topet  Of  Tyi«  I,  Type  H or  rest  in  ehlcn  sa  and  3j  -re  either  constant  or  Increasln 
It  fount  that  the  energy  <di aorOaO  in  the  Plata  at  -a/  tta;t  let 

fe-  . 


) 


J 


i 


o 


I 


[T-«*j  T‘ 


- IS  - 


• S1  * % v si  • i To  *1  -*  - <To  ■ V *. 


Jtso  fr*a  ( 12)  and  (26)  the  kinetic  cr-ergy  at  any  lift*  Is; 

f , U 

J-  rti  Is  W*  ♦ 

4 " i 4 A 

l J 

while  from  (17)  the  work  done  by  the  applied  load  is 


..  r 


MO  c * 


(ci) 


(c>) 
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The  energy  eguetlOA  It  thu»t 


\f*  J»a  “*  * it*  ] MW’*- (T0'V  s'-  ' *.f 


“(t)  d s* 


m 


This  aquation  cm  Also  be  obtained  from  the  equations  (2l)  and  (27)  by  multiplying  l y « 
and  j^/Aj  respectively,  adding  and  integrating,  «nd  using  equation  (62). 

A*u>  Introduction  of  assumption  tP4t  (T0  - is  snail . 

Ikw  In  either  Type  i or  Type  It  motion  we  nave  T*  ■ !n  (27)  aid  multiplying  this  equation 
by  S4  and  Integrating  wi-  obtain: 

« / • A.  I (T.  r.)  a i. 

Jo 

?-d  • l * 0,  T £ T^,  while  Initially  5j  • ^ • o me  therefore  obtain 

(T0  - T.)  S,  (45) 

by  use  of  (2b)  > but  the  energy  elation  (6e)  can  be  written  with  regrouped  tenae  in  the  form* 


4 ph  *,  ;= , 4 ro  «t (i . 


• -l. 


*(«l  a « 


i • J 

s 


r . «*  i 

”T  ,T~1 

, - * *i 

’o  _Ti  1 

’*>  'W  ■. 

L T°  J 

-si  « hite  shcr.  tftit  <#  > » !(  > c throughout  the  ec!  Ion  >c  that  I • !(  < !t  ) J[  i l «n8  therefore, 
uelr.;  (os),  m wet  novo:  * ' 

(, 

J <«») 


* * 8 S -i-j— » 

0 

It  therefore  follows  that  If  m new  assuwa; 

rilJ‘ 

T 


mil 


then*  neglecting  terms  of  thit  order  in  («Sa),  we  obtain: 

i f*  \ * ♦ i T,  *i  •*  * 4,  ! M*>  * 

J, 


<*« 


{«) 


for  t»ttt 
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for  both  Type  | grid  Type  it  notion.  This  equation  jives  on  fll  ffercnt  lac  Ion 

pm  ii  ♦ to  Aj  * • aq  ■(*)  (*«) 

which  Ii  the  sane  u elation  (*3).  Thus,  on  the  assir>ptlfin  (66 1 » we  oh'.ain  the  turn  equation  tor 
* In  bo'.h  Typo*  l and  |i  notion.  mile  the  particular  cages  of  lead  to  be  ecnslderaC  late*-  Cen  d* 
sctved  explicitly  without  "whing  the  essvmplijn  that  (T(  - T^) /Ty  ii  nail,  tho  simplicity  Introduced 
6*  only  ooi  squat  I on  f;r  w during  all  the  nut!-;*'.  I?  very  grist..  since  this  assumption  will  be 
found  reasonable,  a potter  lor  I,  In  application  to  tne  Sox  Model,  and  since  ary  nttmept  at  great 
accuracy  >5  meaningless  for  such  applies*. ‘on  In  view  of  the  eoproximat*  nature  of  ootn  metnod  cf 
anal  ye  I a end  physical  eMunptlons,  wc  shall  adopt  t*l«  assumption  (5f)  that  (T0-  Ti)/Te  *•  ,p 

the  remainder  of  uur  analysis* 

Me  Shell  thus  use  e*;u,tloa  (6a)  for  Doth  Typos  I and  1 1 and  for  a tty  given  type  cf  load  we 
can  tnen  evaluate  Mis  function  of  tlms.  fn*n*e  from  (je;  we  can  obtain  I ai  a function  of  tie* 
and  the  vari;ue  stages  con  then  easily  6#  Identifies  by  virtue  cf  me  roll  owing  geometrical  prepert.  *t 
of  the  curves  for  5 arwj  S;  against  time. 

(e)  During  Type  \ notion,  (»6)  indicates  that  S,  is  a straight  line  of  positive  slope 
V ttf.icn  must  lie  below  the  S curve  to  satisfy  (a», 

(s)  During  type  II  notion,  (w)  inoleete*  that  the  S}  curve  Is  coincident  with  the  s 
curve  which  mjst  have  a sloed^  V by  (36)* 

(c)  During  rest,  s * S4  » 0 *o  that  both  curves  become  coincident  with  the  time  axis 
and  will  remain  sc  provided  '6i)  is  sat l*f led. 

Since  S > 0 for  Typos  I,  ll  or  rest,  which  nave  alone  been  proved  possible,  we  must  not 
continue  the  solution  of  (68)  for  negative  values  of  w end  $,  l.e.,  we  first  consider  only  the  portion 
of  the  s curve  up  to  «mere  It  cute  the  axle  of  time.  Immediately  prior  to  this  time,  the  nation  will 
he  of  Type  H since Jn  Type  i nation  s.  if* roast*  steagiiy  ana  at  the  end  of  Tyye  i nation  mm  mm* 
therefore  have  S - S;  > C;  this  is  also  geometrically  obvious  from  (a)  above.  Out  If  the  notion  Is 
of  Type  M CM  the  * curve  is  cutting  the  tine  axis,  whence  S « w » 0,  th-n  from  (57)  thl*  con  only 
happen  If  *0  h(t)  - H Is  bocoming  negative  vx j thle  In  turn  Implies  fro*  (4l)  that  a state  u?  r*st 
le  possible.  Thle  state  of  rut  w’1.!  Ths.-.  continue  Indefinitely  unless  *(t}  •*jbeeaiient»y  Increase* 
to  violate  (ax)  and  further  «tlon  n»ll  then  ensue*  Such  further  motion  con  then  be  treated  m tm 
fame  way  by  using  eqir.tlon  (6f)  and  ccnsicorlnj  the  5 curve,  tr.;  renditions  *•  tb*  rmcc0mmf**** nt  cf 
action  being  the  seme  as  initially  save  that  h * u but  Is  equal  tc  the  value  ~f  w at  the  first 
cessation  af  motion.  in  the  two  spec  1 fie  cases  of  load  which  ee  will  <k*  Cwcelder,  W(t)  dote  not 
‘ncrease  nftsr  tha  flr*t  cessatlontof  motion,  so  that  no  reconw*rxc*»nt  Action  It  poaalble  and  It 

i»  only  necessary  tc  consider  the  8 r«rve  -*:■  t*»  tNJ  iinw  when  it  first  Cut*  ine  lime  c£lo» 

4,  xs  Summary  of  frocedift  f^r  foiution. 

Strerntna  up  fw  t he  ?rec«dlno  tectlon.  cur  procedure  to-  solution  with  any  given  form  of 
toad  r(t)  ];  63  fellows: 

(l)  tQuation  (66)  is  salved  with  initial  conditions  v * w •»  o. 

(?)  *he  curve  i*ur  S versut  t Is  then  obtained  up  to  the  tin*  a*  wn«ch  it  flrot  cut*  the  time  oaia, 

(»  If  ths  slope  of  tne  5 curve  is  alleys ^ V,  then  Type  | motion  le  not  poi.tlbls  and^the  motion 

is  thus  of  Type  ll  throughout*  In  thle  case  ;it*  3^  C"~e  it  identic*!  wltn  the  5 curve 
thrjyuhou!  the  nrtlun. 

(*)  if  the  elope  of  the  5 curve  exceeds  v over  a finite  cortlor  of  the  curve  th**  Type  1 notion 
will  ccxwwonco  directly  ;hs  slope  exceeds  ? and  the  cu.-.c  f:r  8£  versus  \ will  become  s i Ire 
;f  il^;  *,  Type  ! “ptien  “!*1  arfl  ii  o;;,*  ^s*n  tai*  iim  the  s (nm. 

in  this  cad*  the  Curve  rc‘luw$  me  6 eurve^until  s first  r^aaede  Y ano  then  proceeds 
along  a chord  of  slope  Y until  this  cuts  the  s cgrve  when  tno  lt  curve  tfbln  follow*  the 
3 curvfj  thle  protest  oay  be  re^atwc  if  the  l curvu  Is  oscillator  so  thot  S late,  ^aln 

excaws  t. 


(S) 


*•**1 


(5)  The  Sj  Curve  ngjt  Dtccn*  coincident  with  the  S cgrv?  prior  to  Cutting  the  tin*  arls  aNJ  when 
thin  latter  occum  a period  of  rest  will  ensue.  There  will  oe  no  further  notion  on  Wei 
f(t)  subsequently  Increases  a«rf (c lantly  to  vlolatv  (61). 

Since  the  equation  to  the  3 curve  It  ootoinw)  fra*  (&fl)  and  {«)  with  Initial  condition*, 

M • H • 0 («) 

the  application  of  the-  preceding  geometrical  -rltcrla  oecomes  a matter  of  simple  analytical  geo»*tr> 

men  the  Sj  curve  hat  thuft  oeen  determines  any  of  '.he  remaining  variable*  S^.  T,  etc.F  can 
In  Oei*rninvd  Djr  utlnu  the  relevant  'fos  per«u*'tujh  A.3  o«*wi  'dlf^  to  iji«  gf  MutlCriW  Sint 

obaervable  Quantities  In  hex  model  trials  are  the  final  dn’itctlc'i  art)  pull-in.  we -shill  confine 
attention  to  the  volute  oft 

• flivl  near i defloctkn* 

S*  • i ‘i  V • a'"i  «"MT  a euive  , (TO, 

S#i((  « fine'  area  uf  pull-in  « area  unJar  5^  curve, 

lr,  the  two  specific  fome  of  f(t)  which  we  now  oroceed  to  consider. 


s • 


502 


18  - 


Thus  the  curve  or  S against  t win  oe  a half  cine  curve  nt  shown  In  Figure  n,  the  notion 
ceasing  when  $ oecoms  lero  at  tim  t • tt/jcl  with  no  further  reconnenCenent  sine#  B(t)  * 0 
thereafter. 

The  jcoMtrU*!  criteria  of  tne  preceding  section  ar«  no*  easily  applied  since  w»  note  from 
(78)  that  the  slope  S decreases  steadily  from  *j  f2  -it  t » 0 to  - Aj  V2  at  2 a t ■ rr.  thus  nsve 
the  following  csees: 

<o)  At  *’  j r. 

In  this  ces*  criterion  A*li(?)  applies  ana  the  notion  is  of  Type  li  throughout 
so  that  the  3^  Curve  is  Identical  with  the  S curve* 

(t>)  a}  v*  > r. 

(n  tr.it  :uc  criterion  a.u(a)  applies  ?nd  tr-c  notion  «i)i  then  cofWMnce  with 

Type  |,  tha  z.  Curve  than  being  the  line  00  of  slope  f as  This  typo 

cesses  at  the  puint  0 correspcxvJiny  to  t i«e  i,  given  oy: 

r ti  * 7 4j«  Sin  2 a t (79) 

snd  the  r«Mind:.r  of  the  notion  U of  Type  11  since  the  sice*  of  $ curv*  decs  not 

ogaln  increase  to  b?cooe  > r.  The  5 A is  thus  composed  of  the  line  OB  and  the  curve 
8C. 

! f T*  nc*  def!r-  as  thw  borderline  value  of  corresponding  to  A.  vJ  • y#  the  a fre-*  (7*), 
(rs)  ans  (m): 


S.  ' * ^ * * — Z- 

1 A,  a*  A 1 I T 


If  «e  further  put: 


t ffin  f .-cm  1 79)  ifiS  (fO)  i 


For  the  mx irwjrs  value’s  $m  anJ  5*^  we  then  have  iVpm  (*y/,  (76)  and  Figure  •: 

i ...  > 1 

^ * 7VC 


* • * ? ’ V ‘ s»  - 7 \ “ 'a  ,or  *„  > «,  I 

Then  us  in*  (**)  th*r  'ntio  5,J^sm  is  given  in  term*  of  by  the  following  nquetionst 

tjS  « i for  J5  $ l (as) 

Sn  *1 


- ^ \i  ▼ Cos  <t  ^ sin  z ©jj  ' > l 


«/  Sin  J0j 


0 


tains  Sj  aa  a pnrvettr.  »«  tr*n  cS’.sin  !M  vi!«s  siven  ii.  !iS!a  1 anS  olottinj  in  fijun  2. 


r 


i > 

i I 


i ( 


! ( '> 
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• 1 3 Motion  Jui_ t o ioai  sudicnt\  ottltcd  and  t/ton  riaintamfi  conitawt . 

If  the  load  Is  of  the  fcnss 


“(t)  * 0,  t < 0 ] 

« s , t > 0 | 

then  Oqjelloi.  (68)  o*cot*3: 

a,  a.,  ♦ *.  T ■ ■ e 

' t * U 1 

and  tt~  conditions  rest  U^\  **  coui.i  as  solution; 

u • fj  ^ (l  * Cos  a t) 

where: 


(*«> 


{*7) 


(68) 


(60) 


hllett  I*  jlvcn  by  (74)  j3  in  thr  ore coding  ivClian. 

Tneo  S one  it*  OeriVni.  vc*  arc*  given  t>> : 

5 ^ i * w*  * J fi  - Cos  a t)2 
i * ^ a Sffl  Gin  a t (l  - Cos  a t) 

5 * 7 a2  - Cos  si  a t) 


«hor©; 


l 2 2 V 

v • is  V * 7-7S 

1 o 


(W) 

(01) 

(02) 

(93) 


t>e  lotion  mj«t  cease  when  $ * tf  • C *nd  a t <*  rr  md  change  to  State  ot  rest  es  considered 
in  toe  srctlon  m* ii;s). 

further,  when  a t ■ 7T,  we  have  from  (68)  end  (eo)  sno  (00)  that: 

s ■ w * 0 


2 f.  T 

h . T w - a T ¥ * a — l > P. 


(96) 


1 1 


lim 


R'f 


o 


o 


since  ^ T1  fy  (64).  »s  the  loci  ?(t)  remains  consiort  fora  t >•**.  equation  ('») 

wilt  thus  &•  satisfied  infl?rini«eiy  >i>j  no  tViih*«~  nviiv'.  • • «1  occur,  Physically  this  c.car.5  that 
•\r  a > rr  t*w»  deformed  plate  <Voalr.s  at  rest  In  r.isticol  equilibria  with  th«  lc«g  the  result irg 
tension  lr  plate  and  at  edg;*  bclnq  too  seal  l produc*  t;y  yielding. 

SIpc>?  there  Is  no  further  motion,  it  follows  that  ¥ffl  ana  as  given  by  (89)  ana  (63)  arc 
tha  final  maximum  values  cf  w and  5,  as  their  i~:tr.tl?n  anticipated*. 

In  erdrr  to  deciae  tne  types  oi  mul ion  during  u ( a U<  «r,  the  curve  for  S from  (ei)  is 
shewn  In  figure  5.  as  will  ot  seen  from  equation  ( «?),  the  slope  s of  the  £ curve  Increases 
steadily  frtri  0 at  t » 0 uc  to  ^aylNMn  value  9 Sf/ 14  ut  cos  a t * ^ and  thence  cscrc-ar®> 
steadily  to  a negative  vp.luq  >-.t  a t = tr. 


If  we  new  Cofini  as  the  ooroeri ins* 
then,  using  (H6) : 


•.  insr  i:c 


}t  Y A h a M • T 1 

• — j — i- f -a — !. 

" a *1  9 S l T;  1 


to) 
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Tnanct,  applying  the  criterion  o?  Harr\jr»ph  A.il  to  fljura  S«  m havdi 

!.) 

Tht  plop#  of  tht  3 curv*  Ij  nUajri^  Y at  trwt  tha  motion  U alary*  of  Typ*  n,  and  in 
parsietlari 


" Sm* 


M 


TM  motion  will  b*  of  lypa  11  M«n  tm.  point  A who'*  5 • Y and  silt  cnan  changa  to  Typ*  1. 
tha  5^  eurva  tn«m  boccfflln)  th*  lln-;  a*  nt  plcpt  y In  Figaro  5;  AC  it  thtPtfort  th*  tnngant  at  A 
to  th«  S curve  Bluet  $ it  continooaSj  Thu  notion  will  **vart  to  Typo  ti  at  tha  point  C andtwIM 
rw am  pf  inis  typ»  air, to  tr.t  ;icpo  ? •«  <*:.?  renting  ateadOy  aw  la  < T on  CO  fpr  oil  paitlbto 
paaltUna  „r  c. 


if  thn  point  a cormponda  toi 

$ u a t - 6»0  (a?) 

than  from  <«2)  fifl  It  tflwan  by i 

1 a1  V (cot  fl„  - Co.  J S0)  . v (mi 

and  3lmntrl>  If  tha  point  c correspond*  to* 

e - a t . fl,  (M) 

then  It  It  Mill;  trem  fro*  tho  tanjincy  property  of  AC  ana  th»  aquation  (u)  far  S tret: 

Slrflj  (l-  Co.  0,1  - Sin  9.,  (1  - C->«9.)  • (S,  - 9c><Cne  G.  - Cot  tSJ 
TMnct  fro*  (10],  («]  a«o  (w)  It  foil owl  lN.t; 

• l * | (l  - Cos  9,)  J - i (t  - Cot  80)* 

s* 

♦ i 19,  -«a)  * { sin  d0  (1  - c«et)  * SlnO,  (i  - Cea9,)  ) 

V 

1>t  flrtt  too  terns  In  1 101 1 correspond  to  tht  trot  urdtr  co,  Iht  third  tint  to  tha  tree 
under  ot  end  tht  retaining  toms  to  tho  area  undor  AC, 

further.  from  (9Ji,  (os)  and  (00),  It  foilost  tmti 
, _ - ’ 

| j*  j ‘ I <c=s  5a  ' Cc«  * 8J 

far  ^ > *f  tnt  correspond  Ins  ranje  af  90  o»lnj; 

act'1  ^ » 9.  > a 


(mu 


(10)) 


(100) 


(101) 


fr«  (i00).  (101) . (102)  end  (o«)  M can  t!wt  twain*,*  « e function  of  * (s  . in 

tht  calculations  for  > *,  It  Is  sett  convenient  to  ntaard  0,  ns  tht  tei’.e  parattvar  » nJ  8 os  »n 
!r.*e!"M*»*  ™r«netcr  a Ivon  6y  (l<hl).  Ine  only  involved  pe-'.'  ,-f  the  calculations  Is  th,t  1 
calroln.’lon  of  f>i  tines  ( 100)  It  nn  Imcllclt  rqostlon  for  c^;  ,mi  valuation  a,  nurfornto  i,/ 
oOtolnin.  a flrtt  approtntation  grapl,'-  ,ttv  son  tnsr,  eorntctmg  mis  by  (tool. 


Thus  wo  f.lottca  me  curve  of  orOinete  y (say)  ano  aoiclttatf, 
~ - Sin  8 (i  - Cos  8) 


(l») 


COrfBspOf^ Ihj 
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o 


o 


I 

I 

t 

r 


1 


corresponding  in  SIMM  to  tr.«  C curve,  and  the  tangent  AC  { fi gur#  S)  at  8 • • • then  byl 

Y ■ Sin  0Q  (l  - Cos  ♦ \&  - $c)  (Co*  0Q  - Co*  2 0c)  (i09) 

this  tangent  was  then  drwun  oy  calculating  fpgm  (i05)  two  points  on  it,  namely,  the  point 
where  It  Cut*  Y • 0 in*  tnt  point  «rorc  It  cut*  Hlivjr  0 • tt  or  $ • rtt  2 toe  1 Attar  being  'J?*o  for 
th*  stepper  tjngfutf  »•.  ivolj  tnv  points  oeing  too  widely  soaced.  (Tn;  js«  a?  th*  grephical 
property  -.f  tjn^cncy  as  MiCn  wuulo  dc  relatively  I naccuratv) , this  tangent  Cut  "no  Curvo 

(l0«)  u»m  gdivc  a Hrst  approximation  »*  (say). 

Mew,  If  wo  put  0^  •*  5’v  ♦cln  (tOD),  expand  In  pow-r*  if  € and  neglect  powers  higher  than 
the  first,  we  cbt-iln: 

€ (Cos  $u  - Co*  2&0  - Cos  0'x  * Cos  0’j)  (*<>*) 

- (1  - to*  0\)  - Sir,  £7C  u-  Cos  0Q)  - 0-%-0o){Cm0o.-  Co*  2 «a) 

U*(ng  therefore  the  qraphlc.il  value  of  Q'x  in  flOd),  we  obtained  € and  thonc*  a corrected 
value  of  #t  for  given  dQ.  Since  « was  in  all  case*  small,  no  further  correction  0/  successive 
auwaiilutlvA  i.%  (iw)  w*s  found  n*;ccs3 Ary. 


The  results  Tor  as  s function  of  wft/«2  are  given  i.'  Table  2 Out  a»*e  not  plotted  as 

Such  in  Figure  2 since  the  suwwtvt  remarvol#  fact  was  noted  that  this  curve  was  virtually 
iflfllstl.sgulaMble  from  thr  curve  S’^S^  versus  W(j/w  for  the  instei.tsr.sout  Impulse  over  tM  range 
plotted,  tutreeatically  there  doo:  net  setm  any  obvious  connection  between  the  set  ;t  equation* 

(83)  and  tne  stt  (100),  (tOi)  jnd  (t02)  while  physically  no  expleratlcn  can  Do  offered,  However, 
this  doe*  not  rf*an  that  toe  relative  ama  of  oull*  in  1$  the  same  In  the  two  case*  for  a given  central 
d? flection,  sinew  from  (SO)  and  (93) i 


(107) 


in  order  to  bring  out  this  difference,  tne  ratio  S*mfSm  for  xn«.  orosent  case  has  bssn 
plottod  in  Figure  I against  the  samo  abscissa  W^/W^  a>  for  tho  I nstentaneuu*  Impulse, 


A,i4  Hum  ncal  valves  of  ta roHcttrs. 


For  mnerical  application  to  Sox  Horrl  results,  we  note  that  the  qualitative  varieties  of 
with  w^/w^  In  Figure  2 does  net  deps  - o»  thu  numirical  values  of  the  pyrometers  etc.. 
Cut  t.k5t  ^ depends  o«  the  c entrant  x(sty)  defined  byi 


(1M) 


wf*arc«  from  (eO)  ana  (vs)  we  have: 


(ivy# 


The  constant  I depends  on  the  Sis  oanmeters  defined  In  (9)  and  (VJ)  bt*f  not  on  A^,  nnc  we 
must  there foro  sake  specific  assumption*  regarding  the  forms  of  the  displacement  functions  of 
fj  fj  f.  cf  equations  (l),  (2)  r.nu  (3).  We  assn**  to  Of  ef  the  t/p^i 
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•Aicn  inputs  toot  u and  V art  lltmlf  lod.olln  too  Man  Poll-In  along  tun  too  palrt  of  opposite  oOgti. 
Suottltutlng  in  (»|  and  (13)  from  (ltOl.  (Ul)  and  (1U).  m tntn  flno  s*ttr  jlnpUflettloni 
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fron  iae)  and  (ill)  to  uitn  obtain! 


«r*J  tnence  from  (lOej  and  (lit)  •“#  flnlt 

' * “ ‘i1  S **  ;j  * r]  <u,) 

In  order  to  evaluate  * wc  have  now  *?  eijlpn  specific  forms  to  f ,,  and  F , Fjr  F^ 
the  flni'i  shape  vf  tht  deflected  c»s to  in  lo*  Ntfol  trials  tumult  as  reaacnable  alternatives: 

* (ri  . 2 coj  2_r  1 

‘ 1 1 <”"> 

* ’ 1 
u>  -?»!-'■*)  J 

fyr  arnlch  fram  (117)  «%  find  ■ 9,3  or  9 ra.poctWely. 

jlffllUrly,  tf.e  finel  imps  of  pull-in  at  tit*  *dg«k  in  Hun  nidel  trial*  tugpaau  ina*  *-i- 
5,v*  fcfitu  era  rcss^n^oio  shapes  f'f  F,  ;Uo(  i.e.n  wc  mty  take: 


Jr  7,<r)  •■*(!-  r*) 


»Mcn  jlvw  ij  - 1,1*1  «r  1,2  respectively* 

thu.  tne  r^yr  combinations  of  (tfO)  and  (»2i)  jive  values  of  K,2  K.  fenflinj  from  10,0  to 
11. a,  Tna  smallness  of  this  range  Indicates  cnat  K U not  very  sensitive  to  ih«  preclaa  forwe  for 

- V 

mid  Ciiolgv  «r  a r'orm  icr  is  not  ?o  riy  since  we  have  no  direct  experimental  e«joenca 
to  help  and  «o  therefore  soak  julamct  from  th*  exact  solutions  jlvan  by  7*ylQr(i)  for  a circular 
and  At*  nlllatlcel  fnnsl  under  jnlfr.rm  static  pressure. 

*a  shall  thus  aastme  ■ two-term  polynomial: 

f,(n|  • p (f  - '*)  - r5  (lil) 

which  satisfies  tup)  and  (lid)  <«MU  tne  fi  turn  it  similar  to  that  jlvan  by  Taylor(l)  both  for  toe 
radial  displacements  in  a circular  pandl  end  the  centre-line  ouplacements  in  an  elliptical  panel 
undur  unlfgm  static  pressure. 

In  order  to  j^tlmte/?  wo  note  from  (U)  and  (;;*}  that; 


ttiilq.  since  » is  «ven  in  x and  y tha  centrcl  areal  strain  (V  («ay)  in  the  plate  la  frw  (1:1)  and 
(112): 


p.e*  from  tr.5  a.’ port  *Fh a distortion  uiu^r  praSw’v  w«‘  a clapbrngn  which  Is  clank  r*  alonj 
• is  eopn  ano  sires*;:?  coyon:  tho  wte»fic  limit*.  It  ct.n  also  be  shown  that  the  centra?  er.d  strain 
Is  twice  the  mev'i  *.>*-  strain  for  Dotn  the  circular  uns  elliptical  panels  under  uniform  sutic 
ure»3j«e.  fhis  sujjeste  th«.t  w*-  nssum*  tr?  nr*  -*.tlo  to  ndo  io  our  proolam  fur  tne  final  aresi 
strain  at  ce^tr-  -.nd  strain  due*  >!  tcwi**;,  wr  s'.jjfl*: 


wncnc«  from  sr*?  (12a)  w«  cbtair» 


fjio)  7,(0]  • i fa-'^'a. 


Nn»  using  [ ;iij  tm*9  F^fJ]  •+*/;  c.  1.3.  and,  taking  the  latter  for  simpler  arithmetic, 
we  ootaio  tfQj  (12  2}  »«  (’.26): 


0 - raW  * ‘ (U7» 

For  *11  P-J«  .*1^1  i,.ut>  ? J tmat* 

0 «■  5 («9) 

p"11'  ffc.r.  A«<0  (it  7?  **a  f|r.a: 

*.  • -*  (s.  3 ;;  /?  ♦ iaj  (we) 

**  »: 

It  It  thon  easy  tr  *hcv  that  in  the  r&njt  " 

o.l  $ 

we  nave  previously  lean  tnjt  *2  2 li  sc  that,  for  a/b  •■»  1.52  «•  in  Hux  kcdel  shots  wo 
find  from  f ! 19 1 ana  (13d)  that  K Uos  In  the  ra.»ge  10  to  uo. 


1 


we  Stull  thorefpiit  ossi/hc  that* 

K * 23 

givii  a reasonable  expect 00  Value  for  K,  while; 

* - *0 


(13D 


(132) 


prcooOly  ovfcft'st Ifsatys  K, 

A$  a final  point,  we  require  a value  for  a^  In  order  to  estimate  $m  from  the  mean  -deflect ion 
oy  use  of  (70). 

Using  (120)  or  (121)  and  a/0  - 1.52  wo  flna  from  (U?)  ana  (ii6)  that 


kl  * 32. 7 for  cosine  shape  1 

i | • 1.5?  (133) 

Aj  •»  31. » for  parabolic  shape  ) 

Funner,  the  value  pf  A^  for  the  soap  puttie  shape  and  r-'t  - i,5  Is  Implicit  In  equation  (38) 
of  the  report  meotiuntd  on  the  previous  pope*  and  is; 


A,  ■ -1$  X $.76 

1 J 


30*8  for  seep  ouooie  snaps  | 


1,5 


(U*) 


The  difference  in  for  e/b  varylnj  from  ;,5  to  1.52  Is  undoubtedly  negligible  so  that  for 
the  three  shapes  of  cosine,  parabola  end  Soap  DuoDls  we  find  *t  varying  fiom  32.?  to  30.0.  it  my 
be  noted  that  the  same  three  shapes  give  values  2. *7,  j, 23  and  ?.n*  aspect i**ly  for  the  ratio  of 
central  to  £SAn  deflection  and  this  range  covers  molt  of  the  Pox  modal  shots.  For  smooth  shapes. 
ei  Is  thus  relatively  insensitive  to  th«  precise  shops  and  we  shall  tahei 

Ar  • ».«  (135) 


as  a mean  value  for  apollcatlnn  u Box  Model  trials.  This  value  would  only  lead  to  pronounced 
error  if  •ripples*  were  present  sines  such  ripples  give  a relatively  laroe  contribution  ro  in*.r*«ce 
of  sree  compered  with  any  contribution  to  mean  deflection.  Fortunate. y the  dlshl.iv  la  Box  Modal 
trials  la  relatively  smooth  and  the  uso  of  (13S)  Is  unlike!/  tu  ; nt r»..«..cs  rrzr*  jf  mors  t’mn  about 
fll  In  th*  *?SdiiCCd  Vu<ub«  u*  3^. 
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This  report , vhich  describes  s greet  variety  of  experlaentr.  with  a 
a lapis  type  of  underwater  gauge,  should  be  of  Interest  to  anyone  concerned 
with  the  damaging  power  of  underwater  explosions.  It  not  only  describes 
the  construction  and  use  of  this  gauge  for  coopering  explosives  but  also 
a variety  or  experiments  which  throw  light  on  the  way  in  which  damage  is 
produced,  in  structures  by  underwater  explosions.  It  provides  en  illumi- 
natlng  illustration  of  the  precautions  and  care  which  aro  required  m 
order  that  accurate  and  precise  conclusions  can  be  drawn  from  even  simple 
scientific  Investigations. 


Principally  to  compare  various  explosives  vith  rsapect  to  their 
underwater  damaging  power  and  to  investigate  the  various  factors  con- 
trolling  dntjage  by  underwater  explosions,  a type  of  diaphragm  gauge  was 
constructed  for  use  at  this  laboratory.  it  O T A Circular  etctii 

or  copper  diaphragm,  about  l/l6  in.  thick,  clomped  across  the  open  end  of 
a strong  steel  cup,  the  Inside  disaster  of  which  was  3.3  in.  The  dia- 
phragm formed  a watertight  seal  over  the  cup  so  that  on  submersion  the 
gauge  remained,  air-filled.  By  exposing  the  gauge  sufficiently  close  to 
an  underwater  explosion,  the  diaphragm  was  permanently  deformed;  the  de- 
pression at  the  point  of  maximum  deformation  was  measured  and  arbitrarily 
defined  ee  the  damage  produced.  The  more  important  results  obtained  with 
this  gauge  using  small  chargee  (up  to  25  lbs.)  are  outlined  below. 


1.  Tho  equation  i> 


found  to  apply  i.w  i considerable 


range  of  experimental  conditions.  In  this  equation,  C Is  the  maximum 
depression  of  the  dlajnirags,  k io  a constant  for  a given  type  of  explosive 
and'  a given  type  of  diaphragsT  Jf  iB  the  charge  weight,  d is  the  charge- 
to- gauge  distance,  m and  n are  constants  for  a given  type  of  diaphragm. 

It  was  found  experimentally  that  m and  n for  a given  diaphragm  material 
were  approximately  in  the  ratio  1 to  2.”  For  steel  diaphragm* , r ar.d  n 
were  found  to  be  shout  0.6  and  1.2,  respectively;  for  copper,  nTaal  n~ 
were  respectively  O.b  and  0.8.  “ 


2.  For  steel  diaphragms,  the  daaagas  observed  experimentally  agreed 
closely  with  those  predicted  by  the  theoretical  studies  of  diaphragm 
deformation  carried  out  by  J.  0,  Kirkwood  and  other*. 


3.  When  half -scale  gauges  were  exposed  to  und*x water  explosions  in 
which  all  other  linear  dimensions  of  the  experiment  were  decreased  by 
one-half,  the  demags  produced  was  one-half  that  obtained  with  the 
regular  gauges  under  normal  conditions.  In  other  words,  Hopkinson' e 
scaling  rule  was  found  to  hold  for  a tvo-to-one  variation, 

h.  If  the  gauges  were  held  in  place  by  a simple  wooden  framework 
inct.-ad  of  by  an  «*cc*«paa8ing  steal  ring,  the  damage  could  be  decreased 
by  a*  *)>ch  **  50^.  isu  w indicated  be  due  tc  rarefaction  vtvso 
reflected  from  the  wood  and  consequent  cancellation  of  a portion  cf  — c 
pressure  ?«ve  from  the  explosion. 


5.  8urroi.o.A!ng  the  front  face  of  the  gauge  with  a steel  disc  or 
baffle  increased  the  resulting  daasga  by  as  ouch  as  50$. 

6.  in  ordinary  use  with  nail  chargee,  the  time  required  for  the 
complete  deformation  of  the  diaphragm  was  about  3 time*  the  time -constant* 
of  the  prlaary  shock -ware.  Subsequent  pulses  froa  the  bubble  had.  no 
appreciable  affect  on  the  final  deformation  unless  the  axperiaent  was  set 
up  so  that  the  bubble  migrated  toward  the  gauge  during  its  oscillation. 

In  this  case,  bubble  pulses  Increased  the  deformation  as  aueh  as  8o£, 
and  the  time  required  for  final  damnation  was  correspondingly  increased. 

7.  It  was  proved  by  flash  photographs  that  cavitation  was  formed  la  the 
water  In  front  of  these  diaphragu  during  deformation  under  certain  con- 
ditions but  not  for  moat  of  the  experiments  described  herein.  Although 
exhaustive  tests  were  cot  conducted,  the  theoretically  derived  criterion 
for  the  formation  of  cavitation  was  found  to  agree  with  observations. 

8.  If  the  sacs  of  the  diaphragm  was  Increased  by  a factor  of  about-  7.7 
without  a corresponding  change  in  mechanical  strength,  the  dosage  was 
declassed  by  shout  50]t. 

9.  Gauges  placed  in  the  Mach  region  of  two  intersecting  shock-waves 
from  a pair  of  charges  recorded  up  to  50 % mar*  damage  than  gauges  placed 
the  same  distance  from  a single  charge  of  the  Mate  total  weight. 

10*  She  bubble  from  on*  charge  w*«  found  to  shield  a damage  gauge  from 
the  effects  of  a second  charge  detonated  on  the  other  aide  of  the  first 
Charge,  provided  that  the  two  charges  were  not  too  close. 


* Hie  time  required  for  the  pressure  to  fall'  Vo  i/e,  or  '^>.8/4  of  its 
asxlmm  value. 
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When  underwater  explosive a research  was  begun  by  the  FDBC  la  the 
spring  of  19hl,  two  of  the  meet  important  taekr  undertaken  were  (1)  the 
study  of  the  factors  which  Influence  underwater  explosion  dasmge,  and 
(2)  the  comparison  of  various  underwater  explosives  with  respect  to 
their  damaging  power.  Since  "deaage"  is  a loosely  defined  term,  there 
can  be  no  such  instrument  as  a "daaage  gauge";  yet,  there  could  be  no 
solution  to  the  above  mentioned  problems  without  some  means,  arbitrary 
though  it  may  be,  of  measuring  daaage.  Accordingly,  in  the  summer  of' 
19^1,  a gauge  consisting  of  a strong  stael  cylinder,  closed  at  one  end, 
and  covered  at  the  other  end  with  a relatival y thin’ metal  diaphragm  was 
put  into  uaea\?2<  3/  Hie  “damage*1  jQmmxred  by  the  gauge  v&a  the  jvaount 
of  deformation  buffered  by  the  diaphragms  on  exposure  to  one  underwater 
explosion. 

Although  this  gauge  was  an  arbitrary  one.  It  was  used  successfully 
for  comparison  of  explosives  In  the  weight  range  from  about  one  ounce 
to  25  Its.  *«  well  ss  for  testin'?  service  weapons.  It  was  of  particular 
value  in  the  period  during  which  the  more  elaborate  techniques  of 
explosion  measurement  were  being  developed. 


II.  DESCMPTIOH  OP  THE  UERL  DIAPHRAGM  GAUGE 

1.  Construction 


mils  diaphragm  gauge  was  designed  and  constructed  in  15)1(1  at  tbe 
BKpleeir-ss  2cs«rch  Laboratory,  Bruceton,  Pennsylvania!/  as  follows. 

(See  Figures  1 and  2.)  Hie  edges  of  a aectic  , of  steal  pip*  U-i/o  in, 
O.D.  x 3-1/8  in,  1.1).  x 3 in.  long,  were  beveled  for  fillet  welding. 

A solid  ateel  plate  7 x 7 x 1/2  in.  was  welded  over  one  end  of  the  nips 
section,  and  the  second  plate  7 x 7 x 1/2  in.  rith  a central  bole  of 
nearly  3-1 A in.  diameter  was  welded  over  the  other  end  of  the  pipe. 

Hie  cutalde  face  of  this  second  plate  wae  milled  flat,  and  the  hole  vac 
accurately  finished  to  a disaster  of  3.270  in.  The  edge  between  the 
side  of  the  bole  and  the  milled  face  wee  then  rounded  off  into  a QO°  arc 

of  l/l6  in.  radius.  A third  steel  plate,  7 x 7 x l/2  in.,  was  milled 

flat  on  one  face  sou  » tapered  hole  4.582  x 3 .432  in.  bored  in  the 

center,  the  narrower  end  of  the  hole  being  at  the  Killed  face.  (Trailer 

i*=Ies  were  drilled  through  the  two  milled  plates,  and  the  holes  in  one 
were  tapped  to  take  1/2  in.  x 13  thread  cap  screws  so  that  the  two  plates 
could  be  bolted  tightly  together.  Provision  was  made  for  eight  cap  screws 
spaced  around  the  &ain  hole.  The  first  gauges  were  uo  constructed  that 
the  cap  screws  wars  inserted  through  th»  welded  plate  to  engage  threads 
in  the  cover  plaiej  this  proved  to  be  cuofeeroome  and  subsequent  gauges 
were  made  with  holes  tapped  in  the  welded  plate.  A hole  was  drilled  also 
in  each  corner  of  the  two  plates  so  that  pins  could  be  inserted  to  a»n«re 
reproducible  alignment  of  the  two  plates. 


T7~Thls  gauge  has  born  previously  described  by  Fya  and  jn 

OSRD  Report  Bo.  1035,  November  1942. 

2 j Wilson,  Cole  and  Fye,  OSRD  Report  Ik.  1220,  February  1943. 

3/  A diaphragm  gauge  wae  etlreauj  in  use  by  the  British,  cf,  Mine  Design 
Department,  Smmaary  Ho.  H.  S.  940/42,  A.C.  3338,  October  1942, 
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Ska  d.t*;ihra«o  used  In  this  type  of  gauge  «u  steel  or  copper  and 
was  7 x 7 x ce,  i/16  In.  thick.  Before  use,  it  was  drilled,  with  twelve 
holes  around  the  edge  to  correspond  with  the  pin  and  cap  screw  hole* 
and  all  rough  edge*  were  smoothed  off.  Th„  diaphragm  vu  then  clamped 
between  the  milled  face*  of  the  gauge  plates. 

a.  Method  of  Deing  the  Gauge 

Moat  shots  wore  conducted  in  tbs  following  manner.  Pour  damage 
gauges  ver*  mounted  on  a framework  in  the  center  rt  which  was  fixed  the 
explosive  charge.  The  gauges  all  pointed  toward  the  charge  and  were 
spaced  at  approximately  90°  intervals  about  the  charge. 

Before  clamping  the  diaphragm  in  place,  a medium-bodied  motor  oil 
(e.g.,  3AE-4o)  urns  applied  with  a paint  bruah  to  both  of  to*  milled 
faces  or  s«ii  gauge  U>  aid  in  keeping  the  gauge  watertight. 

If  the  charge  was  sufficiently  small  (cm.  1/2  lb.)  tha  whole  r<g 
(frame,  gauges  and  charge)  could  be  lowered  Into  the  water  from  a boom 
on  the  dock.  In  most  eases,  however,  larger  charges  (up  to  25  lbs.) 
were  used  which  necessitated  working  on  a raft  anchored  out  in  the 
harbor  and  suspending  the  rig  after  it  bad  been  lowered  into  the  water 
either  from  the  reft  or  from  a buoy  attached  by  a horizontal  line  to 
the  raft.  When  the  ehat  had  been  fired,  the  rig  was  raised  to  the 
surface  and  new  diaphragms  installed  in  the  gauges  for  the  next  shot. 
Phonographs  of  the  larger  rafts  are  nhown  in  figures  3 and  U and  the 
sa&llar  raft  le  abuwu  in  rigors  p.  liu*  pontoon-floated  i.— f 1 i«  particu- 
larly convenient  for  this  type  of  work.  It  le  rectangular  in  shape 
(2?  ft.  x 28  ft.)  with  a li  ft.  x 16  ft,  opening  in  the  center,  ons  end 
has  a 12  rt.  x 23  ft.  apron  for  a work  spree  aud  the  other  end  - a 

gangway  which  can  be  removed  for  floating  gear  out  of  the  center  away 
from  the  raft.  An  overhead  quadrupod  with  cables  to  a winch  permits 
lowering  and  raising  gear.  When  the  raft  is  anchored  in  * current  with 
the  open  end  down  etreea  the  gauges  and  gear  can  be  lowered  until  they 
are  supported  by  a floating  buoy  and  then  the  buoy  end  gear  floated 
down  stream  to  a safe  di stance  for  firing  the  charge. 


Most  of  the  charge*  used  wore  cast  in  cylindrical  eardboard  or., 
tin  can  containers,  and  were  boostered  with  pressed  tetryl  pellets 
The  besatsr  ifhs  usually  bai f-uhtBwi'gad  In  the  explosive.  The  tetryl 
pellets  were  initiated  by  a DuPont  go,  6 electric  detonator  set  into  & 
small  well  provided  in  the  top  pellet.  Putty  placed  around  the 
detonator  and  tetryl  waterproofed  the  latter  sufficiently  up  to  depths 
of  40  rt. 

3.  Diaphragm  Materials 

end  hot-rolled  steel  were  used  ao  diaphragm  materials, 
is  annealed  until  it  vu  lead-soft  before  usei7.  Tie  ntsel 


tS>e 


Both 
copper  war 


4/  Philip  Wewaark  aj»a  Sm-rt  Patterson,  OSRD  Reuort  Bo.  6259,  STuSC 
Report  Ho.  A-30I. 
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; 1 used  in  the  tests  herein  reported  vas  from  five  separate  lots;  the 

physical  properties  of  the  \wious  lot*  are  given  in  l%bie  I.  Yield 
stresses  sad  tensile  ctrengths  for  the  first  four  lots  and  Lot  5b  are 
quoted  frca  the  supplier's  specifications;  other  Lot  5 values  (in 
par  »o thesis)  for  the  yield  stress  and  tensile  strength  were  determined 
| at  the  David  Taylor  Model  Basin. 

I Table  la.  Physical  properties  of  various  steels 

’ used  In  dlaphraga  a^uge  tacts 


Lot  Do. 

froplnal 

Diaphragm 

Thickness 

(in.) 

— — — 

Yield  Stress 
(lbs/ln.8) 

Tensile  Strength 
(lbe/ln.S) 

1 

2 

c 

k 

5 (thick) 

5 ysedium) 

5a(thln) 

5b;thln) 

.06k 
.0 6k 

.075-. 09? 
.073 
.150 
.060 

eO^iO 

:<*o 

60,000 

(to, 310  + 1,01k) 
(50,lk9  + 6(29) 

(k2,606  ? 2,336) 

*»A  <Wk 

60,000 

k8,500 

(69,32k  * 70k) 
172,803  + k62) 
(59,355  * 2,407) 

a.  nrt A 

V1J  wv/ 

Lot  5 steel  ni  wad  Boat  extensively  for  this  and  other  work 
requiring  sheet  netalS/ . The  three  thicknesses  ware  specially  obtained 
fro*  the  American  Bolling  Mill  Cn^any  ana  all  mere  from  the  sane  next 
at  steel  end  had  compositions  as  ualfon  as  possible.  Additional  teats 
on  part  of  Lot  $ by  the  Materials  Testing  Laboratory  of  Massachusetts 
Institute  of  Technology  furnished  the  data  of  Table  Zb. 

Thble  lb.  Additional  Lot  5 Data 


Lot  Bo. 

Young’s 

Modulus. 

(ibe/is.®) 

51513 

Strength 

(ibs/in,5) 

Ultimate 
Strength 
(lb»/in,  ) 

Elongation  I 

(fraction  of 
original  length'' 

5 (sedlun) 

28.5  x 106 

k6,550 

69,801 

0.323 

5h  (thin) 

25.5  x I0e 

36,800 

>9,630 

V>0?* 

IH.  THEORETICAL  PRTOICTIOH  OP  DffORHATIOH  OF  DIAPHRAGMS 

The  study  of  circular  diaphragm  dcfo.»tioti  by  neans  of  fluid 
pressure  has  been  pursued  on  a theoretical  basis  by  several  groups. 


5 / -!f.  C.  Decius  end  Paul )(.  fye,~5sp5  Report  5b 


•uch  m what  of  .0,  I.  TaylorS  In  Britain,  and  those  led  by. 

R.  W.  GoranaoM/,  by  2.  S.  Kecnvd 2/  and  by  J.  0.  KlrkwoodZ/  In  the 
United  states.  The  work  of  the  Kirkwood  giotrp  has  been  connected 
rather  closely  with  that  of  the  UERL  and,  in  addition  to  their  general 
calculations,  they  have  mde  calculations  which  are  specific  for  the 
U fflL  damage  gauge. 

Without  going  into  the  development  of  the  Kirkwood  calculations 
which  have  already  been  reported*!/',  it  nay  be  illustrative  to  cite  the 
result  of  sob*  of  their  work  made  applicable  to  the  UfflL  diaphragm 
gauge. 


If  the  following  assumptions,  saong  others,  are  made: 


(1)  that  the  diaphra^pi  ia  affected  only  by  the  primary  chock-wave 
from  an  underwater  explosion, 

(2)  that  "cavitation"  does  not  occur  is  the  water  ia  front  of  the 
diaphragm  during  the  damage  process, 

(3;  that  the  profile  of  the  plastically  deformed  diaphragm  le 
parabolic,  than 


fa) 


2 ■'o  / o 

3 /*•© 


M/2 


; 


(sw*1) 


(?) 


In  the  above  equations, 

Is  the  final  central  deflection  of  the  diaphragm 

Sq  is  the  dlephrsgK  thlckneas  in  Inches 

Rq  Is  the  radius  of  the  diaphragm,  equal  to  1.61  in. 
for  this  gauge. 


is  the  density  of  tie  disphrags  in  gm/as? 

/J  is  the  density  of  the  water  in  ga/ea^ 

cr#  is  the  yield  stress  cf  the  dinphrs^i  joalerlai  in  lua/lu. 


6/  c,  T.  Taylor,  Sept.  1,  l£hi?7'sTwY  W,  XI- <-27997 

jf  It.Cdr.  R.  W,  Ooranson,  USHJR,  August  19^3>  Bureau  of  Ships,  U.3.E?*y, 
iJndervater  Explosion  Report  Wo. 

8/  :i.  H,  Kennard,  March  194b,  Taylor  Model  Basin,  V.  S.  Navy,  Report 
Wo.  52?. 

9/  J.  0.  Kirkwood  and  J.  M.  Richardson,  September  30,  19bb,  08RD  4200. 
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Is  the  peak  pressure  of  the  »hoek-vave  (m noted  exponential) 
in  ibs/in.2 


0 la  the  tine  (tec)  required  for  the  pressure  of  the  sboc«£-wave 
to  fall  to  P^/e,  where  e ■ 2.718  and 

g is  a function  oi  UiC  as  given  in  Table  II  below. 


Table  IX.  values  of 


to  various  values  or  ufi 


Equation*)  (1)  and  (2)  combined  vnth  Table  IX  allow  a calculation 
fee  be  aade  a*  tbs  dlaphrsgs  deforest  Ion  to  be  expected  with  a UERL 
damage  gauge  for  given  experimental  conditions.  Further  details  may  be 
found  In  reference  9. 

XV.  COMPARISON  OF  THBORT  AND  BKPERDOENT 


The  Kirkwood  equation*  given  In  Section  III  bave  boon  used  to  pre- 
dict damage  versus  charge  weight  emi  for  Let  3 and  Lot  5 steel 
diaphragm*  In  regular  PERL  damage  gauges.  These  curves  are  shown  In 
Flp  res  6 and  7 where  < iperlmental  data  are  also  plotted  to  Indicate 
the  excellent  agreement  between  theory  end  experiment  under  these 
conditions. 

For  determining  the  theoretical  curves  the  following  data  were  used 
Bq  - 0.085  in.  for  Lot  3 diaphragm* 

- O.OSO  lr..  for  Lot  5 dlaptarsgae 
f - 7.8  ga/c »3 

■ 1.01  ga/c*3 

<rt  m 60,000  lb/ln.2  for  hoc  3 disphragaa 
vl  ■ 63,000  lb/ln.*1  for  Lot  5 Slephragew 


Fig.  f.  »***  n.  Ovrwl&t  tor  TKT.  «"*"***<»» 

•«t  5 at«s3  dUphraga*,  pvujs.  mounted  an  «t««l  n^. 


Let  S steel  diaphr»c*r  i gnu  gee  nountec.  on  steel  ring. 


Hit  peak  praeaurc  p,  and  trspui. *e  X vere  calculated  u alag  the  e^irical 
express iona 

. xl.l* 


(;1/S) 


lb/ln. 


I - i.;o 


lb-aec/in.* 


where  V (lb)  la  the  weight  of  OR  and  R (ft)  la  the  charga-to-gaug*  distance. 
H>e  rwliit inn  between  ft,  mA  X la  aeauMd  to  be  giv-js  by 

I - 5fc  • (5) 

a fj  that  the  tlae  cooabaat  £ *»?  bo  calculated  troa.  the  following  expression 

9 • a°’*^**e8,  (6) 

which  win  ha  owed  later. 

The  above  expressions  far  the  explosion  parameters  rB  at  I whew 
detenbwed  by  plesoelectrle  awwanm ta  of  luqploelcme  fna  fuli-waiOc 
chargees?/  Although  aooe  error  way  be  Introduced  in  scad. lag  thsee 
values  do*.-,  tc  ssall  chargee,.  It  la  felt  that  they  are  wahMy  mow* 
reliable  that  thou  hht»U-d  *Uh  «—~i  ] chargee  where  lajnwuwnitwSieB 
difficulties  aeds  it  sscssssrj  to  apply  cssslSsratls  corfiprtl<Si/'  to 
apperwut  value*. 


hlthcugh  acoeshat  outside  the  scope  of  thla  report,  12  la  ini«*«stldff 
to  note  toe  effect  cm  the  tberewfctcal  Sgaage  -we-rght  em  if  tfcomfwtl- 
cal  a hock-wave  parameters  ere  substituted  far  toe  «epi*>le»£  value W. 

TeU.^.  HI  Halo  the  scaled  nap  ir  leal  values  elth  thoaa  predicted  theoretical - 
lyli/  for  ■all  IK  charge*  of  density  1.59  gyc»8. 


Table  m. 


fgtatutte  ftw  charge  V faet$ 

rrevwurw'  1 


-cohatastaj 


(lbs  a.) 

Kive.  ’ 

1 ' Tfcsw  * 

'III  HO. 

1 

TRes. 

o.V 

3300  ! 

2°S0 

0.26 

<?.&&■ 

80 

1.0 

«I50  | 

4200 

0a^O  j 

0-379-  ! 

98 

<f.O 

S700  i 

7100 

1.12  I 

o„9k*  ; 

128 

10.0 

12900 

10100 

3.91  ! 

1.75  ! 

11*9 

ho. O' 

1 

27000  j 

1 ! 

1(100 

imssfrrv  tort 

^ ! 

Ve.3S 

■«nRfen«ibi 

178 

10/  "Underwater  Bcploaloaa",  Princeton  University  Frees  pg  2*»8  by  R.B,  Cole. 
S/  Xirkoood,  arlnkley,  snA  Richardson,  08SH  ho.  2022.  p.3Slr  'Hov.  1QM. 
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Figure  6 shows  the  comparison  between  e theoretical  damage  versus 
weight  curve  based  on  theoretical  ahock-vave  parameters  and  the  experi- 
mental damage  results.  Considering  the  fact  that  the  only  experiments! 
values  used  in  determining  the  theoretical  curve  were  the  dimensions  of 
the  gauge  and  the  yield  stress  or  tne  diaperMO*;,  the  ^emieat.  (ca.  15$) 
is  excellent, 

2,  Copper  Diaphragms 

It  is  difficult  to  apply  Kirkwood' a damage  equations  to  copper 
diaphragm*  because  copper  does  not  have  a definite  yield  stress  like 
that  of  steel  no?  was  :.he  theory  intended  ic  apply  to  copper.  Figure  9 
shows  that  a theoretical  curve  based  on  a yield  stress  of  5,000  lba/ia,2 
passes  through  the  empirical  damage -weight  curve,  but  has  a markedly 
greater  slope.  The  slope  of  the  theoretical  curve  la  gradually  decreased 
by  aamaujog  greater  yield  stress,  but  such  a procedure  rapidly  changes 
the  absolute  level  of  the  curve,  as  Is  illustrated  by  the  example  in 
which  the  yield  stress  was  taken  as  20,000  lbs/in.2  It  la  evident  that 
the  low  weight  exponent  (i.e„,  elope  of  the  damage-weight  curve  plotted 
on  log-log  paper)  found  fc  copper  diaphragms  Is  difficult  to  reconcile 
with  the  Kirkwood  damage  agnation*.  It  is  possible  that  work  hardening 
la  a relatively  important  factor  In  tha  damage  process  for  copper. 

v ; laser.™  of  ssfspjmfmtr 


1.  Tha  rtnpirics!  Sp^tlen  c£  Damage 


Tha  " damage “ recorded  by  e d-formea  diaphru®a  can  be  aeasursd  In 
tarns  of  two  Dimple  parameters  of  the  deformation,  nsassly,  the  volusse 
of  the  “dish or  the  maximum  depth  of  this  dish.  Since  the  latter 
measurement  vut  easier  to  make  accurately,  and  sinca  it  seemed  to  be 
reproducible,  only  this  measurement  was  made  for  most  work,  and  It  wt 
arbitrarily  defined  as  damage. 

It  had  proviswcly  been  iounui/  •—/  that  the  maximum  depth  of 
depression  of  a deformed  diephregn  could  be  expressed  fairly  accurately 
over  a considerable  range  of  experimental  conditions  by  ?oi lowing 

empirical  equation i 

O* 

D - 5c  — (7) 

6P 


where  D is  the  maximum  depth  of  depression,  or  damage, 

k is  a constant  determined  by  the  properties  of  the  explosive,  the 
"*  properties  of  the  diaphragms,  and  by  the  units  used  for  the  other 
quantities, 

W is  the  weight  of  the  explosive  charge, 


) 


/ 


12/  Cf.  for  instance,  reports  from  the  Mine  Design  Department  of  the 
British  Admiralty 
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( 


A Is  the  cberge-to-gaage  distance,  and 

a and  a arc  constants  determined  by  the  ifftpertiee  of  the 
' dlapErsga 


The  constants  a cad  a were  found  not  to  ba  mutually  independent,  but 
were  in  the  nftn  of- about  i;?  f«r  both  tJw  rorje?  m4  steel 
Tor  the  copper  diaphragms,  a and  n were  about  0.4  and  0.8  respectively^ 
for  tb  * ateel  diaphregna,  a~aad  nTw ere  about  0.6  and  1.2  respectively, 
’fbeae  values  for  the  constant  a were  determined  over  a Limited  range  of 
charge  weight*,  in  aost  eaaaa  Treat  1 to  10  lb  a.  Weight  and  distance 
exponents  datarainad  from  300  and  600  pound  chargee  and  ateel  dlaphgagss 
were  approximately  0.49  and  1.13i2/. 


lb  illustrate  some  of  the  usee  of  the  damage  aquation  (7)  let  urn 
■oppose  that  two  explosives,  A and  B,  are  being  compared  by  means  of 
gauge*  and  using  two  different  diaphragm  materials,  1 end  2.  If  we 
fire  ode  shot  with  each  explosive  for  each  diaphragm  material,  we  may 
express  the  results  by  the  following  four  equation 


®*L  ’ 


(9) 


»A2 


...  O'**) 

1* 

“ 1 

% 

,"2 

1 

%>  * *sa 


(%?y^ 

^)na 


<10) 


(U) 


If  the  experiment  has  been  performs  d so  that  the  c barge  weight*  and 
distance!  were  held  constant  for  the  ah&-"«  represented  by  Equations  (5) 
end  (9),  and  constant  also  for  3a unties*  (10)  and  (ll),  then  detage 
ratios  for  the  two  explosives  will  be  obtained. 


"OSKD  Repoi*t  i(o.  Btftc  Sport  ib,  A-$b2. 


lh«a«  two  a— ego  ratio*  will  generally  be  unequal,  flue  to  the  different 
physical  propertiee  of  the  two  diapbrage  weteriala. 

Bowerer,  the  two  ewploeieee  aay  be  compared  according  to  other 
criteria  In  which  the  result  will  be  independent  of  the  dlephragn 
mterlal  if  the  ratio  between  ■ and  n la  Independent  of  the  4s,*phr*®e 
notorial.  *Or  sample,  different  Wights  of  the  two  explosives  nay  be 
chouen  ao  that  equal  danages  will  be  produced  at  a glrsn  charge -to "gauge 
di£Sc£  of  each  Spin,  ire  nap  be  fired  at  differ** 

diatnBcee  so  Chosen  that  fc.ua!  dssagea  'rill  be  produced.  In  - > r ease, 
Equations  (8)  and  (9)  cenbine  to  sire 


fO*i 


'O  *1 

w v 

v T?pr 


and  Bquationi (10)  and  (11)  result  in 


>.  (vk)‘° 
(*k)^ 


M 


rf  the  exporlnent  has  been  conducted  with  d*!  and  ogj.  the  ea-s,  aad  with 
djtg  and  <1b2  the  ease,  then  equlralent  weight  ratios  for  the  two  esquosvres 
m datmelnod; 


If  the  experiment  has  been  performed  with  and  the  sane,  and 
with  W^2  and  wb2  the  same,  then  the  following  equivalent  distance  ratios 
are  obtained: 


(18) 


(19) 


If,  now,  the  equivalent  weight  ratios  ana  equivalent  distance  ratios  are 
independent  of  the  diaphragm  material, 


1 Ka 


ar.d 


/ fcrO  \ 


l/n-, 


h-7  TO 

' ' i / 


/V\^ 

/ 2 

. A.-V  / 


V / 

Equations  (20)  aad  (2l)  can  be  written 


« 


*B1 

kAl 


Equation  (22)  will  be  true  If 


ng 


(20) 


(21) 


/on' 

V*-~/ 


which  was  one  of  the  premises. 

It  iu,  therefore,  evident  that  results  of  somewhat  more  general 
significance  will  be  ottnine  '.f  explosives  are  eomrvired  on  the  basis 
of  equivalent  weights,  equivalent  volumes,  or  equivalent  distances 
(all  independent  of  aiaphrasm  material),  rather  than  on  the  basis  of 
relative  damage  produced.  In  practice,  it  was  found  more  convenient 


536 

i 

! to  fomre  amloelvea  at  constant  ch»rg«-to-gsuge  Pittance*  rath-r  than 

at  iionatant  weight*  or  'tliast,  so  the  equivalent  weight*  of  erploiive* 
were  the  quantities  determined  directly.  The  other  ratio*  can  Hilly 
bn  calculated  If  one  ratio,  the  exponent*  a and  n,  and  the  explosive 
densities  are  known. 

Tci'  sxaaple,  if  the  equivalent  weight  ratio  VA/Wg  (£  81,4  4 h*14 
constant)  la  designated  aa  W^j  the  equivalent  volwt  ratio  VA/VB 
(D  and  d held  conatant)  aa  W the  equivalent  diataae*  ratios 
d«/d.  (5  and  V held  conatant)  and  dg/dA  (D  and  V held  conatant)  m 
djL  fedTdog,  raepev  lively j «*>1  the  Sanalty  ratio  (V  held  constant) 

a a Wy,  then 


i 

i 

\ 

'•m  • . 

(03) 

n 
• > 

i 

v - 

(Sit) 

*ad 

i ; 

i i 

i : 

(25) 
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j 9.  The  nrfect  of  Wooden  Franas 

i In  tetrta  with  damage  gauges,  mcrm  eoit  of  f*s*»nKsrt  for  fixing  ths 

j orientation  of  gauges  and  ebaxge-to-gsygs  distances  is  -ssentlsl.  The 

i ; first  tyy«  of  fraw  used  at  QBRL  consisted  of  a wooden  cron  at  the  center 

i of  which  the  charge  wne  fastened.  One  gauge  use  mounted  on  the  end  of 

I -~-.v  -#*  tv.  >*;oee  an  that  It  faced  the  charge,  flw 

\ ' rig  vta  lowered  by  a rope  or  wire  cable  into  th®  water  with  safety 

! lines  connected  to  the  gauges.  A top  view  sketch  of  this  type  of  fr«*e 

le  shown  In  Figure  10. 


figure  10.  Flrct  fruae  type 


l 

! 

I 


i 
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A fr«M>  of  this  construction  vu,  of  courts,  good  for  only  one  shot. 

Partly  In  an  effort  to  avoid  constant  replacement  of  f ranee,  end 
portly  due  to  a presentiment  that  a foreign  object  ao  close  to  the 
charge  sight  ba  affecting  the  results,  a second  type  of  wooden  frame, 
shown  In  figure  11  was  soon  put  into  use,  She  charge  In  this  caae  Vm 
positioned  by  twine  tied  between  It  end  the  eldee  of  the  frames. 


By  an  unfortunate  coincidence,  the  damage  recorded  by  the  gauges 
when  mounted  on  this  frame  was  the  seme,  within  experimental  error,  a* 
that  obtained  with  the  cross  f rame,  end  it  v*»  concluded  that  the  frame 
in  neither  case  had  any  signif  icant  effect  on  the  damage  gauge  results, 
particularly  since  the  primary  interest  waa  in  coppering  other  explosives 
relative  to  a standard  explosive  (7BT).  However,  became  the  ercond  typo 
frame  seemed  to  be  an  l^provnmant  in  technique,  it  waa  retained  in  use 
although  francs  of  this  type  elso  v ere  almost  invariably  destroyed  by  a 
single  sbo;. 

Another  experiment  whlcn  led  to  the  belief  that  the  method  of 
mounting  the  gauges  bad  little  effect  cc  draage  vs  a th*  following,  In 
order  to  determine  whether  an  Increase  of  inarUa  of  the  deaage  gauges 
would  increase  the  damage,  several  cbargws  varying  In  weight  from  0.8 
to  4.2  lbs.  were  fired  at  steel  diaphragm  at  distances  of  $6  and  48  in. 
She  weight  of  each  gauge,  we  led.  lug  30  lbs.  normally,  was  nuccessivaly 
lucreased  by  15,  30,  and  50  lbs.  In  re  -aataace  was  there  an  Increase 
in  damage  to  the  Aiapln  >a  until  the  charge  and  dlstancae  were  such  that 
the  diaphragm  was  damaged  more  than  80#  of  the  maxiews  isege  possible 
without  rupture.  Beyond  00#  of  Eskimos  depression,  doubling  the  weight 
of  the  gauge  (total  weight  60  lbs.)  Increased  the  damage  hy  5#, 
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the  weight  ©f  the  gauge  by  50  lb* . (total  weight  80  lb*.) 
did  *»t  further  increase  the  damage.  It  vas  concluded,  therefore,  that 
Increasing  the  Inertia  of  the  gauge*  considerably  did  not  Materially 
change  ut  cmsults. 

Sarly  in  the  etaaaer  of  1943,  however,  a n*»  shipment  of  lusher  ueed 
for  conetruetiag  the  frames  ras  rec ?'»*4  which  produced  markedly  diffarwit 
damage  results.  This  led  to  t’  i investigation  of  several  types  of  support- 
ing frames. 

The  usual  type  of  frame,  Figure  11,  Bade  of  3 x 3/4  in.  furring,  vac 
varied  by  "quartering"  each  member  to  decrease  the  strength  of  the  frame, 
and  by  "doubling"  to  increase  the  strength.  The  doubled  franc  was  con- 
structed simply  by  nailing  together  two  member*  for  the  side  pieces  of 
the  frame  shown  in  Figure  11  so  that  the  dimensions  of  these  sections 
ware  3 x 1-1/2  In.  It  should  be  noted  that  for  this  type  frame  the 
closest  edge  of  the  wooden  frame  vn«  closer  to  the  charge  than  the  gauge 
diaphragms.  Figure  12  shows  e partially  doubled  frase  in  which  the 
sections  between  C and  B,  and  B and  D have  been  doubled  in  the  same 
fashion.  Figure  13  shows  a frame  constructed  so  that  all  ports  of  the 
wooden  fraam  were  farther  from  the  charge  than  the  diaphragms  in  the 
gauges.  Weakened  and  doubled  frames  were  investigated  for  this  style 
frame  sji  wall.  Finaiiv.  tests  were  made  with  the  gauged  mounted  rigidly 
on  a steel  ring  (Figure  Ik),  the  ring  waa  made  of  1-1/2  in.  soli'' 
round  stock  and  the  gauges  ware  mounted  (x)  on  spruce  blocks,  (2)  on 
-il  tlcchc.  usd  ii)  cs  aeunte  se*s  of  1-1/2  in.  angle  iron,  lhe  results 
varied  vith  csch  type  of  mounting.  D»  ring  was  not  elgniflcantly 
affected  by  the  shots. 

Our  conclusions  from  these  experiments  vers  ss  follows,  the  data 
are  listed  in  Tables  IV  to  VI 1. 

(a)  The  regular  frames  (Figure  11}  produced  a definite  decrease 
in  damage  when  strengthened  b,  seann  of  the  doubled  sides,  and  on 
Increase  lu  damage  when  weakened  by  use  of  the  quartered  sides.  An 
increase  in  damage  was  also  shown  "has  the  frame  members  were  decreased 
from  3 x 3/4  in.  to  2 x 3/4  in.  The  data  for  tbscc  shots  are  show*  in 
Table  IV.  Sere  it  may  be  seen  that  strengthening  the  frame  by  doubling 
may  decrease  the  damage  as  much  as  17#  ex A weakening  the  frame  by 
quartering  the  fraas  Increase  it  as  such  as  49#.  This  waa  also  abcus 
in  shots  in  which  frame*  were  unajmsetrically  strengthened  as  shown  In 
Figure  12.  The  data  in  Table  V indicate  that  leas  damage  occurred  for 
those  gauges  mounted  on  the  doubled  sscpj.oa*  of  the  frame. 

(b)  The  use  of  the  "outside"  frames  (Figure  13)  for  which  all 

charge-to-fTHM  distances  were  greater  than  the  charge -to -gauge  distance 
resulted  In  a damage  greater  than  with  the  frames  of  Figure  11.  The 
increase*  in  damage  were  *e  such  aa  *-»  indlcAted  in  Table  VI.  The 

weakening  of  this  type  of  Irene  by  changing  frexs  3 x 3/4  in.  members  to 
tbs  2 x 3/4  site  end  tie  doubling  of  the  frame  had  comparatively  little 
effect,  increasing  the  distance  d of  the  gauge  ttm  the  frame  tended  to 
increase  the  damage. 
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Table  V.  Results  vith  partially  doubled  frame  (Figure  12) 


Charge 

(e») 


1 

uaoago 

i 

usnage 

I 

1 

Qauge 

Gauge 

! Percentage 

.0-4*.) 

(10 -2fn.) 

Variation 
of  n ?rr*a  A 

33.4 

31.3 

-6.3 

31.8 

29.8 

-6.3 

liable  VI.  Hasults  with  "outride" 


Framo  'Typo 


R * 3/4-in. 

(stock 


Fi«.X3  stylo, 
2 z 3/4-ia. 
stock 


Pig.13  style, 
"Kmblod" 

3 x 3-1/2-lu. 
Stock 


Charge 

(gs) 

TUT 

Teta*yl  | 

1300 

1300 

1300 

975 

1300 

100 

100 

100 

100 

100 

1300 

100 

930 

1300 

100 

Damage 


49-6  t 1.1 

53.3  t 1.2 

52.3  t 0.6 
*5-1  * 0.6 
55.1  t i.3 

55.0  ? 0.2 

44.3  t 0.1 


Percentage  Variation 
Coapored  vith  Regular 
Pranes  of  Table  IV 

2 X 3/4  in. 

3 x 3/4  in 

410 

433 

■*26 

433 

454 

467 

462 

+78 

+71 

+33 

471 

472 

t!7 

1 

1 

450 

a/ Corrected  to  0.035-isu  tklctaiew 


(c)  The  counting  of  gauges  os  s etecl  ring  (rigui'c  it)  resulted 
Is  greater  damage  thin  any  type  of  wooden  frost  mounting.  Ihis  in- 
crease varied  frta  6 to  10%  ov.r  the  type  shows  is  Figure  13  to  3C  to  100% 
over  the  regular  type  of  Figure  11.  The  change  Is  type  of  gauge  hacking 
frees  spruce  to  oak  Increased  damage  2 to  4%.  Typical  result#  with  the 
steal  ring  are  shews  In  Ttble  VII. 

An  additional  experiment  In  which  a chain  was  stretched  Wtween 
gangs  e mounted  on  a regular  wooden  frasss  (Figure  ll)  to  prevent  their 
swinging  away  frost  the  explosion  core  than  about  1 In.  resulted  In  no 
increase  in  damage  over  that  usually  produced. 

* 

It  was  concluded  thsi.  In  general,  the  lighter  the  wooden  frame 
the  aoro  the  damage,  and  the  greater  the  rhasge-to-frame  distance, 
the  acre  the  danage. 

A suggested  explanation  for  the  remarkable  Increase  In  d asses 
(25  to  100%)  whan  gauges  ware  mounted  on  a steal  ring  ra their  than  at 
the  corners  of  a square  wooden  frame  was  that  the  wood,  being  e medium 
leas  dense  then  water,  reflected  a rarefaction  wave  which  partially 
destroyed  the  shock-wave.  Another  proposed  explanation  was  that  the 
danage  was  increased  by  the  acre  rigid  becking  of  the  steel  ring,  lb 
test  the  reflection  theory  Independently  of  the  rigidity  with  which 
the  gauges  were  mounted,  shots  yj*d*r  three  sets  of  from  condltlorv 
were  fired.  One  was  a frame  consisting  only  of  the  ring;  another 
consisted  of  the  ring  end  an  "outside"  wooden  frame  (Figure  13);  and 
the  last  consisted  of  the  ring  sn&  an  "Inside"  wooden  frame  (Figure  11) . 
For  this  end  the  following  frnae  experiments,  except  where  otherwise 
noted,  lot  i steel  diaphragms  were  owed,  the  c&axgo-to-geiiga  distance 
was  18  in.,  the  charge  employed  for  each  shot  was  2.31  lbs.  TUT,  and 
two  shots  were  fired  for  each  arrangement. 

It  was  found  that  the  average  ratio  of  the  damage  obtained  with 
the  outside  frame  and  ring,  to  the  damage  obtained  with  the  ring  alone 
was  0.90;  the  average  ratio  of  the  danage  obtained  with  the  ring  and 
inelde  fraas  to  the  damage  obtained  with  the  ring  alone  was  0.59. 

To  make  sure  that  the  decreased  damage  found  in  these  cases  was 
caused  by  reflection  of  the  shock-wave  from  the  wood  and  not  by  cose 
phenomenon  Involving  actual  contact  of  the  wood  and  the  gauges,  the 
following  experiment  was  next  performed.  Shots  ware  fired  In  which 

!1)  boards  were  lashed  to  the  ring  outside  the  circle  of  the  gauges; 

2)  board*  were  lashed  to  the  ring  within  the  circle  of  the  gauges 
but  below  the  plane  of  tbs  gauges  so  as  not  to  be  directly  between 
the  charge  end  the  gauges;  (3)  boards  half  as  vide  as  In  (2)  wore 
lashed  to  the  ring  as  In  (2).  The  average  ratios  of  the  damages 
obtained  compared  with  the  damage  obtained  with  the  ring  alone  wars 
found  to  be  1.00,  0.82,  end  0.90,  respectively. 

To  Investigate  the  possible  effect  of  movement  of  the  gauge  as 
a whole  on  the  damage  of  the  dirphrtss,  shots  were  fired  using  ths 
ring  alone  in  which  one,  two,  and  tnree  gauges  were  used.  In  the 


cases  in  which  tvo  and  t&m  gauges  were  used,  tfcu  gauge*  were  spaced 
at  90s  laterals.  In  ell  of  these  eases,  then,  the  shock-wave  would 
tend  to  more  the  whole  ring,  and  the  damage  could  be  coopered  to 
damages  obtained  In  the  usual  case  in  which  four  gauges  were  mounted 
•t  90°  intervals  about  the  ring  so  that  the  latter  hod  no  tendency  to 
««»«,  an  mnortant  differences  were  found. 

la  order  to  obtain  evidence  as  to  the  effect  of  the  ring  Itself 
on  damage,  two  types  of  shots  were  fired  end  .onpared  with  the  usual 
shots.  In  the  first  type,  sheet  Iren  was  wired  to  the  ring,  me 
sheet  iron  was  6- l/2  in.  high  sad  extended  all  around  the  outside  of 
the  ring.  In  the  second  type,  the  gauge*  were  mounted  on  rubber  shock 
mounts  about  3/8  In.  thich  between  the  gauges  and  the  ring.  Biis 
experiment  was  to  teat  the  effect  of  the  rigidity  of  the  mountiwt  on 
damage,  ffeltber  the  sheet  iron  nor  the  shock  mounts  were  found  to  have 
any  significant  effect  on  damage,  so  It  would  appear  that  the  reflections 
from  the  ring  and  the  rigidity  of  the  ring  make  no  appreciable  contri- 
butions to  damage, 

two  shots  were  also  fired  using  Lot  3 steel  dlephraffas,  3-78  lb. 

HU  charges,  and  an  Inside  wooden  frame  (figure  11)  In  addition  to  the 
ring.  Obese  shots  were  compared  with  two  previous  shots  in  winch  the 
ring  was  not  used,  the  average  ratio  of  the  damsge  obtained  with  the 
wooden  frame  end  ring  to  the  damage  obtained  with  the  wooden  frame 
alone  was  found  to  be  1.07.  Of  eight  such  ratios,  however,  the  spread 
was  considerable  (0.95  to  1.2b),  *1*  perhaps  to  the  variability  In  the 
wood,  this  Indicates  that  the  major  portion  of  the  "frt--  orrr.v  " 
due  to  the  presence  ef  the  wood  sad  not  the  breait-ro  of  dm  frame  or 
the  movement  of  the  gauges. 

3.  Rewrite  Cuing  Wooden  riitmas 

A considerable  nvmber  of  tests  were  conducted  with  damage  gauges 
before  the  importance  of  the  effect  of  wooden  frames  on  damage  was 
discovered.  These  experiments  ere  described  in  the  following  sub- 
divisions. Xt  should  be  kept  In  mind  that.  In  general,  a new  frame 
■sa  used  for  every  shot  and  that,  therefore,  an  important  variable 
was  not  controlled  eacspt  insofar  as  the  same  kind  of  lumber  was 
used  until  it  was  used  up.  It  Is  jn-obably  unsafe  to  compare  results 
of  shots  which  wsre  separated  by  a considerable  time  lnterml.  she* 
numbers  indicate  the  order  in  which  the  tests  were  conducted. 

(a)  Determination  of  time  cf  damage.  A simple  method  was  devised 
for  determining  the  approximate  ilme  during  which  deformation  of  the 
dlaphragws  in  OEKL  damage  gauges  occurred.  The  method  consisted  of 
firing  shots  la  which  the  gauges  and  charge  were  siuma-vt*.*.  it,  a plane 
parallel  to  the  water  serfs**  «?*  successively  decreasing  *ba  depth  of 
toe  rig  until  the  gauges  began  to  record  asrhedly  less  damage.  ?\e 
decrease  in  damage  was  caused  by  the  reflection  cf  ->.  rarefaction  ( ten- 
sion', wave  from  the  water-air  interface  which  cut  elf  the  latter  part 
cf  the  pressure  wave.  At  the  critical  depth  whore  the  deformation  first 
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appears  to  be  affected,  the  o*th  difference  between  direct  and  reflected 
»«*,  divided  by  the  velocity  of  the  shock-wava  (ca.  the  velocity  of 
eovovl  la  water),  giv»*  tbs  time  delay  in  the  arrival  of  the  reflected 
wave,  and  thy*  (if  w*  disregard  deformation  of  thd  iiajiu-agw  jauavd  by 
It*  ora  Inertia)  the  tin  required  for  aortal  dafomtioa.  Oemparlesn 
of  tin*  deformation  tine  vita  the  treasure  tine  curve  of  tbe  stock-wave 
will  abow  what  part  of  the  shock-wave  caused  the  damage.  It  will  be 
noted  that  no  account  hae  been  taken  of  tbe  contribution  of  bobble  polae 
raven  to  the  deformation,  but  ether  axper Inants  ( Reetton  V,  k,c)  have 
shown  that  In  normal  use  of  the  gauge  the  contribution*  of  bubble  pulses 
rare  negligible. 

The  reaulta  of  these  teats  are  Hated  In  Sable  VIII,  and  acne  of  the 
results  are  shown  graphically  In  Figures  IS  end  1 6.  She  defamation 
tines  range  from  2k0  to  3&>  mlcroseeoods. 

(b)  Usable  shots.  According  to  Kirkwood,  curved  dlaphrssu  with 
tbe  convex~slcLe  twETthi  charge  should  be  defomed  sore  then  thorn 
exposed  with  the  concave  side  toward  the  charge.  To  determine  the 
relative  capacities  of  convex  and  concave  diaphragm*  to  withstand  de- 
famation, the  following  experiments  ware  carried  out.  The  first  ex- 
periment consisted  of  reversing  a oev^r-rd  dlajegaga  In  the  gauge  and 
firing  *.  second  charge  Id-stieal  with  the  first.  That  la,  for  tbe 
second  r^ot  the  dm*  or  the  damaged  diaphragm  was  bulged  out  toward 
the  charge.  The  result  of  the  second  shot  use  a dofomatloa  In  the 
opposite  direction  In  which  the  marlima  depression  (measured  from  the 
or Igl  nal  ugdefoamad  plane  surface  a*»  reference  point)  vs  a greater  by 
25  to  ton.  5he  dent  frag  the  second  shot  had  an  ssysastrlcal  contour, 
having  the  greatest  depression  two -third*  or  the  w ny  toward  the  fids  cl 
the  bulge  uedF  the  bottom  of  the  gauge. 

In  the  second  experiment,  diaphragna  were  exposed  to  the  explosions 
of  two  S taller  charges  in  succession  without  removing  the  diaphragms  from 
the  gauges.  It  was  found  that  the  damage  was  issraased  by  the  second  shot 
but  net  to  the  same  extent  as  on  the  reversed  diaphragms  discussed  above. 
Table  XZ  lists  the  data. 

(c)  Study  of  errors,  A aerie*  of  experiments  were  conducted  in 
which  we  Investigated  tfej" various  sources  of  errors  la  our  uk  of  the 
020.  damage  gauge*.  This  tec  dose  by  ashlrg  various  deliberate  changes 
of  the  sort  fe*£4JV  AfVli ui’  aoolueuwsily  In  tbs  experimental  set-up  and 
than  determining  the  extant  that  tbe  damage  was  affected  by  this  change. 
Charges  of  approximately  k lbs.  loose  tetryl  (density  about  1 gm/cm’) 
ware  used  so  that  no  Initiator  other  than  a Bo.  S DuPont  cap  would  be 
necessary.  ChesTge-to-gsugs  distance  was  tS  in.  iW  u>m  tacts,  unless 
otherwise  specified. 

(t)  Due  to  vuriation  of  charge-to-gauge  dlstaaee.  When  the  gauges 
were  displaced  with  respect  to  the  chart  $,  theefaengs  in  damage  was  about 
3 i>  per  Inch  of  displacement.  Bence,  if  the  charge  should  ehift  1 in. 
toward  one  gauge,  that  gauge  would  have  more  damage  than  tbe  one 
opposite  It.  Hie  damage  averaged  over  the  two  opposite  gsujts  should 


Table  Tin . Reeulte  obtained  by  varying  depth  of  Ima&reloa  .£/ 
Copper  diaphragm*  uend  except  me  noted. 


Dl naence 


Critical 
Depth  Below 
airface 

(in.) 

Damage 

(l/64  In.)  j 

Cutoff 

Tine 

(wee) 

Peek 

Preaeure 

(lb/int) 

Preeeure 
at  cutoff 
Time 

15 

60.0 

0.31 

1 7550 

1 ljt  p^w. 

15 

52.8 

pL 

.24 

5500 

peak 

24 

I 

— 

.33 

5220 

<■1$  peak 

21 

36.3 

.36 

i960 

•C.13C  peak 

24 

32.3 

.33 

U40 

ml#  peak 

24 

31 

.33 

2370 

<1$  peak 

24 

4l 

.33 

3590 

4 -2$  peak 

22 

37 

.29 

7100 

790  Ib/in? 

4 lt&/ 


t/?«tk  pressures  a&d  pressures  at  th*  cutoff  tins  calculated  attaining 
p(t)  - sjBe-t^  end  uelng  Equation*  (3)  end  (6)  for  end  0. 
o/steel  diaphragm  ueed. 
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be  conatM/fe  to  vi thin  for  eucb  a displacement-  of  the  cb&rgt  from 

position.  Stiiis  for  our  sot-up  of  4 gauge*  at  yrf’  irt«: '*»la  around  the 
charge,  a gauge  diopluceneut  would,  have  a store  serious  offset  on  the 
average  result  than  « charge  41  splec  groat.,  but  vs#  stucl<  loss  Likely  to 
occur,  'jnblo  X give*  the  data. 


Table  X.  Varlatiou  of  4 gauge  with  distance 
(Charge  2000  gm  loose  tetryl) 


lhutoer  of 
Dtephragaa 

Distance 

(in,) 

Danage 

(in.  x 100)  ; 

4 

54 

44.6  + 0.2 

4 

51 

48.6  + 0.3 

4 

48 

50.0  + 0.3 

4 

45 

59.2  + 2.0 

4 

42 

62.0  + 0.1 

(ii)  Rig  w yriatlou  ox  charge  is'-il  and  tilt.  Since  in  nornal 
practice  tile-  charge  v«u*  tied  GET  the  center  o'  o cquar-o  frosic  by  four 
tie-lines  of  marlin  (twine).  It  vu  of  Interest  to  know  how  auch  error 
Blgnt  he  introduced  by  a change  In  level,  or  tilt  or  the  charge,  fly 

the  charge  shove  end  below  the  level  of  the  gauges  it  «ss  shuwu 
that  a displacement  of  1 ft.  in  a Hue  perpendicular  to  the  plane  of  the 
gauges  changed  the  danage  about  4$. 

Results  on  tilt  of  the  charge  varied  widely  but  indicated  that  an 
Inclination  of  30°  of  the  charge  axis  did  not  result  In  more  than  s 5$ 
variation  In  dosage. 

(ill)  Hie  to  variation  in  gauge  orientation.  Gauges  -were  twisted 
so  that  the  angle  between  the  dlcphregma  and  the  chorge-to-gauge  axis 
was  i 9C°.  139°,  and  180°.  In  the  customary  set-up  the  diaphragm  Is 
perpendicular  to  thie  ex  la.  When  tl«r  diaphragm  was  parallel  to  the 
eharge-to-gauge  axle  (l8o°  angle),  the  damage  was  decreased  5jt,  in  tha 
other  cases,  about  yjt. 

(lv)  Due  to  miscellaneous  variations.  Sons  of  the  steel  diaphragms 
verc  slightly  varpod  by  'khe"  shearing  process . These  could  be  straightened 
by  a pressure  < f a few  pounds  end  the  amount  of  warping  was  never  greater 
thau  about  l/64  in.  (aeosured  perpendicular  to  to*  diaphragm).  Warping 
to  this  extent  Introduced  no  aaoeurable  error. 

Variation  In  cap  screw  tightness  (gee  Section  .17.)  was  found  to 
introduce  errors  os  large  a«  lo£  with  copper  diaphragm  end  sesaewhat 
smaller  errors  vith  steel  diaphragm.  Having  one  non  tighten  all  cap 
screws  with  a 10  In.  wench  an  equal  (mount  served  to  be  oatiafactory. 
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in  teat  with  service  weapons,  the  best  results  veze  obtained  using  a 
torque  wrench  which  slipped  after  a ir“d*t«rmined  torque  vcs  reached* 

In  usvjii  practice  the  damaged  diaphragms  were  measured  after 
removal  from  the  gauges.  A series  of  diaphragms  were  censured  in  tic 
gauges  before  and  after  th*  shot  sad  the  difference  cump*r«d  with  the 
usual  measurements.  The  mseaurmnants  in  the  gauges  averaged  .CO  3 in. 
greater  than  out  of  the  gauges.  This  was  less  than  1 % of  the  ordinary 
damage  and  either  Est'cod  m considered  aflsqy>*te  an  long  as  it  was  used 
consistently. 

the  th  iciness  of  the  diaphragm  in  the  region  which  remained  un- 
damaged, that  is,  protected  by  the  clashing  plate  cf  the  gauge,  was 
measured  before  and  after  the  shot  a<»d  found  to  remain  the  same  til  thin 
.001  in.  However,  by  marking  di&phrajsis  with  parallel  lines  about  l/g 
and  1-1/2  in.  from  the  edge,  it  was  shewn  that  there  is  movement  toward 
tbs  central  or  damaged  portion  of  the  diaphragm.  The  sEouat  of  slippage 
was  roughly  proportional  to  the  damage  end  verted  from  0.20  am  to  0.60  un 
for  a damage  change  oi  C.j2  to  C.k£  in. 

(v)  guawary.  If  then,  for  a typical  experiment-,  we  assume  the 
following  ejrioft,  vw  can  calculate  deviations  for  a single  shot  using 
4 gauges. 

Assumed  Errors  < Pe*ia.tion  in  Daasge 

tc.  in.  Gfcugc-to-ciarge  distance 


(variation  due  to  charge  73.>y 

displacement  only) 

16  in.  Charge  displacement 

(vortical)  - 

H5°  Charge  tilt  ± X* 

t 5°  dauge  orientation  * 1< 


Thea  if  wcu«  »>«■■*,  no  other  variables  we  should  have  the  fwUe>vi»* 
precision'. 

Standard  deviation  of  a single  observation  t 4.35 

Probable  error  of  a single  observation  * 3.2Jt 

These  results  are  to  os  compared  to  tt*  standard  device-ion  end 
probatne  orrw  a.-  l±t-xtin;d  rrc»  the  distribution  curves  plotted  in 
figures  IT  and  18.  To  obtain  these  curves  «e  have  used  212  damages, 
diaphragms.  These  were  damaged  by  2 to  4 lb.  charges  all  at  48  in. 

In  Figure  17  the  actual  deviations  in  hundredths  of  an  Inch  from 
the  mean  for  ^ech  series  in  plotted  against  frequency  of  occurrence . 
Figure  18  shows  the  percentage  deviation  from  the  mean  for  each  series. 
The  absolute  deviation  is  nearly  constant  independent  of  amount  of 
dsmst.e,  to  figure  17  is  considers.'  more  useful  than  Figure  IB. 


> 


1 
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fig.  1".  Distribution  of  actual  deviation  la  daaage  for  Zl£ 
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Tran  these  distribution  'nirves  the  standard  deviation  and  probable 
error  of  a slaglc  observation  my  be  calculated.  These  are  given  in 
Table  XI. 


'Sable  TI.  Deviation  aeasures  for  212  dsaaged  d'.phrsgas 


Deviation  Meanre 

Absolute 

Deviation 

— 1 

Percentage  i 
Deviation 

Standard  deviation  of 

a single  observation 

i 0.018 

±5.1* 

probable  error  of  a 

single  observation 

♦ 0.012 

t 3-** 

(d)  test  of  gopa<ne<w*a  scaling  rule.  In  order  to  teat  the  veil 
known  Bopkuuon  scaling  issr  helf-vcale  aodsla  of  the  regular  URL 


dlajtoigs  gangs  war*  constructed.  Xach  linear  dlmmslon  of  the  regular 
gauge  vau  carefully  reduced  by  coa-balf . To  Insure  that  the  properties 
cf  the  half -seals  dlauhraawa  would  be  the  esao  as  those  of  the  full 


slM  dlaphrcgne,  we  used  copper  iiepfcragne  eaaaalad  under  the  sane  con- 
dition and  at  the  sene  tine.  20  B3  gauge  (thlckn...  .032  In.)  .ti  utid 
iM  the  mall  gangs*  and  JX  SS  gs^s  (thicfcacce  .0*5  is.)  use  used  is  the 
regular  gauges.  % ellsdnetc  the  nscaaslty  of  sealing  boosters  and  sub- 
sequent dirficultlea  of  detonating  east  chargee,  loose  tetryl  chargee 
Tware  need  throughout.  In  each  case  tha  container  used  for  the  charge 
rlth  tha  snail  gsugee  tea  sealed  fna  the  larger  container  (except  for 
wall  chickpeas)  and  tha  might  of  explosive  was  i/8  that  of  tha  larger 
char**. 


the  r.m’its  listed  Is  Ttble  XII  Indicated  that  tha  danagtaa  eealed 
on  tbs  average  to  withtn  2*.  the  largest  d*-i*tlon  being  5*»  Dm  shapes 
of  tha  paira  of  disperses  hod  tha  asan  appearance.  If  there  vae  any 
change  in  the  strength  of  the  ooppor  d^sphraga  with  i*t*  of  strain  In 
tha  rsago  of  rates  encountered  bare,  it  nuat  have  bean  mated  by  roa- 
pensatlsg  error#.  Any  such  "spa'd  afreet"  should  cause  a deviation  fros 
Mapjrtnaun'n  rule.  It  should  be  noted  that  part  of  tha  shots  were  with 
wjodan  Irenes  sal  the  others  with  steel  rings.  Vhsn  the  steel  ring 
support  me  used,  copper  diaphragm  showed  the  mm  might  usd  dieter.-:: 
exponent*  an  previously  obtninad  fov  copper  diaphragm  using  wxtlan 
fr saw  (0.H  and  0.8  respectively). 


Ik/  "the  dnasgci  inflicted  on  a given  structure  by  a given  charge  at  a 
give e distance  *lil  be  reproduced  to  scale  if  the  linear  dimsnaiOL:  of 
the  charge  «m  uu  airucturs  and  woe  distance  between  tbsu  are  all  In- 
creased or  doereasod  in  the  sane  ratio";  St,  iH2/i9  Sabsurlne  engine  lone, 
p.  Ifl,  H.  V.  hi! liar. 
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Table  XII 


C--!!£0 

Seale 

Charge 

MrishtS/ 

(grn) 

Charge- to - 
Gauge 
Distance 
(in) 

Average 

Damage**/ 

(10‘2in.) 

! ®Full  scaled/ 
1 D 

H-Of  scale 

Shots  Blade  with  wooden  frames 

stir 

(mean) 


(tteua) 


ox.y 


Shota  made  with  steel  r 


41.6  +0.4 
41-9  t .5 
41.75  t *4 


80.5  + 1.5 

85.2  +1.7 

83.2  t 1.1 
8l.y  - 1.4 


frame* 


250.5 
516-5 

774.5 
1558.5 


76.5  z 0.6 
1C7.2  t .7 
83.1  ♦ 1.0 
108.7  t 0 .9 


a/  The  <->uirge  was  1oo*e  Tetryl  but  the  weight  listed  here  includes 
0.5  9 for  Du  Post  III).  8 detonet-or  = 

b/  Aveiag-  of  4 gauges  for  earh  shot  with  average  deviation  of  a 
single  diaphragm. 

c/  Ratio  includes  a weight  or  distance  correction  where  necessary. 
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L , Experiments  Designed  to  Teat  Predictions  of  Diaphragm  Defox  .nnt Ion 
Theory. 

(a)  Effect  of  variation  in  diaphragm  thickaes*  on  deroraatlon. 

When  Lot  B steel  diaphragms  were  first  received,  It  was  found'that  the 
thickness  of  these  diaphragm  verted  from  .075  to  .094  in.  In  Lot  1 and 
Let  2 diaphragms  the  variance  liad  not  been  greater  than  .00&  in.  If 
Lot  3 diaphragm*  were  to  be  need,  It  vaa  neceaaary  to  eetabliah  a method 
of  correcting  the  damage  obtained  with  a diaphragm  of  a given  thlckneea 
sc  that  it  would  be  comparable  with  that  of  a diaphragm  of  another 
thickness. 

(1)  Derived  from  theory.  Consider  Equation  (l)  and  Equation  (2) 
of  Section'  ill.  Substituting  typical  value#  for  the  constant*  <r,  , /*  , 

, and  ao  in  Equation  (2),  namely  60,000,  7.8,  1.01,  and  O.O85, 
respectively,  the  value  6610  *ec**  is  obtained  for  CO  . If  aQ  is  not 
O.O85  but  0.075#  <0  becomes  6340  *ec*^,  a change  of  U.ljt.  Por  none  of 
the  small  scale  work  discussed  in  this  report-  va*  the  time-constant  (9) 
of  the  shock  wave  at  the  gauge  positions  greater  then  0.25  x 10*3  sec 
(the  time-constant  of  a shook  wave  3 ft.  from  a 25  lb.  TNT  chargeiS/ ) 
so  an  upper  limit  for  the  value  of  CO  9 would  be  about  1.65.  Then  a 
diaphragm  thiekneso  variation  from  .085  in.  to  .075  in.  or  to  .095  in. 
would  change  the  corresponding  value  of  g by  2$  at  the  moat  (much  less 
for  a single  shot),  see  Table  II. 

Let  us  new  assume  that  g la  independent  of  a.  over  the  range  of 
variation  of  a encountered,  and  consider  the  ratio  of  damages  predicted 
by  Equation  (l.J  for  two  diaphragm*  of  different  thicknee-ee,  other  con- 
ditions bejng  held  constant.  It  la  easily  deduced  that  the  ratio  of 
damage  (Z_  ) of  a diaphragm  of  a given  thickness  { e ) to  the  <?•  mage  (z^,) 
or  a diaphragm  of  stond->r?  thicuneea  (a^,)  is 


If  the  diaphragm  thickness  1*  varied  from  a standard  value  of  ,u6>  in. 
to  .075  ir».;  the  damage  is  increased  9f. 

It  *pp«ar»,  than,  that  the  contribution  cf  the  ~ term  variation  to 
the  variation  In  2*.  caused  by  different  urvyluagn  •hickr.caccc  it  of 
second  order,  In  ao  case  more  then  about  idfli  oi  the  iota,  damage  variation 
to  dlffexent  thlckneiso.i  for  the  experimental  condition*  employed. 

Tiis  enables  the  calculation  from  ©luation  (26)  of  a reasonably  accurate 
set  of  correction  factors,  tndapendsnt  of  the  yield  stress  of  the  steal 
and.  cf  the  peak  procure  and  time- cewiv  ant  of  the  particular  shock  vsve 
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producing  tbe  damage,  by  asare  of  which  the  damage  for  a diaphragm  of  a 
given  thickness  can  be  reduced  to  ♦hat  for  a diaphragm  of  standard 
thickness.  A plot  of  these  cor*  on  lectors  as  a function  of  diaphragm 
thickness  la  given  in  Figure  19  * given  damage  Is  simply  multiplied  by 

the  proper  correction  factor  (X.i  obtain  the  damage  which  would  have  been 

obtained  with  a diaphragm  of  standard  (.065  in.)  thickness.  More  accurate 
correction  factors  say  be  computed  by  including  the  contribution  of  the 
variation  in  g,  tut  this  la  not  necessary  as  long  as  the  tots’  correction 
le  small. 

Hits  treatment  esn  be  applied  similarly  to  copper  diaphragms. 

(il)  Bgplrlcal  determination,  (an)  Lots  3 end  5 »-eel  diaphragms. 

By  suitably  choosing  Tfiaphragms  of  different  thickneeuea  for  the  four 
damage  gauges  u«»d  in  single  shots,  the  effect  of  thickness  variations  on 
damage  was  determined  exper las tally.  For  example,  two  diaphragms  .085 
In.  thick  and  two  diaphragms  .075  In.  thick  vould  be  damaged  under  the 
same  conditions,  and  the  correction  factor  to r .075  in.  diephrsgE**  ob- 
tained directly.  Saving  obtained  such  Information  for  diaphragms  of  all 
thicknesses  in  the  Lot  3 range  it  was  then  possible  to  compare  the  results 
for  different  shots  la  which  diaphragms  of  different  thicknesses  were  used. 

In  Figure  19,  the  empirical  correction  fsclor  1b  plotted  ee  a function 
of  diaphragm  thickness  and  compared  with  the  curve  obtained  from  Kirkwood's 
theory  (V,  4.  a).  The  data  for  the  empirical  curve  was  all  obtained  liexng 
the  steal  ring  mounting,  although  similar  results  (with  respect  to  thick- 
ness correction)  were  Obtained  When  gauges  were  mounted  on  wooden  frames. 
The  deviation  from  the  theoretical  curve  la  greatest  for  th  thickest 
diaphragms.  Although  the  majority  of  the  data  uaed  in  determining  the 
empirical  curve  have  been  for  damages  of  about  0.70  in. , there  is  seme 
evidence  that  this  corvuctlwu  curve  ie  not  c function  of  the  amount  of 
damage.  In  a seriee  of  shots  in  which  diaphragms  of  .075  is.  thickness 
were  compared  with  .093  in,  diaphragm*,  the  mean  percentage  increase  of 
damage  for  thin  over  thick  diaphragms  was  constant  at  20  - 1?  for  damages 
of  0.23  in-,  O.53  in.,  0.71  in.,  and  0.9S  in.  (Cf  results  with  copper 
diaphragms  below). 

The  theoretical  thickness  correction  was  partially  corroborated  also 
by  results  obtained  with  larger  charges.  A 5Q  lb.  chemical  series  of 
12  chargee  of  various  compositions  was  shot-6/  with  two  UERL  diaphragm 
gauges  2$  ft.  from  the  charge  and  two  gauges  35  ft.  from  the  charge.  A 
Lot  5a  («a.  O.O38  in.  thick)  diaphragm  was  placed  in  one  of  the  two 
gauges  at  each  of  these  distances,  while  a Lot  5 (ca.  0,080  in.  thick) 
diaphragm  was  placed  in  the  second  gauge  at  these  distances.  The  actual 
diapcragti  thicknesses  vere  measured  before  the  shot  and  the  maximum 
depressions  -fere  corrected  to  standard  thickness  (,030  in.  tor  thin 
diaphragms  and  .065  In.  for  medium  diaphragms).  The  corrected  damages 
obtained  for  the  thin  diaphragm*  were  then  compared  with  the  corrected 
damages  for  the  medium  diaphragm*  subjected  to  the  owne  explosive  shock 
wave;  the  mean  damage  ratio  was  found  to  be  2,13  (<*"»  ” 0*03-®)  for  the 
25  ft.  distance  and  2.16  ( ca  = C.C06)  for  the  35  rt.  distance. 

1 bj  Reported  in  OSftD  Wo.  6240  and  b241.  " 
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The  ratic  predicted  froa  Equation  (1)  and  Equation  (2)  in  Section  1X1 
for  these  conditions  vae  2.22.  For  this  calculation  the  following  constants 
were  used: 


»o  (thin) 
a0  (medium) 
cr0  (thin) 
(medium) 


0.0 36  la. 

0.085  in. 

■’*2,600  lbs/in2 
50,100  lbe/in2 
O.368  x 10'^  eec 


(hh)  Cooper  diaphragms.  In  studying  the  effect  of  thickness  o:f 
diaphragms  on  damage  for  copper  diaphragms,  two  thicknesses,  .032  in. 
and  .064  in.  vere  used.  All  the  copper  diaphragms  vere  annealed  at  the 
•<use  time  until  dead  soft  so  that  the  properties  other  than  thickness 
might  be  held  constant.  Eight  shots  vere  fired  in  each  of  which  thin 
diaphragms  were  placed  in  two  opposite  gauges  and  thick  diaphragms  in 
the  other  two  gauges,  ell  supported  by  a steel  ring.  The  results  are 
tabulated  below: 


Table  XIII. 


;ea  of  thick  and  thin  copper  diaphragm* 


■Charge 

I («* 

Itetryl) 


38.5 

217-5 

600.5 

1232.5 


Charge 
to -gauge 
distance 
(in.) 


Average 
Diaphragm  . 
•fhickneaaS / 
(in.  X 103) 
Thick  Thin 


— |— 

65.3 

64.9 


Average  £ Increase  . 

Damage*/  in  Dwnage:S/ 

(in.  x 100)  Thin- thick 

Thick  Thin  thick  ""  1 


25.7  40.0 

53*0  76-5 

76.7  x0?.7 
103.1  Buret 


26,5  40.7 

52.8  75.8 

75.8  106.3 

100.0  Burnt 


a/  Average  of  two  diaphragms 

5/  'dated  on  damages  curt i-tci  for  rasli  variations  of  distance 
from  48.  in.  and  lib  In. 


It  is  evident  from  these  data  that  the  ratio  of  thin  to  chick  damage 
was  not  constant.  It  1*9  y be  shown  that  this  ratio  Is  a function  of  damage 
and  that  the  function  la  approximately  the  same  for  the  two  distances: 


-r-  <aurr--' - 


559 


This  s my  bi  represented  by  the  analytical  >iquation: 


Aj  = 1C  0>.o64  ln<) 


i O 


L J represents  the  difference  in  damage  between  thin  and  thick  diaphragms - 
1-  is  n constant,  is  the  damage  of  the  thick  diaphrsfoa. 

So  significant  difference  *ras  observed  is  the  weight  exponents  found 
for  the  thin  and  thick  diaphragua. 

(b)  The  baffle  effect,  lhe  Kirkwood  Dauage  Theory  predicts  greater 
damage  for  a diap&rag*  heTJ  in  a rigid  "infinite"  plane  diec  (which  will 
reflect  the  shock  wave  and  sedentarily  double  the  preei.ure)  than  for  a 
diaphragm  held  in  the  center  of  a disc  of  finite  radius  because  of  the 
lower  pressure  wave  saving  in  from  the  edge,  j Actually,  the  "infinite" 
disc  is  one  whose  radius  le  larger  then  a limiting  value;  this  limit  is 
such  that  for  a longer  radii  damage  is  complete  before  the  diffracted 
shock  wave  can  reach  the  diaphragm.  The  "infinite"  disc  must  also  be 
tnict  saiougn  that  reiiacuorui  Iron  one  back  surface  will  be  so  late  in 
occurring  that  they  can  have  no  effect  e:a  the  deformation  of  the  diaphrew™:, 
the  1 lad  ting  radius  can  be  found  by  multiplying  the  velocity  of  sound  by 
damage  ti sjSU  and  is  about  1-i.ri  rt.  for  regular  UTRL-  small  charge  work 
with  steel  diaphragms  in  the  standard  gauge.  Ine  effect  of  size  of  baffle 
on  damage  Is  predicted  by  the  theory,  and  comparison  of  predicted  and 
actual  results  provides  & test  of  the  theory. 

(i)  theoretical  prediculor.c . The  following  analysis  19  based  oa 
the  assumption  that  the  baffle  is  not  fixed  but  is  able  to  move  almost 
freely  during  the  time  interval  required  for  the  deflection  of  the 
diaphragm.  This  assumption  conforms  with  the  eruditions  of  the  experi- 
ments discussed  below.  The  assumption  is  further  made  that  the  baffle 
is  of  infinite  radius. 


Consider  an  initially  flat  circular  diaphr:^®  cf  thickness  a^ 
radius  Rq,  density  /*  , and  yield  stress  C0  mounted  in  an 
lnflnltS~l>affle  of  mass  a per  unit  (tree.  Suppose  that  the  baffle  is 
surrounded  ou  both  sldes~by  water  and  that  the  diaphragm  is  in  contact 
with  water  In  front  but  is  backed  by  air.  During  nn  interval  cf  time  t 
after  the  front  of  an  exponential  pressure  wave  of  the  form 


p(t)  - p-  e"^®*  t y o; 


p(t>  = o, 


t.  c. 


has  struck  the  system,  the  diaphragm  wadergoae  a displacement  zc(t)  wit", 
reference  to  the  baffle,  which  in  turn  undergoes  a displacement  z-^t) . 

At  low  pressures  tno  sound  velocity  In  water  is  cQ  and  the  density  of 
water  is  The  differential  equations  of  motion  of  the  center  of  the 
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(aaeunins  ysrsboHe  proflla)  and  tha  baffle  raapectiwiy 

/ 2 \ fd\(t)  _ 2 1 ^(t)  , 2p 

(l4*)  _°.+a>  20<t)  + ._L_  . <«> 

v ->  / L dt  J ^ ®x  - *o 


4*2,  (t)  , CZ,(t)  25,*'^® 

— - ^ — ~—  - ~— — “ _—  , 

**  4t  » 


a.  >**° 

®1  " i c » 

r o o 


So  -r  (1+f*)  ; » 


Bju*tlcflB  (29)  and  (30)  are  to  be  tolrad  far  SB  aubjact  to  tha  following 
initial  condition* 

Zo(0)  - 2^(0)  - 0, 

*l(0)  - 2{(0)  - 0. 


Qno  obtains 


Zo^)  - \ jjl  * > zl  <***>  + 5*/**S{0#  ,*>]  , 


0*  - 9. 

1 

o-5^ 


*2  <«,*> 


s 0 j^eia  w0  t ■*  &o3  - eos  S 

V, <•  «„  A‘3>i  ('  *^?r 


“«*)i 


-tie  Quantity  Se  (v.t)  *ay  b»  interprets!  ae  the  deflection  at  tlise  t of 
i=  •*  inflnl^rigldly  .usportad  wm* 


! 
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by  an  exponential  vave  vith  a pieV,  pressure  ju  and  tine  constant  0 
(Equation  28) . The  quantity  ZJ  (<?*,  t)  is  obtained  by  replacing  6 by  8* 
in  liquation  33.  With  an  exponential  wave,  (Equation  28)  the  deflection 
at  time  t of  an  unbaffled  diauhraga  mounted  in  a fixed  franc  is  1/2  7? 

(9,  t).  - 

The  time  Of  deflection  i«  equal  to  i:i«3  iO«aai<  uuumvt  voxu:.-  m . 
satisfying 


dt 


0 


(3k) 


Correspondingly  the  maximum  deflection  is  Z0  (ta) . 

■flie  standard  UERL  steel  diaphragm  has  the  following  specifications: 

Radius  R - 1.64  in. 

c 

Thickness  aQ  * C.078  in. 


Yield  stress  <Tn  » 60,000  lbs/lnZ 


Density 

For  such  e diaphragm  ve  have: 


/ “ 7.8  gm/ cm3 


= 10.4  t«ivi ossv 
JjCr  a 6.1A(nilli»ec)_1 
X - 2.75 


Xr  this  diaphragm  Is  mounted  In  an  infinite  free  heffl*  bavin.*  pjt  aw, rev* 
thickness  of  1 in.  and  a density  of  7.8  sn/caP, 


©*  a 66.7  mlcroaec 

An  840  gm.  charge  of  TOT  (density  1.59)  placed  at  a distance  of 
48  in.  produces  a shock  wave  which  can  be  approximated  by  an  exponential 
wave  in  which  pffl  « 6200  lbs/ln?  and  w • 112  alcrosec. 

Ibis  wave  should  theoretically  produce  the  following  deflections 
under  the  conditions  indicated: 

Descilptlon  of  Raffle 
Rone 

Infinite  fixed 
Infinite  ^ree 
(l  In.  steel  plate) 


3m  (in.) 


V (microsec.) 


C.56 

1.J2 

0.6h 


ikn 

340 

310 


562 


(ii)  Experiment*  < r-*gt  ts.  Tor  the  experimental  work  baffles  of 
three  different  radii "wire  need  in  conjunction  with  regular  UEHL  damage 
gauge.-*  and  baffles  of  four  different  types  were  used  with  half-scale 
gauges . 

Tests  with  the  regular  g‘  "?ea  are  surnnarixed  in  Table  XIV.  Tne 
baffles  were  cut  out  of  1 in.  steel  armor  plate  with  a souare  hole  a+ 
the  center  for  the  gauge;  the  baffle  and  gauge  were  rigidly  held  to- 
gether by  inch-thick  steel  bars  bolted  on  in  b'u.'k  so  that  the  front 
fe.ee  of  th#  gauge  and  the  baffle-face  were  one  plane  surface  without 
obstructions  except  for  the  heads  of  the  gauge  cap  screws.  Two  baffled 
vrr#  fastened  opposite  each  other  at  the  points  spaced  90°  from 
th«  unbaffled,  control  gauges.  All  gaugss  were  mounted  in  the  usual 
fashion  on  a steel  ring. 

A 12  in.  radius  baffle  was  Made  and  tried  first..  Since  it  was 
feared  that  the  large  area  exposed  to  the  shock  wave  might  cause  the 
ring  to  be  pushed  out  of  shape,  small  charges  were  first  tried  before 
using  the  else  charge  for  which  calculations  were  made.  It  was  found 
on  the  contrary  that  the  ring  was  pulled  in  (toward  the  explosion)  along 
the  axis  of  the  baffles.  Since  the  ring  was  distorted  by  each  shot, 
the  experiment,  wes  carried  on  by  moving  all  gauges  9°°  around  the  ring 
after  each  shot  to  get  the  baffled  gauges  on  the  long  axle  and  reverse 
the  distortion.  A distance  correction  was  applied  using  distances  to 
the  charge  before  the  shot;  this  correction  Is  valid  only  if  d«B"ge  is 
completed  before  distortion  occurs.  The  correction  for  both  baffled 
and  unbaffled  gaugss  was  made  by  using  the  distance  exponent  (1.21)  as 
determined  with  the  unbox r led  gauges.  It  gave  consistent  results  when 
used  in  addition  to  the  thickness  correction  {Sec.  V,  4,  <.\),  and  two 
•bote  In  which  wire  cable  was  run  across  the  ring  to  foermtse  the  dis- 
torting action  shoved  no  difference  in  remits.  To  find  out  if  possible 
diffraction  through  the  crack  between  gauge  and  oaffle  had  any  effect, 
two  shots  were  fired  vith  the  crack  plugged  with  lead  and  sealed  with 
"Bestik"  (a  rubber  cement);  there  was  n r difference  in  results. 

Vith  6 in.  radius  baffles,  the  same  distortion  occurred  to  a 
smaller  extent;  iue  method  used  was  the  same  and  the  results  were  treated 
In  the  aeme  way.  Two  shots  Is  which  the  crack  between  gauge  and  baffle 
vac  covered  with  sheet  steel  showed  no  difference  in  results. 

Infinite  baffles  were  obtained  by  using  a baffle  with  a 24  in. 
radius  (veil  beyond  the  theoretical  limiting  radius),  and  by  placing 
gaugos,  vith  and  without  baffles,  flush  with  the  sandy  bolters  of  the 
ocean.  In  the  latter  case,  the  charge  was  supported  1*6  in.  above  the 
gauge.  A special  rig  was  necessary  to  force  the  gauge  and  baffle  down 
until  the  face  was  fiuafa  with  the  bottom,  and  a diver  had  to  examine 
tnc  gauge  and  set  the  charge  on  its  support.  Feaulta  were  not  v.jrr 
reproducible  because  the  charge  distance  vae  ur.cci-tsln,  the  gougo  could 
not  be  set  perfectly  flush  with  the  bottom,  fnd  the  bottom  iteelf  vao 
not  perfectly  reproducible. 
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In  a supplementary  experiment,  a cs**  thin  ( .02'.)  in.)  diaphragms 
were  damaged  in  the  regular  type  gauge  and  with  11  25  in.  baffle,  huig 
free.  The  increase  In  <V*Tj*ge  with  the  baffle  was  22$. 

The  work  with  the  half-scale  daa&ge  gauges  (of.  See.  V,  3,  *)  is 
eummarited  is  Table  X>/.  According  to  the  theory,  i«ffle  radii  scale  vith 
gauge  size,  and  the  8 in.  and  1C  ir.=  mfliuu  baffles  for  the  half-scale 
gauges  are  about  at  the  theoretical  limit  for  an  infinite  baffle.  I i 
general,  the  infinite  baffle  produced  a 25#  to  3 O#  increase  over  the 
damage  occurring  sri-th  the  gauge  alciie. 

In  a special  eJtperiment  to  obtain  tin  infinite  baffle  all  parts  of 
which  veuid  be  reacbi-i  by  the  shock  wave  at  th*  t.iw  * iw»«v— pharieal 
baffle  (l/8  in.  thick)  ot  17  in.  radius  was  used  with  a half-seal*'  gauge 
at  the  pola  and  the  charge  at  the  center.  Eight  shots  were  fired 
(4  shots  of  41  g»,  loose  tetryl,  4 of  95  S“.  tetryl;  charge  distance 
15  to  17  in.)  with  this  baffle,  and  for  comparison,  six  soots  were  fired 
using  the  same  charges  and  distances  with  the  uabofflea  gauge.  It  a in- 
crease in  dosage  over  the  unbaffled  gauge  was  about  20$. 

(ill)  Comparison  of  theory  with  experiment.  n»e  ratio  of  th; 
maximum  deflection  in  the  case  of  the  inrlni.'£e~?ree  baffle  to  that  in 
the  cRse  of  no  baffle  is  predicted  by  the  theoretical  treatment  given 
in  if,  5,  (b),  l)  to  be  1,14,  calculated  on  the  assumption  that  regular 
damage  gauges  are  used,  with  hot  3 diaphrarr",  and  a baffle  1 in,  thick, 
and  that  the  charge  consists  of  040  pm.  TOT  placed  48  in,  from  the  gauge. 
The  experimental  ratio  found  for  these  conditions  is  about  2 ,22  (Table 
XXV -A) . The  discrepancy  may  possibly  be  ascribed  to  a amnll  departure 
of  the  motion  of  the  part  of  the  bai'fle  near  the  gauge  pot  from  free 
plate  motion  due  to  bending  resistance,  causing  the  value  calculated 
theoretically  to  be  too  small, 

(c)  The  Mae  required  for  the  dlephragg  deformation.  Kirkwood's 
theoretical  work  has"  predicted  among  o’tTier  results  the  deformation  of  a 
diaphragm  exposed  to  an  underwater  explosion  wave  as  a function  of  time 
for  various  experimental  conditions.  The  empirical  determination  of  the 
time  required  for  diaphragm  deformation  as  applied  to  UJBL  damage  gauges 
will  be  discussed  here,  (Cf.  also  Sec,  V,  3,  a). 

To  determine  if  the  secondary  pulse  from  the  second  bubble  expant  on 
wsls  responsible  for  any  appreciable  fraction  of  the  drprccc^os.  sf  c 
diaphragm  under  normal  use  of  the  damage  gauge,  experiments  were  carried 
out  using  an  electrical  contact  inside  tne  gauge  and  arranged  x-o  close 
a circuit  when  about  90#  of  the  final  depression  was  attained.  The 
circuit  was  connected  to  a cathode-ray  oscillograph  with  ft  time  base 
triffpered  by  the  break  of  the  circuit  in  the  detonator  c»o  of  the  charge. 
Lot  3 steel  diaphragms  (.075  to  .085  in.  thick)  were  used  end  the 
was  mounted  on  a steel  ring. 

In  one  set  of  Bhots,  a single  ci^sy  gauge  wt.is  ijounted  opposite  the 
gauge  used.  The  charges  were  of  loose  tetryl  (100  gm.  at  lS  in.,  250  gu. 
at  C-i/4  in.,  and  250  gs>.  at  ca.  30  in.)  and  the  rig  was  lowered  to  a 
depth  of  about  6 ft.  for  firing.  The  total  depth  was  20  ft.  in  the  other 
shots,  2200  ga.  cast  TOT  was  employed  at  u du tence  of  7 it.  end  depths 
of  20  and  25  ft.  In  this  caec,  three  duu*ny  gauges  were  fastened  to  the 
ring.  The  total  depth  was  roughly  JO  ft. 
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Table  XIV -A  - Ccaparstl ve  damages  — baffled  vt. , anbnrrl-ad 
Ganges  mounted  is  otael  ring;  eharge.to-g&uga  distance,  48  is.. 


1 Baffle 
{ KaJlua 
| (in.) 


Charge  (gmj 


Keif  Jed 


i*/  ( ;o"2ln. ) 1 Increase  of  lmrsege 

. .___J  of  Baffled  Gauge 

d j Uhbaffled  over  Unbaffled  (exp) 
j I (percent) 


Lot  3 Plate* 


1 

12 

50 

S.5 

5.6 

12 

150 

— 

21.7 

16.9 

12 

250 

— 

*9.-' 

23.0 

j 12 

480 

— 

43.4 

34.3 

{ 

1 H: 

1 

6s£ 



... — 

59.» 

49.2 

Lot  4 PlateaS' 


480 

53.6 

44.2 

90 

743 

S?.2 

58.3 

90 

743 

69.3 

58.2 

90 

743 

58.9 

58.8 

90 

743 

70.0 

58.1 

90 

66.6 

57.9 

90 

743 

6 6.0 

58.9 

90 

743 

67.3 

58.7 

90 

743 

65.9 

58.9 

90 

743 

66.6 

L 

58.9 

T,  v.7 


18, 4 1 

19.0 

\Avg, 

17.1  18.7 
20.4y 


12.2 

Avg. 
14.5^  13=7 


aj  Average  Of  2 diaphragms  per  shot.  Corrected  fox*  distance  and  thick- 
uc»e  variation. 

b/'  Keault  doubtful  oecauae  of  ae&il  damage. 

c/  lot  3 and  Lot  4 piatea  give  different  abaolute  values  because  they 
differ  in  strength  end  thickness. 
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Table  XJCV-C  - Partial  Sunry  of  Baffled -Gauge  Oats 


Keguiar  uiinL  Owuu*cc 

Chargt,  745  sai  TNT  plus  90  g™  Tetryl 

Lot  4 steel  diaplirnsmsj  thickness,  0.073  in. 

Charge-io -gauge  distance,  40  In. 

Baffle  thickness,  1 lrj. 


| Gauge  j!ountir45 

Hung  Free 

On  Steel  King 

Or.  Bottom 

j Baffle  Radius 

(In.) 

Damage?/ ( in. ) 

4 (gauge  piers) 

8 

12 

24 

n <;7(5  (9\ 

.655  (s) 
.688  (2) 
.555  (6) 

0.535  (13) 
.667  (10) 
.694  ( 8) 

0.?56  (2) 
.732  (4) 
-755  (2) 
.732  (2) 

a/  The  number  in  parentheses  after  each  average  Carnage  Indicates  the 
number  of  diaphragms  from  tftich  the  average  was  obtained. 


‘faoie  XV  - Comparative  Dsua&gee  - 7-aff  1 .-3  ■>: . ifchafriec 
°a^~^axe  Gauges 

aalf-sciOe  dearie  gauges 
Charge,  ?5  gm  Tetryl 
Lot  4 steel  diaphragms 
Char ge-to -gauge  distance,  24  in. 

Baffle  thickness,  l/2  in. 


udu^c  r£ 

Hung  Free  | On  Steel  Ring 

Baffle  Radius 
(In.) 

Damage?^  (in.) 

2 (gauge  alone) 
8 
10 

24 

0.164  (4) 

0,134  in.  (lo) 
.174  in.  ( 6) 
.170  in.  ( 4) 

_ 

a/  The  numler  in  parentheses  after  each  average  damage  is  the  cumber 
of  diaphragm  fzee  which  the  average  vas  obtained. 


In  *11  tc«ti  the  ccmuu  doc  ad  vxtuln  a i ev  aiill»eeor*4a  tivwi# 
the  secondary  - Isa  zests  very  ■'■eh  later,  •»!»*■*  <«a  sobs  chatter  but  the 
tine  «t  which  Uii  final  closure  occurred  m still  only  a fraction  of  the 
bubble  period.  For  soea  of  the  250  gs,  charges  a plesoelcctric  gauge 
alongside  the  damage  gauge  recorded  the  primary  an'*  secondary  pulse*  as 
a rough  check  os  the  tlao  interval.  This  interval  was  of  the  ordi»r  of 
165  msec. 

Ibis  experiment  n«  yopeated  using  wooden  treses  Instead  of  the  steel 
ring  as  a Mounting  for  tbo  gauges.  The  seas  result  was  obtaxnea,  1 . e . , the 
desaga  was  produced  by  th*.  shoes  wave. 

Bsxt,  a aeries  of  meAsurementa  of  the  deformation  of  steel  diaphragms 
In  UKRL  damage  gauges  on  a steel  ring  veiwua  time  after  incidence  of  the 
primary  shock  wave  woe  imdr,  so  that  an  empirical  dsforaatlon-tlne  curve 
could  lie  obtained.  Toe  experimental  arrangement  waa  similar  to  that  used 
previously,  a contact  being  placed  iovjvn  distances  behind  the  diaphragm. 
When  closed,  this  contact  connected  a stop  voltage  to  a single  sweep 
oscillograph.  The  contact  waa  sufficiently  yielding  that  It  had  00  ap- 
preciable effect  on  the  final  damage.  The  pressure- time  curve  cf  the 
explosion  wave  was  recorded  simultaneously  by  a piezoelectric  gauge  placed 
at  the  seme  distance  tram  the  charge  (30  In.  from  250  gm.  loose  tetryl). 

In  this  way,  closing  of  the  contact  produced  a sharp  cutoff  of  the 
piemo  gauge  record.  Qe  circuit  la  shown  la  Fig  ore  20. 
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? - piezoelectric  gouge 

- 0.3  or  20  megohms 

- 5o00  oarna 
E~  - 8 volts 


C - Conte  ct  behind  the  darwus  gauge 
C^  - Cable  capacity  of  about  C-jOo  s~,~' 
C-  - t'eadJno  capacity  of  about  2000  /~/*S 
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Circuit  employed  for  determination  of  times  of  defamation 
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The  time  scale  vu  calibrated  against  a 25  kc/s*c  crystal  controlled 
oscillator,  and  checked  by  time  intervals  on  the  record  known  in  terse  of 
tbs  shock  wave  velocity.  Lot  3 steel  diaphragms,  .075  to  ,C50  In.  thick, 
ver*  used,  as  before. 

Tbe  data  obtained  are  given  in  T&bie  XVI  and  plotted  ir,  Figure  21 , 


iao<® 


'luction  for  Lot  3 steel  diaphragms . 


250  gm.  loose  Tetrjri  at  3^  i».J  contact  method 


Depth  of 

Contact 

Damage 

dc 

t 

Diaphragm 

Thickness 

4C 

dd 

dd 

(lO'’in.) 

(10“3in.) 

(percent) 

(/taee  ) 

(10"?i n.) 

51 

433 

11.7 

26.6 

76.0 

48 

402 

U.9 

31.0 

80.0 

47 

424 

11.1 

26.6 

76.8 

101 

389 

26 

51.0 

r-  1 

!>•> 

104 

419 

25 

53-0 

75.3 

103 

klj 

25 

53.0 

75.5 

199 

39a 

50 

8c. 4 

79.6 

205 

4C2 

So 

79.2 

5*fY> 

411 

49 

35 

78.1 

200 

413 

48 

78 

7*5.9 

199 

420 

47 

79 

76.9 

4 

302 

422 

72 

111 

76.0 

300 

419 

72 

105 

79.4 

302 

4l4 

73 

99 

80.I 

299 

416 

72 

ill 

76.8 

383 

426 

90 

140 

75.1 

to 

431 

4l<3 

cm 

98 

146 

147 

74.7 

7*5.5 

1*10 

407 

101 

144 

79.4  ■ 

410 

431 

95 

l4l 

76.1  j 

-J 

The  general  shape  of  the  curve  is  c4oalitativcly  vhat  one  would  expect. 
The  time  for  mayinum  depression  cannot  be  fixed  vitb  great  accuracy  from 
such  a curve  but  is  about  155  microseconds.  Poesifcly  a less  smb : iricus 
figure  is  the  time  of  82  microseconds  for  half  the  final  deformation. 

■These  ?'?"»?  ?>•.  comparable  with  the  duration  of  the  incident  shock  wave 
(time  constant  $4  micioseconds;  >-nd  show  that  r.r  tne  experimental  condi- 
tions in  this  case  the  influ  cf  the  secondary  ani  later  impulse*  is 

negligible.  * 


i 


559 


The  theoretic. illy  predicted  damage  tine  curve  for  these  condiiioasiS/ 
is  also  given  in  Figure  21,  However,,  since  cavitation  occurs  for  this 
case  (cf . Table  XVIXIj  the  theory  does  not  apply  here  but  ie  considered 
more  typical  of  most  of  the  work  where  cavitation  did  not  exist, 

ihe  deformation  time  curve  vas  detcruuned  also  by  the  method  dis- 
cussed «irller  (Sec.  V,  3,  e)  m which  the  depth  of  the  charge  and  damage 
gauges  below  the  surface  was  varied  and  the  corresponding  effect  on 
?*rv*g«',  due  to  the  rarefaction  wave  reflected  from  the  surface,  noted. 

The  results  of  this  experiment  are  shown  in  Figure  „'2.  The  dotted 
curve  shown  the  daaage  and  cut-off  times  plotted  against  the  depth.  This 
time  Is  calculated  on  the  asedaptlon  that  a tension  wave  is  reflected 
from  the  surface  and  cuts  off  the  tall  of  the  direct  wave.  Acoustic 
velocities  were  assumed.  The  minimum:  time  which  will  give  full  daaage 
is  clearly  not  easy  to  determine  with  any  accuracy  but  9*eais  to  be  about 
215  i VO  microseconds  (a  depth  of  15  i 2 in.).  This  is  higher  than  the 
values  of  138  - 177  microseconds  found  by  the  electrical  contact  method. 
However,  It  may  well  be  that  the  last  lev  per  cent  of  the  damage  roguire 
a relatively  long  time;  if  sc,  the  results  obtained  by  the  contact 
method  might  easily  be  somewhat  in  error. 

(d)  Deformation  of  uatei -backed  diaphragms.  In  connection  with  the 
teats  investigating  iha~  effect  of  variation#  in  diaphragm  thickness  on 
damage  (S**..  7,  V,  a),  several  shots  were  Tired  using  thick  and  thin 
copper  diaphragms  clamped  between  toe  face  plates  cf  regular  gauges  so 
that  the  diaphragms  wore  water-backed.  Thin  aioyfcregns  were  placed  in 
two  opposite  gauges  and  thick  diaphragms  in  two  other  gauges,  all 
supported  by  a steel  ring.  The  ratio  found  for  the  damage  of  tne  thin 
diaphragms  to  the  damage  of  the  thick  diaphragms  was  about  the  name  as 
that  found  with  air-becked  gauges.  The  date  are  listed  in  Table  XVII  and 
are  comps,  able  with  the  data  given  in  Table  XXII. 

Table  XVII;  - Damages  of  thick  and  thin  copper  Alaphrafiai* 

(Veter >backed  gauges) 


h 

&- 



Cbarge-to-gauge 

Distance 

(la.) 

Average?/ 

Diaphragm 

Thickness 

Average?/ 

Damage 

(10-2in.  \ 

Tucress- 

Damage^/ 

(percent) 

wr 

Tetryi 

Thick 

Thin 

Thick 

‘ 

i 

3300 

S300 

461,5 

980.0 

2153-5 

110 

320 

48 

48 

48 

48 

84 

65.4 

64.7 
66.6 

64.8 

65  .2 

32.3 

32.1 

32.5 

31.8 

31.9 
— 

20.1 

*9-2 

46.8 

53.6 

40.1 

-j 

Tj 

48.1 
68.S 
79-4 

57.1 
. ... 

n 1 
| 

j 

45.4 

46.0 
41.9  ] 

a/ Average  of  ten  diaphragms.  ” 

]5/Inere«se  in  daaagit  defined  re  difference  ir  damage-  for  thin  and 


thick  disparages  expressed  aw  percent  of  damage  ror  thick  alaphrag&s. 
Based  on  damages  corrected  fur  amll  variations  of  distance  fi-om  4o  in. 
and  84  in. 

lS/OSE®  Ro_-  4200,  p. 46  (Fig.  4);  p.5>.  'lhe  paremvW  6 was  determined  «« 
Tc  Section  IV, 
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There  appear*  to  be  about  a increase  in  the  weight.  exponent  for  the 
water-backed  diapliragms  over  the  air-hacked  diaphragms,  however. 

The  shape  of  the  damage  of  the  wate. -backed  diaphragm  was  distinctly 
different-  from  tha  usual  parabolic  profile.  This  wae  sKticed  particularly 
on  the  thin  dicpnragma  when  the  damage  exceeded  half  an  inch.  On  thsee 
diaphragm*  there  was  an  additional  dent  in  the  center  of  the  diaphragm 
which  also  shoved  exeseeivs  thinning.  This  way  in  part  explain  tne 
higher  weight  exponents  since  carnage  is  measured  In  terms  of  maximal 
central  deflection.  Profiles  cf  air-backed  and  water-backed  diaphragms 
are  shown  In  Figure  23,  A end  B,  respectively.  The  unusual  shape  of  B 
may  perhaps  be  qualitatively  explained  by  assuming  that  the  time  of  damage 
of  the  dianhrsgsa  te  or  the  name  order  of  a#  the  time  required 

for  the  shock  wave  to  pass  from  the  front  face  of  the  gauge  around  to  the 
central  region  in  the  beck  of  the  diaphragm.  Then  the  diffracted  wave  in 
tha  rear  of  the  diaphragm  will  cause  a 'disproportionate  damage,  acting 
more  near  the  edge  than  at  the  cent'*  - , This  explanation  has  been  tested 
by  mounting  the  gauge  against  one  end  of  a 2-l/2  ft.  pipe,  leaving  the 
other  end  of  the  pipe  open  to  the  wtar.  fhe  profile  of  the  resulting 
damage  is  shown  in  Figure  23,  C.  The  appearance  of  tha  draping, 
qualitatively  verified  this  hypothesis  in  that  the  additional  central 
dent  is  removed  end  the  shape  is  more  nearly  the  usual  one. 

(o')  Cavitation,  (i)  Sffect  of  cavitation  on  damage.  Tn  the  deforma- 
tion of  a diaphragm  by  an  "exploalonS/  wave,  large  negative  pressures 
mj  under  some  circimatancea  develop  at  the  surface  of  the  diaphragm  due 
to  the  reflected  rarefaction  wave  emitted  in  the-  ge«aatrlc»t  acoustical 
ph**e  of  the  motion.  Slice  vn»U>r  cannot  support  a tension  of  great 
magnitude,  it  has  been  r iggeeted  that  cavitation  will  occur  if  the 
pressure  in  the  wave  fella  to  r.aro  or  leae".  The  chief  role  of  cavitation 
is  to  prevent  lose  of  kinetic  energy  from  the  diaphragm  by  radiation  in 
the  reflected  rarefaction  wave.  Ueglect  of  cavitation  in  cases  where  it 
occurs  therefore  leads  to  the  theoretical  prediction  «f  too  little  dcaage. 

(li)  Condi t Iona  required  for  the  format ion  si  cavitation.  “Toi^ an 
tapon-ntis!  ■“*»•  Win? ini?  on  a free  plate  with  dumping  time 
*1  * /’  «o/‘  f*  oco>  the  pressure  will  fail  to  ccro  sit  a time  9C  given  by 


3 i 


I ! 


*c  . 2k. 

*-«l 


log,  « 


The  derivation  of  thin 
described  below. £2/ 


equation  is  given  in  reference  21.  The  term*  are 
Tills  time  (9c)  will  be  lengthened  somewhat  by  the 


19/  Quoted  section*  have  been  taken  from  CSRS  Ko.  1115, 

J.  0. "Kirkwood,  Dec.  1942. 

20/  /°  and  /~  are  the  dfsoities  of  tbr-  diaphragm  materiel  and 
the  water,  respectively;  is  the  thlcsnees  of  the  iiaphragu;  c0  la  the 
velocity  of  aounvi  in  water,  and  8 is  the  tine  constant  of  the  shock  wave 
(Section  III). 


ii7s 

remittance  of  the  (diophraga)  to  tiefor^tlon  both  ’r*  the  elastic  and 
plastic  domains. " Bovever , according  to  Kirkwood . a good  criterion  ror 
the  occurrence  or  non-occurrence  of  cavitation  le  the  following! 


«2 

> ®c 

Cavitation 

e2 

-“c 

Re  cavitation 

vtare  Qg  le  equal  to  c0 , the  tine  required  for  the  diffracted  pressure 
wave  to  travel  from  the  periphery  of  the  diaphragm  to  the  center  of  the 
diaphragm.  (l^  la  the  radius  of  the  unsupported  pert  of  the  dlapfir&gm.) 

On  thlc  basis,  "we  would  expect  cavitation  In  the  case  of  very  thin 
(diaphragms)  of  large  diameter  under  the  impact  of  a vmve  of  short  duration 
produced  by  a small  charge  of  explosive." 

(ill)  Proof  of  the  exletence  of  cavitation.  To  furnish  an  empirical 
teat  of  the  criterion  for  cavitation  derived,  theoretically  several  under- 
water photographed'  of  about  1 microsecond  exposure  were  t*kan  cf  damage 
gaugeo  In  the  process  of  diaphragm  deformation.  A stapla  photograph 
Bhowlag  cavitation  bubbles  le  reproduced  in  figure  2b-,  and  the  dota  for 
ell  pnotogr*jha  ar«  s unmerited  In  Table  XVIII. 


TVOOe  vuttt  _ Psta  for  cavitation  nhotottraohs 


Diaphragm 

Thickness 

(in.) 

— 7TV-  umsu, 

Cbargti 

Height 

<9U) 

Distance 

(In.) 

(/•-sec) 

”o7" 

(/i#ec) 

C2 

(/tsec) 

Cuvitation 

Observed 

,013 

50 

13  = 5 

3(; 

5 

£9 

Ves 

.025 

50 

£4 

1m 

O 

29 

fas 

•039 

50 

2b 

bo 

12 

29 

Yes 

•03? 

500 

kd 

80 

15 

29 

Yes 

i -‘T* 

50 

12 

35 

18 

’<r.i 

V»e 

! .oyc- 

250 

30 

✓> 

21 

29 

Yes 

1 .156 

50 

12 

35 

27 

29 

No 

.156 

250 

— 

30 

55 

33 

29 

Wr>  i 

L- J 

it  is  shown  In  the  above  table  that  only  In  one  bolder -line  case., 

Where  C'2  exceed*  5C  by  only  £ microseconds,  does  the  theoretical  cavitation 
criterion  not  apply.  JSiu  figures  are  of  course  not  this  accurate 

Theory  and  experi»jnt  both  indicate  that  cavitation  does  not  usually 
occur  In  the  use  of  this  gauge  a*  In  this  report. 


51/  J.  £.  j’aul  M.  Fye  and  B.  W.  Spicier,  Photography  of 

Underwater  implosions  I,  NTPC  Report  a-36B>  0SRD  62 k6. 


Fig.  24.  Sanplo  photograph  of  danage  gauge  in  proof: 
of  diaphragm  defoliation.  Bubble  a indicate  cavitation. 


diap'nriLgn  deformation ; Bubbles  Indicate  capita  lion 
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(f ) Effect  of  lncr analog  maea  of  dlaphragr.  on  damage.  'Jlr.c:  '•  ■— 
density  of  the  diaphragm  material  occurs  as  a parwnelerTn  the  cir.mge 
equations  of  the  Kirkwood  Theory  (cff.  Section  Til),  a partial  teat  of  the 
theory  '-culd  oe  made  by  "leading"  the  JJapnragni  oo  a e to  change  the  ef- 
fective density  without  altering  the  mechanical  strength  of  the  diaphragm. 
The  following  methods  of  loading  were  tried. 

(1)  k lead  dish  v»*  soldered  to  the  back  of  the  diaphragm  wxtU  two 
scries  of  grooves  cut  late  the  disk  almost  down  to  the  diaphragm:  they 
were  l/4  in.  apart  and  at  right  angles  to  each  other  so  as  to  reduce  the 
strength  of  the  lead.  (A  few  aolid  lead  disks  were  tried  and  proved  un- 
successful.) 

(2)  The  gauges  wort  hung  face  down,  so  that  the  diaphragm  vns 
parallel  to  the  charge -to-gauge  line,  with  (a)  mercury  end  (b)  putty 
lying  free  on  the  back  of  the  diaphragm. 

(B;  Putty  was  packed  into  a thin-walled  steel  tube  soldered  to  the 
back  of  the  diaphragm.  The  gauge  vns  set  in  the  formal  vertical  position 
and  a cardboard  disk  was  used  to  hold  the  putty  in  place. 

14)  Mercury  was  loaded  on  the  back  of  a vertically  held  diaphragm 
by  means  of  a second  diaphragm  clamped  in  a fitting  Inside  the  gauge. 

This  second  diaphragm  consisted  of  (a)  cellulose  acetate  sheeting,  end 
(b)  this  sheeting  plus  a l/4  in.  sheet  of  rubber. 

A load  of  obcut  530  am,  which  is  6.7  times  the  'wight  of  the  steel 
diaphragm  (79  ga.)  was  used.  The  charge  range  was  200  to  24oo  gm.  at 
distances  of  4 to  4-1/2  ft.  Results  ore  given  in  Table  XIX-  Since  in 
?'•«“  of  th»s»  tests  the  diaphragm  vns  heated  to  soldur  material  to  it. 
fire  diaphragms  were  given  similar  heat  tre.atmenta  a”*  then  damaged  with 
no  loading.  The  busting  was  round  to  effect  the  damage  by  no  more  than 
2 to  3$. 

In  general  it  may  b~  concluded  from  these  tests  (a)  that  a rough 
agreement  with  theory  has  been  found;  (b)  that  in  the  cases  of  mercury 
loading  and  of  lead  leading  where  the  lead  completely  left  the  diaphragm, 
the  lower  damage  of  loaded  diaphresas  results  from  the  Tact  that  the 
loading  material  left  thi  diaphragm  in  thu  deceleration  stage  carrying 
energy  with  it;  (c)  that  the  horizontal  gauges  show  less  damage  and  some- 
what less  effect  of  loading  than  the  vertical  gauges. 

(a)  Effect  of  bending  radius  on  nature  of  rupture  of  diaphragms. 

The  damage  gauges  used  ii  1®T£  have  b ien  conslruc  ted  with  a "Fending  rndiua 
of  1/16  in.  (Sec.  II. l).  It  was  observed  that  steel,  ui&vhragms  in  these 
gauges  ruptured  et  the  edge,  while  copper  diaphragms  burst  in  the  i-.r-ilei. . 
It  was  suggested  that  rupture  should  occur  at  the  edg«  because  of  the 
finite  time  required  for  the  plr.3t.i0  vava  to  or-. >r.» gate  to  the  center. 
Kirkwood  in  his  theory  ignores  this  propagation  tjae  and  predicts  that 
rup*ure  should  occur  Lu  the  con  tor,  provided  that  the  banding  radius  is 
great  enough  to  avoid  rupture  by  bending  as  opposed  to  tension,  in  order 


io  obontve  th*  effect  of  the  alee  of  the  beniUng  radius  on  the  damage 
of  ctt-vrl  diaphragms  in  general,  Rod  th>»  point  of  rupture  in  particular, 

» gauge  was  altered  iu  have  a bending  radius  of  i/'i  in. 

Damages  war:  obtained  ranging  rroo  1/2  in.  to  the  bursting  limi., 
and  in  general  vere  .01  to  .02  in.  greater  than  for  the  normal  gauge. 
Steel  diaphragms  in  the  gauge  with  the  l/8  in.  radius  buret  In  the  center 
and  hud  a bursting  limit  of  about  1.25  in.  as  coopered  with  1.10  in.  for 
the  normal  gauge. 

(h)  Shape  of  deformation  profile.  Kirkwood  predict u2£/  that  if  e 

diaphragm  Is  "exposed  to  an  imsuisive  shock. 


i.e.,  a shock  wave  of  very  short  duration  relative  to  the  diaphragm 
deflection  time,  the  chape  of  the  def oraati "n  v\.i!  tend  to  be  conical. 
On  tne  other  hand,  if  tne  diaphragm  It  sApoeed  to  a stev 

f 

I 

Pressure  j ' _ 


0 


where  the  duration  of  the  pressure  is  very  long  compared  to  the  deflection 
time,  he  predicts  a spherical  deformation.  Ordinary  shock  wave  duration;. 

’ n •’itphragm  gauge  work  fall  between  these  two  limits,  but  it  is  interest- 
ing to  note  that  Kirkwood's  predictions  sen  tome  out  at  least  qual.J  tativeiy 
as  these  limits  are  approached.  In  Figures  25  aid  2 6 the  centre!  profile.: 
of  two  sets  of  iamaged  steel  diaphragms  are  reproduced . The  maximum  de 
flection  for  tha  diaphragms  of  each  set  arc  approximately  equal,  and  the 
change  in  shape  of  the  profile®  rv-r  shock  waves  oi  incrcaaing  dui,c.u'on  is 
evident.  Thin  (.<"'3?  in.)  diaphragms  were  choser.  to  demonstrate  thiK 
effect  since  sharp  bends  would  tend  to  be  ironed  out"  by  thicker  diaphragms, 

Another  ueraoos trot ion  o'  change  of  shape  with  wave  form  is  clearly 
shewn  in  the  experiments  therein  tne  suork-vave  is  cut  off  by  bringing  the 
ga-.igss  and  charge  successively  closes  to  the  surface  (cf.  Sections  3,  a 
and  V.  U,  c) . Here  the  shape  becomes  mure  cornea l ,;.r  tin  cut-ofi'  time  is 

shortened. 


J.  G.  Kirkrocd  and  J.  1!  Richardson  OSRt  No.  teoC,  i .’,!o" 
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(i)  Thinning  of  diaphragm  during  de 
ilaphrajpsa  mentioned  in  the  preceding" 


deforcation.  The  t2iokr»e*  of 

the  dlaphragsamantioned  in  the  preceding  s''bneetioa  (b)  vw  measured  at 
several  points  to  determine  the  thinning  caused  ty  the  deformation, 

Kivfcvpod  gives  the  equation?^ 


(36) 


for  the  central  thinning.  where  a la  the  thickness  at  the  point  of 
aaxlswn  deflection,  *v>  la  the  initial  thickness,  and  i»  the  maximum 
deflection  divided  by  the  diaphragm  radius.  For  diaphragms  0.038  in. 
thick  initially,  the  central  thickness  after  deformation  is  predicted 
from  this  equation  to  be  0.029  and  O.033  in.  for  central  deflections  cf 
0.61*  aad  0.46  in.,  respectively.  Inspection  of  the  measured  thicknesses 
indicated  in  Figures  25  and  26  shows  reasonably  good  agreement  between 
theory  and  experiment,  Kirkwood  gives  also  an  equation  for  the  thinning 
at  any  other  point  In  the  deformed  area.  This  equation  requires  the 
thinning  to  decrease  as  the  distance  from  the  center  is  Increased, 
corresponding  qualitatively  with  the  experimental  measurements. 

( j)  Effect  of  weight  and  mounting.  Inspection  of  Equations  (1) 
and  (2)  of  Section  HI  will  show  S5£  the  maximum  deformation  suffered 
by  a lUaphrags  exposed  to  an  underwater  explosion  is  not  a function  of 
the  mass  of  the  mounting  which  supports  it.  In  other  words.  It  is 
tacitly  implied  that  the  gauge  as  a whole  will  not  move  enough  during 
the  time  of  deformation  to  affect  the  deformation  significantly.  The 
independence  of  damage  on  the  weight  of  the  mounting  was  demonstrated 
empirically  in  experiments  with  wooden  frames  (Section  V,  2,  3)  and.  also 
in  the  course  of  some  full  scale  weapon  tests  In  these  tests  two  gauges 
were  fastened  In  a light  (70  lb.)  mcvntlng  and  two  gauges  in  a heavy 
(220  lb.)  mounting;  both  mountings  were  the  same  distance  from  the  charge. 
Table  XX  lists  the  mean  damage  ratios  and  the  standard  deviations  from  the 
means. 


Table  XX.  Ifcon  rsl-loe  of  light  mount/ heavy 
mount  diaphragm  depressions 


! Charge  Weight 

(lia.) 

No.  of 
Shots 

TU 

Vlvt/ 

- - 

light  Mount  repression 
Essivy  Mount  Depression 

_ ■'  J 

| 

200 

17 

50 

1.01 

,°i 

25C 

3 

CA 

1.03 

1 

<n  1 

300 

i — 

8 

60 

1.01 

23/  0SRD  No.  4200,  p.37 
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Central  prof  11  «b  for  typical  Let  5 ::teal  diaphragm 


for  typical  lot  5 steel  diaphragM, 
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A statistical  study  of  tie  results  shoved  further  that  the  per  cent 
differences  between  tha  reading  of  the  two  gauges  lu  a given  b loci'  ver* 
not  significantly  different  for  the  light  and  heavy  blcchs.  Tn  other 
words,  the  reproducibility  of  results  wna  not  affected  by  the  weight  of 
the  noun: lugs  over  the  range  of  conditions  employed. 

5.  Hisceliaaeous  Experiments 

(a)  I>, creased  damage  to  diaphragm  gauges  placed  above  the  charge 

and  its  explanation  lnTasrmjTof  b\\hble  pultea . It  was  found  that  under 
certain  circumstances  at  tM<L  damage  gauge  recorded  from  10  to  80$ 
greater  daaage  when  mounted  vertically  above  a email  charge  than  when 
mounted  at  the  same  level  to  the  side,  the  charge  being  at  the  same  depth 
in  the  two  experiments.  This  result  ianediately  suggested  that  the 
secondary  prulsea  frost  the  rising  gas  bubble  were  causing  extra  damage. 
Therefore,  a contact  was  placed  la  the  gauge  above  the  ch*r?*  to  measure 
the  time  required  for  final  deformation.  This  time  was  found  to  be  vory 
great,  approximately  250  nsec.,  much  greater  than  the  tine  previously 
reported  for  the  gauge  in  the  same  horizontal  plane  as  the  charge 
(Section  7,  h,  e).  Furthermore,  calculation  showed  that  the  tine  ob- 
served tor  the  over -the -charge  ease  corresponded  closely  with  the  expected 
time  of  arrival  of  the  third  wave  from  the  explosion  (i.e.,  the  s-teond 
bubble  pulse)  and  that  the  center  of  tha  bubble  at  this  tine  should  have 
risen  practically  to  the  gauge  itself. 

The  data  for  these  experiments  are  summarized  in  Table  XXI..  Gauge b 
were  mounted  in  the  usual  manner  on  a steel  ring,  which  was.  however, 
suspended  with  its  plane  vertical  instead  of  horizontal.  The  charge  was 
cylindrical  with  its  axis  horizontal,  i.e.,  perpendicular  to  the  plane 
of  the  ring.  It  was  found  that  the  increased  armsge  occurred  only  then 
tha  line  from  the  charge  to  the  gauge  vas  within  10°  or  so  of  the  vertical. 
The  cor  tour  of  the  damaged  diaphragm  was  rounder  thua  usual  and  the  ring 
was  considerably  distorted  apar  the  top  gauge,  with  b*;1  damage  to  tho 
gauge  mounting  bracket. 

The  time  of  damage  was  measured  with  the  contact  oscillograph 

technique  (Section  V,  he)  in  another  set  of  tests.  A gauge  was  mounted 
ha  in.  above  a charge  of  «C Kt  gm.  loose  tetryl.  hot  b steel  diaphragso 
were  used.  The  charge  depth  was  12  ft.  A second  damage  gauge  was  used 
as  a control  in  two  of  the  shots,  the  line  from  it  to  the  charge  nmhins 
an  angle  of  36°  with  the  vertical.  The  daaage  to  the  gauge  above  the 
charge  was  quite  variable,  asking  it  difficult  to  get  many  results  on  the 
time  of  maximum  damage. 

The  results  which  were  obtained  are  liaued  in  Table  fflCH. 

Figure  27  shows  the  results  of  an  approximate  calculation  or  tha 
bubble  period,  radius,  and  rise  under  gravity.  This  is  based  on 
Bancroft  • sift/  iwxinun  radius  measurement  for  50  gm.  tetryl.  at  a depth 
of  10  ft.,  the  observed  pulse  tine  fur  200  gw.  ;_tryl  at  a depth  of  11  ft-~h/ 

24/  Division  d,  HERO,"  O&D,  Interim  Report  UE-b,  p.ll. 

55/  Ibid.,  UE-11,  p.7 


Depth  (ft) 


O 


Range  of  of 

maxi  man  damage 


Tiae  (msec) 


Fig.  27.  Movement  of  the  bubble  of  a 200  gn  charge  of  totryl  13  ft, 
below  the  sea  Indicated  by  parameters  given  in  the  text.  The  effect  of 
the  surface  find  of  the  dan-ego  gs la  neglected. 


Tabla  XU.  Rt'.ulta  yj.Ui  SsamRt  gauges  vlacgg  abora  tht  chare* 


Char**  dapth,  12  ft|  total  dapth,  if  ft. 


Kaii^bt  I Charga  j Condition* 

olctaao*  | {Uk  Dim  5 ft) 
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f Icoraow 

'jaaaga  { S.-raal  Too  Oaug* 
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m 

l ST* 
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liable  XXII  - Tima  for  maximum  carnage,  gauge  above  charge 
dg  la  tte  depth  of  the  contact  beneath  the  ilephraguj 
dp  the  final  central  damage t 

D the  daaasa  to  the  control  diaphragm  mounted  ca.  36°  from  th»  vertical. 


dp  (in.)  j dg/dp  (5l)  D (in.)  j d^/D  (t)  t (maec 


Table  XXXII  - Sisas&ry  of  dlaphraga-gauge  measurements  In 
the  Macli  region  of  intersecting  shock  vavee 


Lot  4 steel  plate*  Firing  depth  10  f 
«>wi  charge  wgig he,  «£i:4  gm  loose  letryl 


OQ 

(deg) 

i- 

Kssn  of  j 

Distance  (in. 

Max*  peprension 

Charges 

a b 

6 

— ■AAV Mil  / 

Gauge  Ho. 

17  5 

8 

(10'£in.) 

62 

52.1 

56.1 

23.5 

23.4 

27.9 

*2.0 

42.8 

j . 

25.6 

Sjel 

44 

54.3 

28.0 

26.2 

35-1 

34.2 

34.0 

30.6 

69 

37.6 

53-4 

30.7 

28.8 

27.1 

98.3 

29.0 

28.0 

72 

31.9 

52.2 

33.5 

34.1 

29.4 

27.3 

27.7 

31.6 

75 

26,3 

51.4 

36.3 

32.7 

31.7 

23.6 

24.5 

32.2 

80 

17.5 

50.5 

40.9 

38.6 

31.4 

21.6 

21.6 

35.0 

85.1 

8,5 

50.0 

45,0 

31.7 

33.7 

23.1 

23.5 

32.7 

90 

0 

49.5 

49.5 

23.6 

23.7 

24.0 

22.9 

90 

0 

49.5 

49.5 

24.5 

24.3 

‘ 24.0 

23.3 

tio  of  mean  of  6 an’.  1"  to 
shots  (23.8  + 0.4). 


of  all  a nmiiss!  depression*  for  th. 
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In  the  shots  nt  etwll  value*  of  o'-  the  (Teeter  depreaelona  recorded 
by  gauge*  5 and  6 can  be  attributed  to  the  proximity  of  each  of  these 
gauges  to  one  of  the  charges.  In  th-i  72°  and  80°  shots  the  lover  damage 
of  gauge  17  nay  possibly  moan  that  the  narrow  Mach  region  a. seed  the 
isauge. 


A graphical  representation  of  the  magnitude  of  this  effect.  Figure  29, 
eho"?  the  the  tutv ' aunt  record^  bv  traumas  6 and  17  to 

the  depression  produced  by  a 224  gn.  charge  at  49-1/2  in.  Rote  that 
gauges  6 and  17  were  49-1/2  In.  frost  a point  midway  between  the  separate 
112  gn.  charges  and  hence  at  distances  greater  than  49-1/2  In.  from  the 
individual  charges.  The  wwissaa  effect  vae  47J(. 


Fig.  29 

Mach  effect 
on  dft.mr.ge. 


In  the 


ently  affected  only  by  the  nearer  of  the  two  charges  until  the  distance 
between  charges  was  made  less  than  ljf-i/2  In.  This  result  con  be  ex- 
plained by  the  Bhiiidiiu<  effect  cf  the  bubble  of  the  nearer  charge  on 
the  wave  from  the  farther  charge.  In  Figure  30  a plot  Is  made,  as  a 
function  of  the  distance  t>",  of  the  average  damage  recorded  by  gauges 
5 end  8,  corrected  from  distance  "b"  to  a charge- to-gauge  dietance  of 
49-1/2  lo;  (A  distance  exponent  of  1.20  was  aes-nred.)  From  the  damage 
obtained  for  tha  224  gm.  charge  In  the  center  of  the  ring,  and  assuming 
a weight  exponent  of  0.59,  the  damage  to  be  expected  from  a ±1&  gm. 
charge  at  49-1/2  In.  Is  0.15®,  which  is  to  be  compared  with  0.17,  the 
avirage  damage  along  the  flat  portion  at  the  curve  of  Figure  30.  It 
ml  gut  be  expected  that  the  screening  effect  would  persist  until  the 
cbargfca  were  placed  so  cl  oar  to  one  another-  that,  the  gas  bubbles 
ee-aiesced  before  the  effective  portion  of  the  shock  wave  '-as  fully 
emitted.  ’’Hble  XXIV  lists  the  data. 
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(<3)  A tea  * of  Eojltlneorra  scaling  mg.  Hopktnson'a  scaling  nu.e 
(Section  7,3,8}  wa'o'  tesWTusing  tot  3 steel  O.iaphragmn  in  half -scale  e.nd 
full-scale  U0Mi  damage  gauges  and  was  found  to  apply,  wltliln  the  precision 
of  measurement,  under  these  conditions. 


Two  thicknesses  of  steel  diaphragms  (average  thickness  0,079  and 
0.038  in.)  were  rolled  from  the  sane  melt  of  ateel  so  as  to  have  as  nearly 
identical  properties  as  possible.  By  the  manufacturer's  test,  the  ultimate 
tensile  strength  ves  shout  66,00.  Ibc/in.  for  the  thicker  cel  about 
63,000  lbs/in§  for  the  thlujer  diaphragms.  The  full-scale  gauges  were 
regular  UERL  damage  gauges  and  the  half-scale  gauges  were  accurately 
scaled  in  all  dimensions.  The  gauges  ware  mounted  on  steel  rings  with 
the  charges  in  the  center. 


The  loose  tetryl  charges  were  scaled  In  their  linear  dimensions 
(within  5/J)  and  the  weights  were  in  the  ratio  8 to  1.  Both  tin  cars  end 
cardboard  containers  were  used  and  no  difference  was  observed  due  to 
container. 


line  results  are  gi  ven  in  Table  XXV.  It  will  be  noted  that,  on  the 
average,  Bonnlnson's  rule  is  followed  to  within  34. 

Thble  XXV  - Results  of  scaling  tests  with  diaphragm  gauges 


: 

Charge  Weight 
Lao**  Tetryl 
(«>.) 

Charge - to -Gauge 
W stance 
(In.) 

Gauge 

Size 

— 

Maximum  Depression  Corrected  to  Plate 
Thickness  of  0.76  in.£/  (fuU  size) 

or  0.3ft  i».  (half  else) 

(in.) 

— 

500 

62.5 

2000 

250 

: 

4o  Full 

24  Half 

48  IFull 

24  jBsOf 

0.373  t 0.004S/ 
.102  i .0035/ 
.837  t .007*4 
.425  + ,oio£/ 

»/  Standard  deviation  of  the  mean. 

H/  Corrections  based  upon  Kirkwood's  theory  (Sec.  V,4,a) 


(e)  Static  calibration  of  steel  diaphragms.  In  an  atteqpt  to 
determine  whether  or  not  the  variations'  In'  tha  physical  properties  of  the 
steel  diaphragms  used  In  uiit  uEIui  g£*u^’j*ie  wem  .uTf  xarge  — 

cause  significant  variations  in  damage,  a number  of  1 in.  diameter  steel 
disks  were  defonasd  by  static  pressure.  These  aiskm  wore  cut  from  the 
regular  diaportgms  used  in  the  damage  gauges;  as  many  es  Tour  cculu  w «.ix 
frea  oho  area  outside  tne  damage  portion  In  the  case  of  a diapbrs#*  which 
had  already  been  damaged.  Otherwise,  disks  were  cu$  fx-em  undamaged  die.- 
phii^na.  Tfoe  diski  were  cut  to  fit  *dodugnoih£f  gai'-gea.;  they  were 
placed  in  the  gauges  anil  clamped  in  position  as  In  the  customary  use  of 
these  gauges.  Illustrations  of  a Modugno  gauge  aprrt  and  aiserbled  are 
given  in  Figure  Jl. 

ap7  ii'T~'»ry  Branch  (*?hip  Protection  C-roui'T,  Rv.sjhips 

Broloaioi  Report  194?-3,  October  1942. 
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i As  neny  u eight  Uodugno  gauges  were  placed  In  a large  static 

| pressure  chamber  atiu  cub.lectsd  to  desired  pressures  Indicate)  or  * 

1 Bourdon  gauge.  Resulting  deformations  vere  measured  to  .001  In.  with 

a aierawter  depth  gauge.  Diaphragm  thicknesses  were  measured  before 
and  effer  defoliation  to  .005  in. 

I The  reproducibility  of  the  experiment  Investigated  at  pressures 

of  5200  lbs/? n.  and  10,000  lhs/in.2.  The  variation  of  damage  vitn  diaphragm 
> thl  wVt?***  *•»*  «+.*»rti#*d  fvT  cc/cral  pressures*  Alfci,  oti* 

I v*re  u*«3  to  calculate  the  ten#  He  at  jrujth  of  thu  dlaphmpa. 

1 

i Typical  results  of  coneisteney  experiments  11  r, ted  In  I'abT.r  XXVI 

| show  that  damages  for  disks  cut  frost  a single  diaphragm  of  uniform 

thictaioen  could  be  reproduced  to  .omevhef  hett.ee  than  2^6.  (Each  set  of 
i ! f t four  vas  deformed  simultaneously.) 

I i 

j ! Table  XXVI  - static  deformations 


j 5000  lbs /in? 

10,000  lbs/in? 

10.000  Jbs/jji? 

Thickness 

Bsnage 

Thickness 

Dosage 

Thickness 

Ife!D&£e  ! 

(In.) 

(in.) 

(in.) 

(in.) 

(in,) 

(in.)  1 

i .0722 

.037 

-3773 

0.169 

.."73 

__  _ j 

0.167 

.078U 

.088 

.0786 

0.169 

.0777 

0.167 

.0785 

.059 

.0781 

0.167 

.077’ 

0.168 

<v»(Vi 

• V|Wfc 

.005 

- 

=0775 

0.166 

.0773 

0*169 

I:i  order  to  get  an  empirical  correction  for  thickness  variations, 
a number  of  disks  vere  deformed  at  px-esi.ueaS  of  U600,  5000.  6100,  7000, 
5000,  end  9000  lbs/lr>?  Th«  results  are  plotted  in  Figure  32. 

The  tensile  strength  of  a thin  diaphragm  may  be  calcul-ced  by  msaau 
of  the  theoretically  derived  fonaulaJJ/l 


where  H is  the  radius  of  curvature,  g the  static  pressure,  t the  thickness 
of  the  diaphragm,  r the  radius  of  the  undamaged  diaphragm,  and  x toe 
tiaxlmum  deformation. 

1 

i _______ 

! 31/  A,  H.  Oinysal,  Tc.yior  toodel  Busin,  U.  S.  Savy leport  No.  !i?0.  Sept  1<?£?' 
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Fie.  SB.  Static  (ituuga  vu»  diaphragm  thickuosu 
(jteel  diaphragm  in  Modugno  gauge*). 


! 

B 

T 

■i 
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This  formula  taken  no  account  of  increase  of  yield  strength  with 
cold  working,  plaetic  bending,  the  decrease  In  thickness,  or  the  elastic 
recovery  v.’  the  diaphm®n.  We  have  calculated  tone  He  strength  by  means 
of  this  formula  uulng  the  diaphragm  thickness  after  deformation.  These 
data  for  three  precsu.es  are  plotted  in  Figure  33*  It  may  be  noted  that 
there  are  large  variations  outside  the  experimental  error  (about  yp)  in 
tensile  strength  with  thickness  and  pressure.  The  negative  slope  for  the 
thinner  diaphragms  and  the  shift  in  the  '*ini™ss  c?s  be  qualitatively  ex- 
plained by  work  hardening.  The  positive  slop*  which  increases  with  de- 
creasing pressure  may  be  qualitatively  explained  by  elastic  recovery. 

6.  Study  of  Errors 

hunting  the  gauges  on  a steel  ring  accounted  for  a reduction  in  the 
slandttx-d  deviation  of  the  damage  of  one  diaphragm  from  the  mean  of  four 
diaphragms  on  a shot  from  5$  to  less  than  2$.  Correspondingly,  the  proba- 
ble error  of  the  damage  of  one  diaphragm  fresn  the  mean  of  four  diaphragms 
was  reducad  from  to  about  l£.  (Cf  Section  V,3,e). 
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THEORETICAL  ANALYSIS  0?  THE  DISHING  OF  SIX  INCH 
DIAMETER  COPPER  0IAPH-M6M  GAUGES  6 1 UNuERftAlE* 

tiiifi&ifiXS 


AdulraltT  Unde*  Work* 


Miub  JS*2 


*,1  aaplrlcal  analysis  of  tea  raaults  O*  tha  dishing  of  je  sla-lneh  diameter  copper 
Claps  rapt  geuges  It  given.  Ursa  tola  anal/ilu  an  piplricci  feirmla  connecting  weight  of  rherge, 
distance  of  gauge  from  charge  art  the  volute  of  dicing  It  derived. 

a theoretical  anstyel*  .»  undertanm  attuelng  tha  dlspnragpts  do  font  plastically  Into  a 
portooiic  shape  under  the  action  of  the  priwf~  pressure  pulse  Mhavlne  oa  a snail  ooftlwda 
plana  nova,  tht  pi-atturo  decay  Inn  ampDnantlally  with  time.  f'«  tha  relatively  poor  agreement 
Between  akperlnental  mvj  ‘.hsorstlrai  value**  of  dlahlng  It  la  concluded  tret  tha  basic  uMjpptlma 
and/or  *t»  outt  off  considerably  In  on#  or  «o.~i  res'SCle.  to  torn  any  further  reiinossits  of 
tro  basic  tnoomtleel  enclys'-s  are  ottoaptsO  !♦  !;  reccawuww  ti-at  contreilad  eaperlnonta  should 
Do  carried  out  to  chock  first  another  tna  discrepancy  fiopunds  primarily  or,  Inaccureclta  In  th« 
atawod  data  and  form  of  tho  Inddant  preapuro  pulaa. 


i»  (ha  pall,  aia  .nth  disaster  capper  dlaphrag-  gwrjeu  have  coon  extensively  uaad.  mainly 
for  comparing  tha  'jnOa ratter  dnaplng  efflclanclea  of  varloua  »— lotlvee.  tittle  ittwapt,  however, 
nn  naan  wade  to  dttnnalna  tho  physical  entity  nvoaurad  or  the  gaps  tula  latter  peing  regarded 
at  an  empirical  ‘Oarage  gauge*  fro*  the  point  of  vies  or  coopering  mtpiotlvtt.  M there  la  sow 
avail  tola  a cm  tide  rani  a matt  or  oau  oo.ainao  oy  tho  use  of  tiwae  gtugna  It  aoaaod  opportune 
to  attempt  a theoretical  analysis.  Tire  ratultt  of  thla  analytic  ere  not  preeantrd  th.li  report. 

Atta.'tacntoi  data  and  pmtiricmt  analysis. 


Hit  ru suite  of  tho  dianlng  or  at  gauges  are  given  In  Tala  1,  thaaa  reauita  having  reel: 
one  Into  in  iuan.i  trltlt  sens  of  Milch  aero  carried  out  primarily  to  compare  Inc  underwater 
creeping  efflclanclea  or  various  explosive*.  others  to  crepare  ui .it rent  quaittuter  etutl  In 
box  h'odelt  and  othcra  to  camera  tha  efficiency  of  riveted  targets  elth  that  nt  voided  torgata. 
Only  the  reauita  of  arete  In  Milch  T.s.l.  nee  ueod  ere  oeal/tod  In  this  report. 


ill 
I i ! O 


At  several  MpiricAi  ror*jiAo  of  tM  po«tr>1«i  typo* 


«*9fe  V * voltwe  of  OUh  In  cubic  inches* 

W <*  wtigM  of  ChergO  In  'ifc« 
q » dittanct  of  $euQ3  from  cho-/$o.  . * toot# 

Kr  a 3 bolny  csnOtam*:,  mm  been  wood  in  tM  pair,  it  ssjnoo  sOvi  sable  to  cbttln  ai 
omplrlcot  ffRiulo  of  th!‘.  uype  frao  the  Arts l;fja  of  Li  rzny  results  as  a r*  -.in^u  Al  ;.***».. 
C»*iro**«a  iogvithwiMtly  equation  (1)  *py  be  vflttin 

lop  v • u»g  * ♦ o leg  w - ,3  tog  b (j) 
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mfl  tht  *n>srlmmtsl  data  in  Tttlt  l H*ve  S«n  fitted  to  this  fomu>*  5y  thj  method  O*  laast 
squirti,  in  T^lu  i U sritl  be  m»  tnot  tMn  are  several  groups  of  repeat  *«ots.  m 
ftMlylr.^  *.M  method  of  lout  scares  tM  average  vale:  of  v for  ikh  ;roi>*  *•»  been  uutf»  doing 
weighted  according  to  in*  rwotr  of  shots  In  the  gfcsip.  no  ot1;«sncf  rwt  boon  nod*  fgr 
varlatitns  in  tno  thlA«m  of  the  diaphragms  OMeh  devl ate  by  St  at  mo*it  from  the  nominal  voiv© 
of  o.tt!4  Inch. 

The  formila  resulting  tr or*  tnli  analysis  to 

tci  ¥ - !.■*■*  n:e«  inn  w ♦ 0.701  Lea  0 (j) 

•hi eh  expressed  in  r- i a«  fpno  if 

V ■ J5,»J  ^•*s*/&s'”s  («j 

differing  little  from  that  most  recently  published  by  S.fo.O.  viz. 

¥ ■ I7.>  O0,45/00*80  (5) 

The  fact  that  the  pfOMDi*  errors  in  v resulting  from  the  use  of  formula  (a)  and  (s)  are 
± fcS*  and  ± a.»>f  respectively  snows  that  the  differ****.*?  between  these  t*o  ferrules  la 

|*»l*i*|  Mmit . 


in  figure  j the  expert  mental  data  of  Tabic  1 is  fitted  to  the  asplrleal  formula  (a) 
and  in  figure  * a nGV*vrm  is  given  connecting  u,  0 and  v using  this  formula. 

Tktortticnl  awotysi*. 

(i)  basic  aswytjapf. 

(a)  For  the  practical  range  or  a i stance  rrom  cnarge  ig  ,_j5-  in  \nr  »>«»*•  considers? 
In  this  report,  varying  rra*  about  2S  to  X Charges  rad-i,  (he  giving  o*  the 
dlaphrapas  is  sssiraed  to  be  caused  l-y  the  primary  pressure  pulse  behaving  as  a 
•rail  *»xplttudo  plan*  vivo.  W \.i casuro  pulse  isacsiyaed  tc  decay  wponerstioTly 
with  time. 

it)  T>.e  gauge  is  asr.-ied  Sufficiently  snail  relative  to  the  effective  length  of  pulse 
for  diffraction  to  b£  complete  so  tnat  the  gauge  experiences  no  bodily  notion. 

(c)  The  diaphragm  is  aaaused  to  defer"  into  a parabolic  shape  and  to  absorb  energy 
plastically.  for  a givjn  mean  deflection  the  amount  of  energy  Is  a*su?wd  to  ec 
the  ism  *»  that  ".mured  statically  under  urifom  literal  pressure.  For  m 
amended  fons  or  assumption  to  take  Into  icccunt  the  of  feet  of  dynamic  loading 
aee  paragraph  (Hi). 

(II)  Solution  asstying  incompressible  floe  and  Mood* a fprrm^as. 

••fll acting  th»  ccspressibi Hty  of  water  the  equation  of  motion  connecting  the  mean 
OtflacMon  4 of  the  diaphragm  nno  time  r both  expressed  in  no*— lirr ***},*, „i  unii.  ;»  shown  lr 
the  appendix  re  be 


y being  a n*rerica»  ions  tarn  d^ppndlr.s  upon  tn*  orrcctive  dimensions  of  the  dltphrejm  alJr.^ir.  • 
iur  uve  iicr.?-i  -r.  tac-?*!  = due  to  li.o  lays,  of  water  following  thb  motion  pr  the  diaphrayn 
wnllat  ft  F(iO  is  %ne  sUMk  pressure  required  to  produce  a non-d  I men  atonal  mean  .Ipn  action  J. 

It  *xis  found  from  the  static  pressure-volute  calibration  <.<,**«  reproduced  !•»  j 

that  • good  approximation  tyr  the  function  r[4)  Is  given  by  tw  simple  linear  expressions 

F(4)  v 4 for  0 k i < a. 3 \ 

= n-0,5  for  * :>  I 
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, tulvln,  If.  Ballon  of  notion  SM  pararvtmri  ,Q  »M  n of  th«  pMSsufo-t  Imu  <ts;  '«<• 


l i 

; v ’ 


as  given  or  waxl's  for^jlefl  *tr#  used 

„ . t-,m  >£J1 


Pn  1»  W8,58 

r:  “1 — 


Win 
u in  it. 


TM  rosolti  of  solving  too  tquttltt.-  »f  ootlon  lor  thv  voiliwm  valets  of  1 ore  ormor!  ml 
In  rw'i  I fro*  nnich  Iv  olll  b»  soon  toot  the  colcuUteO  values  ere  from  Wi  to  on  In  eecest  of 
the  observed  experimental  vi'rt!: 

{«•«#  £?f5C*  si 

uMoubtadly,  et  least  pert  of  this  discrepancy  estueen  alculctcd  and  ooserved  vol»»  of 
oi*.;  -.a  |?  hue  to  thr  assumption  that  the  enur^y  eosoreed  In  deforalng  the  dlephrejm  Is  the  mu 
ns  tost  meanjired  statically  u trier  uniform  laieml  oresavm,  to  tnfcr  of  dynamic  lOhOlhp 

It  la  sloplsst  to  derive  a hypothetical  dynmnic  prtssurm-voiume  calibration  curve  from  the  static 
calibration  curve  oy  lucflfallnj  the  privauro  ordlnntrt.  t>  a flxad  perccntoje.  In  Table  3 are 
HA*  ;tii  Inert; requt**v  v.*  5*g  I n.i  rxtru'Mwrt  valors  of  voIim  nf  di  SPil  no  lo 

wltMn  itcat  2i  cf  th?  n^a-rvw*  values.  fr<y»  tnir  taula  It  \%  seen  that  taw  percent*?.-  Increases 
required  wary  fron  *0f  to  dOf% 

Th^t  tut*-.  Ian*  percsnteoe  increases  obtain  in  practice  seems  unlikely  so  that  we 

at  a next  ' «d  to  susoect  that  th*  discrepancy  between  thcoretitdl  onC  vrWr-c  c* 

rasy  i:  at  Iwst  partly  accounted  for  by  errors  In  tno  values  assigned  tv  tw  parameters 
of  the  pro«surs>-t1ffl8  equation  by  wood’s  fortwutao, 

( i v)  Effect  Of  replacing  wood* * f orw» trg  cprrc™din;  American  fornilac. 

To  chwO.  whether  ‘he  discrepancy  between  calculated  and  oo served  vclures  cf  dishing  in 
Table  2 Is  djw  In  o.irt  to  err t r s In  kbcd’a  forwlae  for  the  parameters  of  tht  pressure-tin* 
equation  the  calculations  were  repealed  replacing  Wood’s  fbmulae  by  those  pgolished  in  wsrlcan 
.•eports  (;), 

. . JOSOCl^*  ii>n./no.ln.  1 


- - -..riffin 

Pj  . Q.« 


j C In  ft* 


The  results  of  thine  calculations  which  were  carried  out  by  Admiralty  Computing  VrvicA  (2) 
are  surmarlred  I r«  7«i.lc  *.  On  average  the  values  for  the  calculated  volun-e;  of  dishing  show  ? 
rcd-.iclion  of  about  **  on  the  values  given  ay  using  wood's  fomulae.  h<.9pite  tnis  lew  reverent* 
however,  the  calculated  volumes  of  disnlng  are  still  JO*  to  30,*  in  osi.uss  vf  the  oosr.ved  values. 


s 

i 
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(v)  Ifftl  o‘  taking  into  acramit  tr»  scares*!  pi  Hty  of  »*ter. 

Tnerw  s*n:  r^ins  another  likely  »ur:?  C e»ror  to  account  tor  the  wr  agre-whi*. 
b*»v««n  the  theoretical  and  e*perl«cntal  volume*  of  dishing.  So  Ur  we  have  *a**n«ij  incc*press.bl« 
?1o»  wrcrvas  It  be  mere  correct  te  allw  ‘or  me  conorcsiit-II  ity  ©f  --tar, 

A|  ^ow  In  the  Awe'll*  the  r^atloi  of  -notion  taking  Into  account  the  ccnproiiiol  Mty 
oi‘  water  1;  given  by 


a £•?  4 ft t\  . ia  i t f»)  4“  (T  - ») 

'*  «-  "i  J„ 


> celi’Q  • ngn.ric.1  c«i»*->t  M«  MS  4 ratlwr  c<nDt  Icetod  f»»r* lore, 
ifiterretlng  Mil*  elation  e>  .art.  inn  tlss*  gives 

:,  . ml  s2'*  . 1 1 * * fwi 

l,"'  Jl!  1 -■  6 ST 

Fl 

. *8  e"*T  ♦ > I **  (»)  4 (T  - x)  lx 


V ifi  «-*' 4 i I <t  (x)  4 II  - x;  ox  0 < f < 1 (»o>) 

P>  Jo 

Th:  5 eq-.-aticn  «s  r.tf8ar«cslty  Integrate  by  non  I ratty  Cowutlng  Service  for  two  extreme  casts, 
vie.  t, V io$.  r.e.i.  at  la/  foot  end  5 'bs.  at  IS  foot  co  res pnd 1 03  to  charge  dietaries  of  ii 
a,x3  *;7  charge  radii  respectively. 

The  effect  of  this  wore  refined  traati»ant  by  allowing  for  CMpresalbll  Ity  1*  very  await, 
the  eat  delated  uolwa  of  dishing  being  thereby  reduced  by  only  about  2|  as  shown  In  Table  «. 

Jeneral  discuttton  and  conclusions* 

The  -.riqinal  calculated  values  end  the  observed  values  of  dishing  are  eowparod  In  Table  2 
nnl  exhibit  a large  dlscropwc*  rsnalno  fn-»  20  < - u>|  overeat  I mat  I on  by  the  theory.  ah  aoss'bl' 

5«.rc<-«  of  this  dlic.-^ncy  t.wc  considered 

(nl  increased  evoroy  absorption  under  dynamic  loading  S3  c©moar«o  with  static 
loading. 

(0)  um  C-  me  merican  romuia  (e*;,  baaeo  on  wore  nooom  oato  than  wood's  fonula 
(«).  for  the  parameters  of  the  pressure  pulse. 

.'-I  aiiowoiiSt  for  the  compressibility  of  the  -.wt-jr. 


Of  theso  t«e  third  posslb'llty  (e)  Introduces  only  a verj-  u**v.  correction  of  order  3 i and 
Is  oniy  thareforg  j i nor  fictor  In  tho  discrepancy.  The  aacond  possibility  (b)  however  produces 
an  appreciable  Improvaicrit  in  tr.9  Agrpasc-nt  hut  still  loaves  a » feiiinlr.^  discrepancy  ef  unJcr 
10 j — 30>,  tf  thl*  Is  primarily  duo  to  the  first  possibility  (=)  *hould  requir*.  an  <■—*■•» i 
nf  *****  ?a«  - see  n-  ..■•;!•* «»ir*  u>  ej  rM.in  undwf  dynamic  as  opposed  to  r.tatle  loading* 
This  sccmt  unduly  high  ror  the  annealed  copper  u®ed  In  the  diaphragms  since,  flo  '*r  as  Is  known, 
there  Is  ro  ©vi-wnce  to  indicate  an  Increase  of  more  man  about  1st  for  eoq-er  di.e  to  dynamic 
logins* 

cf  cc;raar  o*k?'’  poseiblt  iowrcfs  -.»f  ar»or  in  the  asstaaplicns  which  ee  have 
not  examined,  on  vccoivtt  of  the'  * mpUelt  pympiexity.  Thus  m n***  neglected  diffraction  fffwcts 
rowtd  the  am-"-  sne  bodily  motion  but  it  vsias  unlikely  that  mtz*  ' u iwportant  #or  tea  present 
p-j-pssa  In  vie* of  the  observe  fact  that  the  tm  diaphragms  on  oppoblte  sides  of  th?  gr^ge  exhibit 
the  same  overall  variation  of  dishing  w.th  chsrgs  weight  etc.  Tim  au-nption  that  the  dlah  is  of 
paracolic  ti'«pa  thrvughout  Is,  of  course,  *n1y  an  approx  I mat  Ion  and  will  certainly  net  be  valid 
in  the  Mriy  stages  of  dishing  when  the  daffcmation  sltl  Jorraapord  more  to  a plastic  wave 
i.MVdlllng  Jn«  rds  frm  the  cl rcuaUrsnce.  It  unlikely,  however,  that  ..^e  dlf trance  In 


I 

1 * .... 

1 


ii*e  mod*  of  dialling  leading  to  the  jar*  flnel  show  of  dish  *M  make  r.  Urge  difference  In  the 
final  SOn*j-  abscrbed,  ol«i>»  provided  that  the  energy  Is  absorbed  In  the  wm  «oy  &y  plastic 
itret-tir  and  thinning  of  ths  dteprra^tu  it  Is  coucolvaole,  theuQh  scmwnat  unlikely,  tn*t 
the  p) ait i c wive  r*ch&flt»  Involves  a lares  adsorption  of  energy  in  oandlng  since  each  elatent 
Is  fl^st  went  in  one  direction  and  than  Seek  again  a;  the  wove  passes,  Syfch  a source  of  ansrgy 
absorption  is  toi  allowed  for  in  our  theory  based  primarily  on  plastic  stretching  which  certainly 
predeni net r:s  In  the  case  of  dishing  under  static  load,  since  the  energy  absorption  due  tn 
Stretching  depends  on  the  s^uart  of  the  dished  we  should  need  a l«r*e  ennt#>t»..'»u~  ♦,ra- 

any  Such  bending  mschenlao  so  account  ror  the  discrepancies  arewn  tn  iapia  t, 

finally  we  nevs  rmfle  throughout  th*  '•u  a ternary  mmption  that  t'^e  pressure-pul  ♦#  varies 
eaponontlelly  In  tle.o  wher™*  w«  knrei  that  this  ••  not  ftccuMtaly  the  Z2Z o In  practice,  the  pulse 
being  rather  cr  <m  initial  exponential  form  followed  by  a toll  decaying  wore  slotdy,  in 
particular  wo  hava,  In  the  absence  of  direct  infntnatlD",  d^iv-d  the  formula  fe^  n giver*  In 
e<^i*s*0M  .8)  from  the  associated  max  I mm  pressure  and  mpulse  formulae,  tho  latter  of  *ilch 
depends  somc*hat  on  the  tell  of  tho  wave.  for  the  Initial  port  of  the  wave  n should  be  higher 
than  as*««trt  «nd  this  would  tend  to  Improve  agreement,  mere  especially  for  tho  Intermediate 
charge  >-eighti  «nerc  th?  Is  neither  »u  Short  that  imnul**  Is  »k-  decfdlr;  factor  no  so  long 

that  »v.*iiiuh  u'vseufo  is  irur  main  parameter,  Tn*  fact  that  the  discrepancy  in  Table  • Is  greatest 
for  the  intermediate  chirge  weight  o*  too  la.  suggests  that  part  of  the  error  at  least  Is  due 
to  '.his  lack  of  accurst*  .‘•presentation  of  **•  press-jrp-t  :me  far  the  incident  pulse,  in  view 
of  this  It  seams  desirable  to  carry  out  controlled  experiments  *n  which  copper  diagrams  and 
plwo-gauges  ar«  both  used  so  that  the  observed  pressure  time  curve  can  be  used  direct  In  the 

inv'iry,  i.e,  n p i Acs  cf  the  turned  exponential  term  on  tho  right-hand  side  of  equation 
tny  further  reflntntnt*  or  the  theory  ere  bitter  Oeferret)  penair.g  a bettor  check  on 
thn  oreseni  Ihr-ory  obtained  from  SuCh  experiments, 

Rtitrtr.f  e. 

(t!  Olv,-io.i  ».  n.O.S.C.  Interim  Report  u.t.lo 
( 2)  nogc.-t  s.e.E./*,C.S.U3  ”y  eiWmlt,'  Computing  service. 


Symbol  s. 


Pj  • Incident  prossure„ 

- P.JxWj*!  c>’5:S,-M'w  Or  pressure 
r.  ■ £r::«y  Constant  sf  prp|8ure  Pul  S#  pj  p_  *"1 


irvn  r>f  rti.niira  »n. 


radius  of  diaphragm. 


h a thickness  uf  viiophra0*> 


« mass  density  of  water* 
fi  * pass  32:*  »lty  of  diap^rey*. 


c • velocity  of  sound  In  water. 


hj  • effective  ‘hichness  of  dlcpnrapn  due  to  1 ayer  of  water  following 
the  motion  of  the  diaphragm. 


mean  dcfloctlon  of  diaphragm. 


Pt  * or? I i'-ary  pressure  "nit. 


>>l  '{’•)  u static  pressure  required  to  produce  norv-diircisiqnal  m*.*  definition -2. 


/?  Pj  a* 
/ c‘ 


other  aynmuis  afw  irifiiiv*  If.  the  TP*t, 

Subscripts  to  4 and  denotn  intnoratie-;.;- 

•*n  (T>  * [ -n-i  !■!  3T'.  <k  M ■ f Ci  1,1  ■*• 

Jo 

f^ation  q jTjto ti on  oj  diaPhragn* 

The  incident  pressure  pulse  Is  assumed  tu  be 


the  p-te»yrf  nt  sr-j  pjini  of  the  diaphragm  Is 


i 
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where  p'  the  relief  ^rukiure  di*e  t o Sin*  motion  of  the  dlephmgr. 


The  oiaphragr  .r.  aj-iu-ed  to  delum  plaslitelly  Into  tna  owraooilc  tor* 


nn/i  energy  absorbed  In  olshlng  to  * iw-nn  Reflection  +:  *«  Mtir»4  to  be  <t>  (*7?  •n;?k  13  *"*•*’' 
from  static  t*»Si 


i 1 ^er 

Jo 

r he  ret®  cf  Increase  e»  tm  ►;^tic  energy  Is  given  by 

* V J & 2^  23 

3 df  dt 


while  the  Mtt  o*  Ab»»-p*lnn  of  energy  ntnntlrnti^  In 

— * fr-i  • *>  (77)  i 
<u  dt 

tnn  rnt»  nf  work  on  the  dlaph'nTi  t-y  the  pr^jsjrc  p Is 


r 


> 2?  iirrdr  • in  3 
dv 


that  tho  odjotion  Of  *\>tloft  Is  divan  in  tho  fe*w 


5 r,r 

>0 

n tho  fe*w 

2 *r  **  pi  » 4?  (>))  * * * |”  v ji  - j ™ 

if  tne  pressure  in  « static  tsst  is  p4  tnsn 

r 7f  a2  p..  (7i)  d7) 

-*0 

wteuca  P«  l1))  * 

.Tf  8 

eo  that  the  ovation  of  "ction  n*y  be  written  using  (lj  v*C  (2)  m 

* * >*  w * p‘  (■-?) 

Jo 


(«) 


(« 


(7) 


U) 


(») 


UO) 


ir.  this  equation  p ' la  a function  of  r ind  l and  at  ai\y  point  r ■ jj  Is  jUsn  by 


wh-tre  tho  integral  Is  taken  Over  the  «*o1®  Jtapnra-jm  end  * M the  distant*!  fran  tnw  f 

(M  wh;',:'  p'  being  » vni«j'ted)  to  tnu  ul  trwm  v'i  Si  ire  pjinr  y (lijurr  *0,  Unis  ekpreualon 
Is  based  on  the  assumption  th.t  dl “fraction  **  f»vt  1 due  to  the  finite  sUe  of  >j'*oyd  -inn  ve 
neglect**.  ynfortun-itp»y,  excopt  In  tho  v- ,v  vh-*iy  stages  for  vhe  fror*  diaphragm  of  a “face  cr* 
gswge,  the  djfffsct’or.  phenomena  ar*  far  1.00  complex  to  take  Into  account* 

ho  mover.  It  may  be  noted  that  the  gouge  always  ms  a diaphragm  at  oa*h  end  and  In  practice 
It  Is  usually  f*jnd  Vat  th*  fro.'it  er-d  back  diaphragms  shot  ebout  the  scm  amount  of  dishing, 
inis  indicates  that  the  ovc'&t)  effect  of  <il?#rarf  •on  on  tlie  dishing  Is  small  end  srygesuo  our 
a&tKA-vlIon  « reasonsptn  simp* ; n make  the  tneory  tiuct&ble. 


A**.. 
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If  y is  a\  .i'tence  from  the  cc.it rt  then 


si  . * |«-^] 

ci*-  dt*  * J 


('» 


V.  \I\AX  V t ' — ■ l ■-  — T J t 

lr  ■ • ■ 1*  I I — ■ - J.-.  I 1 3^  S VS 

u rJ  :?  j 1 ft  t a j 

K*on  Figure  % 19  hav*  ton  following  relation  beiwwi  RP 

ft  m * O*  - 9 « rn<  a (lS) 

pefore  si''#,,,>ing  tho  Integral  Itt  [1**]  end  the  resulting  Integral  In  (11)  we  shall 
put  the  oQuot  !or- - *n  r.-.iwdir-ensinr*!  toiu.  „3lnu  voe  following  SubSli  tut  lonSi— 


t - 1 

c 

p5  ■*  p‘  f W 


rr  a Pi 

3 p,  *} 

— r? 


■I 

r2  ■ »*, 

ft  “ .iK 

Oi  * a'  dS* 


(18) 


I i 


2 56  pQ  a 

10  S t/  r* 


I ! 


» •< 


| i 

f * 


Cqu'.tion  (1#!  then  W3".: 

i j ?<y  ",  fi  | j •=•!’•-$!  ;i  - yi 

16  “ Jr  n j i x 


«•  (t  - -i)  a - */) 


J J 


(16) 


ir  ■fci.h  » !■•  eia*i.j5  as  1 f.‘nrt/'".  o*  t *nd  t*.c  surface  integral  Is  token  over  a circle  of 
tint  i radius  (Figure  5)*  also  frr-n  (li)  and  (16)  tho  equation  of  motion  i>erc«.cs 


v h.  01^ 


J » 2 7T  i ?'  '*J.  Tl  (1  - xt*;  X,  dXj 

•Jo 

and  P*  Is  given  Dy  equation  (18). 

Finally  the  n&r> -d I ron si onsl  fom  c?  eqtir.t len  (15)  Is 

_ ^ w 2 . »?  - v A. 


(19) 


(3n) 


OD 


J 


V 


i3 


■■t*  Calculating  of  rth  *f  t>  ressur*. 


- (ibf  <*t  l Sue  wi*r  CwOr-jn.ateS  >,  a *ith  origin  F (figure  5). 


Tfnft  using  (?jl  *«  obt*1* 

is*  = V ■?>  -tf.  -rr  2> 

so  lh*V  after  i nit {ration  Oy  uirfs  nltn  respect  to  X and  use  of  getnetfy  of  cljwre  J mj  find 
r.  v r a 


z*  ( T - *5!  ( I • Kj  ‘ ♦ J xkj  cos  a)  dx  c«  a 


:?t) 


-to  Jq 


• in  (t-  ry2)  4'  ,T)  - 3Jfr2,  (!)  . e j . (T  - iy)  MS0  <1  a 

Jo 


:») 


I 

♦ 16  »|  l'  '• 

■ U 


r>  ro 


a ?;  (1  - «,*)  •»'  (1) 


1 J 2,(1  - £)  :»tt>  * 21*  . J£)  cos*  0 
y n -ij  (0  ♦ e i — 1 — .-Z Z - 


(25) 


tne  integral  being  taken  r>und  i.r»»  boundary, 

d - Cont^i  6u  tion  cf  r*l  j cf  £ -c  to  t gwofion  o / not  tow . 

from  equations  (20)  and  (25)  *e  have 


• P v‘  r (T) 


(i  - XjV*,  % - J"  n*  2,  m 


- \*J  *1  <•*» 


f f ? f ^ fr  - JLi  /•,.«*  ? - : * fr  - .-cs  f 

* e I i ii*  i i - — ■ — , J . .1^. 

Jj  * J 


iii) 


the  first  L«  tormN  giving  a cent r: cut Ion 


i£  j* 


(I)  - l«  tr2  j4  irl 


<*>) 


Interchanging  ire  Une  *id  sur'acc  integrals  and  using  sy-onet  ry  the  last  tern  or  (zt) 
jives  a contribution 


’ 

16  17  — 

J 


( f ~ Jy)  & -2  ^ ( i — COS-tf 


(1  - x.*)  <53* 


in) 


enere  thlo  Integral  !j  to  be  evaluated  for  ary  given  el*r.ent  «15  of  the  cl  rcunre  rente  and  will 
ty  sy.TD.otfy  be  the  »vee  for  any  element  or.  the  circumference. 


>*ino  no* nr  (w.roi  nates  [**,  0)  as  In  Figure  5 tnen 
ft  2 >2  cos  8 

— • 2 j { ^ (T  ~ 4p)  COS2  $ * ? .21  (T  - JL)  Ctk  8}  (i  - *7}  dx'  0 0 

■'  J<>  " 1 (») 


list ng  iho  fact  tiu-.l 
2 2 


X - X'  * 1 - 2 X*  -0;,  £7 


(30) 


wi>  finally  ha»"*  e.i  re»  ?«•■»  integral  ion  py  parts  and  th->r.co  usi'vg  ( j?) 
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No*  *h-rL*  p#  anj  tnerefirfi  r(i]  Increasoi  with  def'rctlon  wc  hav?  ► ’(•?}  > 0 ac1  up  t* 
tine  of  -naxlru*  doflcctlm  ^ 11  and  therefore  < 0 up  tc  t Imo  of  naxlfruj  deflection 

dT* 

fl 

lnu  cciaprcMldli;:/  te.»  ' s x I £,(x)  -T  (T  - x)  dx 


...Ticrcislsll  i 1/  te.f  1 s « ^j(x)  T (T  - x) 

'o 
Ci 

j •<* 


' - xj!*  (r  - «) 

, la.  r (r  - o 


sine*  <£.(*)  ? 0 

xtiero  0 < t « 1 (j*) 


HcneOp  if  conpfosilo!  lltv  is  small  m can  so  Wo  on  thn  assumption  that  (t  ii  nvalialote 

and  then  ostlmutu  thn  orror  Dy  expression  (39).  Since  f (T)  < 0 the  error  will  involve  a 

relief  pressure  and  therefor*  the  cjlcvl/itci4  deflection  on  the  inCumpresslDlc  apn^  -stlon  sill 
cc  vi  ovexM'St  (nation* 

7.  Prop  et't\ tt  of  the  function  ^(x) 

The  foil  lining  properties  Of  qj^(x)  d'juned  Dy 

.■  I. \ _ ' t »,  XI  . !•  is  I M A a.  1#  y* 

^ ? 3 IS  105  315 

(*0) 


j ! re 

■ coj  6 

‘ «y«u  j 

* jtl>  v 

1 ma>  he 

I'd  <MI- 

.'a) 

<^Tx)  . 4 (x) 

i . 

i 

«.  k 0 ■ y Six'  1 0 * 5 iln  » 0 

!.*>) 

1 (0) 

v*3< x)  '5  3.  # ; U'  : 

(•»( 

: ' U) 

- -$&  os  !:  -*  0 

(•»> 

: 

$ 

<^3  ■'*)  ” *»  x - J,  » - 0 

J 

(•5) 

1 i (•> 

[ rt«  • ft 

(«) 

1 I 


( > 


i* 
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‘A  -1- “■  i,  wi  aiu/  i ■ Uj'jrvC.0,  ILfAJLi 

VOLUMES  OF  DISHING  DERIVED  3T  ASSUMING  INOQ'TRESGIELE 
FLOW  AND  WOOP'a  FQRWLAE  FOR  THE  FRESSUEE-7II1E  EQUATION 

__ ?/jwr,rr~. 


CHARGE 

OBSERVES 

TOLIES 

CALCULAIED 

RATIO 

i weight 

Distance 

_?o 

VOLUME 

of 

£TOtT 

(2.  ir.s} 

Gaj d.Vol ■ 
Obad.Vel. 

i flbol  . 

(ft.) 

Charge 

Radii 

DISH 

/ r..  1 wr  \ 

P* 

i 0 

27 

6.  y 

2.21 

0.M6 

li.8 

’•» 

1 

l 

20 

54 

4.8 

1.11 

6.5 

1.35 

i 

100 

25 

25 

15.9 

2.76 

C.185 

22.3 

1.40 

50 

49 

9-4 

1.36 

12.8 

1.36 

300 

40 

27 

19.2 

2.62 

0.138 

24.2 

1.26 

SO 

55 

11.0 

1.31 

13.9 

1.26 

650 

JL-i 

44 

15.3 

i .69 

0.112 

aU  1 

• -■1  j 

1.20 

167 

88 

8.65 

0.841 

10.7 

1.24 

i.ujIji*  3 1 Sttoi.IAu  FERCSITTAGE  INCAEnLEC  IN  iru.  tiOSSSURE 
ORMNATKS  OP  THE  STATIC  PRESSURE-TOUT  IE  CALIBtUTIo.' 
CURVE  TO  TAKE  INTO  ACCOUNT  THE  SfT'LCT  OF  ETNADIC  LOADING 
THE  PERCENTAGE  INCREASES  BEING  CHOSEN  TO  BRING  IKE 
CALCULATED  VCtUiaS  OF  DISIUNG  TO  WITHIN  ABOUT  % OF  THE 
EXPERIMENTAL  VALUES. 


I 


CJ 

Weight 

- (Aba.) 

URGE 

Diatancu 

—Lf.tr? 

OBSERVED 

volume 

of 

DISH  . 
(0.  insj 

5?  INCREASE 
IN  HSSSURE 
ORDINATE 

UALCUIu  -.TED 
VOLUME 
of 
DISH 

(0.  ins.1 

RATIO 
Cald.  Vol. 

Obsi.  Vol. 

5 

10 

3,9 

60 

(\  1 
7 ***■ 

1 .06 

4.8 

60 

4.9 

1,02 

100 

-JL- 

9.4 

60 

?.6 

1.04  | 

300 

l— * 

11.0 

40 

. 

l<.i 

1.04  | 

650 

167 

T 

! 

40 

8.73 

1.C,  j 

On  ■ i 
Ni-T  ■ |g»9 


r~  'S-  V, 


MC.rt.e/R.£w 


a 
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EXPERIMENTS  ON  THE  PLASTIC  FAILURE  OF  CYLINDRICAL  SHELLS 


A.  .f-  S.  Pippard  and  L.  Chitty 
imperial  College  ul  Silence  und  Technology,  LoiiCiuu 


British  Contribution 


o 


1948 


o 
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Imtsoduotior. 

T«»  work  described  in  this  Taper  waa  carried  out  during  iie  « *i  iu  . jo 
Civil  Engineering  laboratories  of  tb«  Imperial  College  of  Snieaoe  .*<1 
Technology  far  the  Direotrrt  of  ociccticc  Ewiarcir,  Admnuit ,-,  to  Supple- 
ment research  into  the  behaviour  ot  submarne  hulls  subject**!  to  Uu<l»r- 
water  csplodon*.  The  *XT,iosive  work  was  carried  out  elsewhere  partly 
on  large  scale  specimens  and  partly  on  exactly  similar  models  to  those 
described  in  this  Paper.  Tha  object  Of  the  invesiigution  was  to  stmly  the 
beueviour  of  cylindrical  shells  when  loaded  Iwyonn  the  yt-i.tic  r™i*B„  by 
forces  acting  on  a amsli  ares  of  the  surface,  and  under  certain  opcclCod 
conditions  of  support.  Those  oondiwucs  hcr  must  satisfactorily  repre- 
sented by  beadirg  the  cylinders  for  half  their  depth  in  carefully  sifted 
wind,  and  with  few  exceptions  the  loads  were  applied  through  a ball  or 
Bpkeriosi-cndbd  'am. 

The  experiment:  included  static  sects  in  a test  frame,  dynamic  tests 
ty  i r n a r, k nf  dropping  weights,  slid  a f«  trod*  nodrr  hydrostatic  pressure 
cu  a variety  of  specimens.  Some  of  the  results  recorded  were  needed  for 
a specif!;  purpose,  but  the  whole  series  is  presented  cere  as  a general 
account  of  au  experimental  investigation  which  may  be  of  value  as  a study 
tt  the.  plastio  behaviour  of  cylindrical  shells, 

♦ Crown  Copyright  raerved. 
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Pro”-  nr  the  Exi'ismiirrc 

The  original  objeot  of  the  investigation  was  to  obtain  information 
r.Hout  t.b>  beb»vi<>n?  <.f  .-^lindere  iiiff'ued  :a  s particular  wuy  which  will 

jauintieit  later.  Thu  manufacture  of  the  test  specimens  was  not  «t.-y 
and  was  delayed  by  the  usual  war-tiin*  dlfhc”!*'1-*  >n  '-h*  suing  suitable 
nUiUfial,  scarcity  of  labour,  and  so  on.  DuiiCC  the  waiting  period  certain 
makeshifts  were  adopted  tehioh  extended  the  «cop«  of  the  original  testa 
aim  £*ioviuud  u a*, | ui  data  wl  a rjiorv  general  chai'aoU'C  than  not  o.;ignuilly 
contemplated.  Steel  dmms  normally  useu  for  storing  oement  in  the 
laboratory  were  found  suitafc.1!!  for  investigating  t'e  efficacy  of  the  test 
rig  and  the  results  of  those  preliminary  experiments  led  to  the  manufacture 
auu  leu l of  a copper  drum  of  approximately  the  .lame  siso  for  the  purpose 
ot  investigating  oertain  peonliarities  which  the  steel  drums  had  revested. 

It  then  appeared  probable  that  useful  results  might  he  obtr.iitd  uom 
test!  on  small  unetiffened  cylinders,  an  emplo  supply  of  which  were  avail- 
able in  the  tins  used  to  poos  ooffc*  and  household  milk.  The  former  were 
3J  inches  in  diameter,  4 inches  long  and  made  of  0-010-inoh  iheet  met*! ; 
the  latter  were  2}  inches  in  diameter,  4}  inches  long  and  of  the  ssme 
thickness.  Those  tins  ware  sufficiently  near  to  the  proportions  of  the 
standard  test  specimens  in  reaped  of  diameter-thickness  ratio  to  justify 
remits,  further,  while  it  would  have  been  very  difficult,  or  even  impos- 
sible, to  make  laboratory  tests  on  the  standard  specimens  under  impact 
loading  or  hydraulic  p-v’nrc,  ‘t  was  * simple  matter  to  make  such  teats 
on  the  small  specimens.  The  experimental  programme  wits  therefore 
evtemlrd  to  include  the  f.dlorricg  : — 

(1)  Preliminary  tests  on  steel  and  copper  drums. 

(2)  Tests  on  'mall  cylinder- 
(a;  Tests  on  large  cylinders. 

Tests  wem  mode  on  internally  stiffened  and  iinstiffuiied  shells  and  on 
specimoTip  with  end-platos  of  different  degrees  of  atilfoe-a.  Subsidiary 
l,  ,ls  of  the  HMterifll  used  and  touts  on  single  internal  stiffening  rings  a.r 
also  deouribed. 


Taxi-on's  HmirHmis  or  Distobtion. 

Sir  Geoffrey  Tayior  propounded  the  hypothesis  that  a tbin  cylindrical 
out-u  wuuiu  disturb  without  any  stretching  of  tne  cylinder  wall  provided 
that  the  end  plates  had  uo  stiffness  out  of  their  own  plane  and  served  uiy 
to  maintain  the  circular  form.  He  observed  that  v hen  such  a shell  was 
subjected  to  a point  1cm!  ft  transverse  groove  was  formed  and  flats  de- 
veloped. The  cross-section  cf  tb?  deformed  OT?;r..'«e»-  r.hmuirh  the  amove 
is  sbe-wu  in  fi’tf.  I. 

If  it  be  assumed  that  the  lines  nimun?  from  ,-he  ends  of  the  groove  are 
n'raight  and  tangential  to  the  uadistorted  pare  of  the  cross-section  and 
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met  no  sUetiiiiau  o?  ihe  shell  uvXtirB,  it  is  a matter  of  simple  geometry  to 
obt*.is  the  relations 

i 8 tin  6 

sLJ  1 — oo*  8’ 

r*  OLU  V — 1»  W*  (f 

So”  1 — ooTJ 

Tbi  pC5v*b l!  1 ty  <«»  SUwh  SIT.  «Sv*'^SS blc  diutDltiOu  Vio  uOiTiOuown^u  wj 

Taylor  by  a model  mede  lrom  *i  siuglo  iheet  of 

paper  wbioh  is  shown  at  (a)  in  Fiq-  2.  It  will  be  r<t' 1" 

shown  that  that  hypothesis  was  justified  by  the  }* * -j 

results  of  tests,  hnth  static  sgd  dye am:o,  mede  on  I - -f  - . „ ; 

the  small  ‘ vlinders.  k*~ M 
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Tl'«  appsn.Uu  designed  for  the  main  testa  is  | ! 

shown  iu  tig.  3.  The  cylinder  to  DC  tested,  as  J 

already  stated,  was  bedded  in  sifted  sand  to  half  lira  sols  used  in 

its  diametral  depth,  the  sand  box  resting  on  the  xsnoa'sHrrerHisu. 
heavily  runforoed  concrete  base  wf  «a  wv  ZuyCawsClts 

machine  which  was  originally  built  for  testing  slab*.  Loau^  were  applied 
by  on  insert*!  hydraulic  jack  which  wa*  modified  to  prevent  oil  leakage 
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when  working  ii-  that  poeitum,  and  the  load*  were  assessed  by  the  diametral 
strains  of  a calibrated  ring  planed  bet /ten  tbe  jack  ind  tbs  specimen,  the 
strains  hein;;  measin.-d  by  an  Ames  dial.  The  ram  which  applied  the 
load  to  the  specimen  waa  iph*rin*IJy  ended  diameter  hr  me 

ii  .i 
a | mull. 

DicpV.rci.i6nt:  of  the  rsra  *ere  observed  ty  a felea-.-.jie  oerryi ■*» 
rrone-fceir  focacca  on  a Bcaio  attached  to  the  bet  rota  of  tho  calibrated 
ring  Rods  a*‘*ohed  to  *he  bottom  of  each  end  of  the  cylinder  also 

i d ou,»t5o  »uu  iii*f  readings  of  the  settles  0)  separate  telescope*  gave 
the  bodily  si  nth  3 of  the  cylinder  ia  the  sand  and  so  enabled  the  true 
amount,  of  indenting  of  Iho  specimen  to  be  determined. 

Two  A me*  dial*  supported  from  the  bottom  of  the  seed  ben  at  opposite 
ends  of  - horizontal  diameter  of  iho  cylinder  enabled  ti  t diameter*  reread 
imder  load  to  be  meuaured,  but  those  meastueuinuU  were  not  found  be 
of  particular  importance. 

Ia  scnis  teats  tne  longitadiua)  alterations  in  length  0 * the  cyuuuoni 
were  measured  ; steel  ball*  were  attached  neat  tbe  top  of  tbo  cylinder  at 
each  end  and  provided  bearing  points  for  tho  ends  of  a micrometer 
measuring  bar;  a sufficiently  accurate  overall  strain  measurement  was 
< . ns  obtained. 
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Staitoaud  Tarr  Cvundbrs. 

TV  standard  teat  cylinder  is  .-.horn  ia  Figs  - a id  S.  H .•,on*i»i«l  of 
a 14-gacge  oylindrma1  shell  3 feet  14  inch  in  length  »id  16|  i;3  ;hts  eiitotital 
rlismetir,  intsrns’ly  stiffened  ty  d..iu  iiugs  made  or  gi-iaci  by  h -inen 
by  !<-gsugs  T section  steel.  Th~  ■■'eg'’  w*:e  ever.ly  spaced  along  the 
length  of  the  cylinder  and  the  legs  of  iho  T's  were  taok-wddtc  to  the  shell, 
the  welds  having  c.  pitch  of  approiL.itely  3 inobes.  That  was  fonsd  by 
trial  to  be  mors  eatisfaotory  than  continuous  welding  which  introduced 
a serious  danger  of  damaging;  tu*  shell  by  ovur-heating  it. 

The  “nit  piste;  wore  also  of  Ii  gauge >W  in-1  were  stiffened  by  fj  ir.ob 
by  1,  itch  T-Srocxm*  and  brackets  arrargod  as  shown  in  Ftgt  i 

The  cylinders  wen*  marie  ivy  V ?vr?.  iSeuism  and  Company  of  Wands- 
worth and  in  the  first  piece  sit  were  errs  plotcd.  An  oipernnent  in  manu- 

it provided  .-.a  iddiUwial  unfinished  specimen  which  gave 

uaetui  atre:  -ii*t'OU  0..  Util.  It  iuni  a central  stiffening  ring  eor  titnour'y 
we'dcd  to  the  aholi  and  a ring  spot  uroided  to  the  shell  at  S incbei  from 
either  side  of  the  eeutral  ring  No  anil-plater  wore  provided  :a  that 
cylinder. 

At  a Utc»  date  further  rylindsr*.  «-er*  read*,  tlu  j.-.  ‘-I  U, .«  ori  jinai  design 
ol  d three  na  shown  in  Fig*  8 The  featur:  of  tboso  was  the  replacement, 
of  tbe  norma!  end-plates  by  1 inch  ditto  V mvc  resistance  to  'ending  out 
,,f  !!.-;-piari*3  and  tne  wees  were  connected  by  feur  1 J-inoh-diaeieter  eteel 
r.dr. 
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Pr-iLian;;  vv  ‘ftrsTa  os  Srciei.  and  Copp®» 

A etetl  eemnnt  drun  30  inches  iung,  14  inches  'lismeter  «r:-i  0 035  inch 
in  rrili  tiuckii'jej,  served  icr  » juuuu hum;  u,^.  u u.„ 

The  drum  was  nnstiflened  rxcipt  fo»  the  support  of  the  bottom  uad  the 
cover.  The  load  -’jeplRCtraeot  curve  which  ««  obtained  aa  » result  of 
that  test  indicated  si-wadi apiioearwy-wav  j-ahieh  we -vbtained  ea  a wwlt 
that  displacements  bed  hec>>  miAiiurad  before  the 


fi/s  4. 


Tn  umgaRa  Cnovs, 

’•tiains  had  felly  developed.  While  tbs  modifications  to  the  rig  dictated 
by  that  preliminary  test  were  being  made,  s eecond  dram  was  tested,  but 
the  iced  wse  applied  by  dead  weights ; that  drum  was  similar  to  the  first 
but  the  wall  thickneue  was  0032-  inch.  The  load  displacement  curve  is 
shown  in  Fiy.  7. 

Th<>  area  under  the  carve  i»  a meet  arc  of  the  energy  absorbed  in 
deforming  the  cylinder  and  is  153  inch-lb.  In  a second  test  the  drum  was 
inverted  and  * 4-incb-diamcter  iron  ball  weighing  i S’  ib.  was  dropped  upon 
it  from  a height  calculated  to  givo  it  that  umoapt  of  energy  on  impact  after 
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correction  for  rebound.  Tho  amount  of  restitution  wan,  however,  mis- 
judged and  the  actual  energ*  absorbed  in  plustic  deformation  was  only 
132  inch-lb.  Hath  *ho  damaged  surfaces  ' 'bo  cylinder  worn  contoured 
hr  explained  !»*Br  and  Fil-  8 show*  at  ion  of  tho  results  of  jtatic 

and  dynamic  lasdii.;;.  Tin-  nt-ncri’  .hr-  - ontnerj  temo  well,  lint 

the  maximum  indentation  was  less  in  th.  y mimic  than  in  the  stutic  tc3t 
being  under  estimated. 
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ClUXOItR  WITH  h EITU.Y  RjlKruSCSD  Kkds. 

Similar  experiment*  were  then  limuo  vt drum  oi  suit  cnniier.  ii  inches 
long,  16  inches  in  diameter  and  of  thiohucos  OOffi  mob.  T ie  -ndn  were 
hea^y  wooden  uiaaa  v>  which  tho  shell  was  screwed.  The  static  load- 
displacement  curve  is  ihown  in  Fio.  P ar.d  » comparison  ol  tho  contours 
obtained  m the  static  end  dynuu-^o  u.  .;_ i'tg.  si.  Tie-  r atioihtu 
u;  the  dynamic  test  was  shout  10  per  cent,  greater  than  in  i.he  statin  lest 
and  lh»v.  U reflected  hi  the  .-.ntmti,  which  rbow  rather  greater  in  do  ill -it:  CD. 

TTio  close  agreement  between  tho  result*  of  static  and  dynamic  testa 
on  tbs  cupper  drum  suggests  tbit  the  rate;  of  !?**!"•<;  within  those  in:::1." 
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^.irh  urim  portent  There  were,  however,  diff-ieuw*  betwooo  ihs  oorre 
eponaing  tubs  on  *s«  •<•»(  dn>m  wnich  iuiivabed  taut  the  time  l»;te?  wm 
of  some  importe-'iee. 
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Tftbio  on  Smalt*  Cylindsrs. 


Static  testa. — A number  of  cyfieo  3 Ovi,  Lv"-0<‘-uvld  Oll  lv  v«**0(  CClupInui 
with  covers.  rr^bsddod  ir.  in  th : \'iiy  e?  v.  “re-joe  ;?! 

for  the  tests  ou  the  standard  cylbdcre  acd  were  then  ioncicd  shrousb  a 
diameter  steel  ball  at  the  mid-section.  “ be  loads  W:e  applied 
in  small  inclement*  by  dead  weights  and  at  different  stages  in  the  test  tbe 


Fig.  li- 

lt) (« 


whole  load  was  removed  and  re-applied.  Typical  curve;  obtained  from 
•Lose  tests  arc  sin. fro  in  Ftgi  11,  and  it  is  noticeable  that  there  is  practi- 
cally no  looping  due  to  tbe  removal  and  re-application  of  the  load.  That 
was  characteristic  of  all  the  tests  puds  in  the  course  of  the  :r''e«tig*tian 
irrespective  of  the  size  or  construction  of  the  cylinders.  At  (6)  und  (d)  in 
Fig.  V are  shown  typical  Specimens  after  test ; they  a*-„  arraugrd  with 
Taylor’s  model  for  comparison  and  the  sifiniarity  is  marked. 


fit. «.  Fig.  13. 


The.  RmnoBorn  Tm. 


Tne  type  nf  failure  illustrated  in  Fin-  i by  Tuyiur’a  model  can  only 
occur  if  the  ends  of  the  cylinder  are  free  to  bend  out  of  their  own  pianc  ; 
if  tic  ends  r-aiat  bending,  tension?  will  be  induced  in  the  shell  end  the 
resulting  strained  shell  cannot  be  developed  into  a plane  surface. 

To  examine,  the  effect  of  end  stiffness  a senes  of  tests  were  made  on 
tins  in  which  tho  normal  thin  bottom  and  cover  were  replaced  by  steel 
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dialra,  jj-inoh  thick,  oonn<,cted  by  a central  diB^ence-pieoeof  J-inoh  diAzncter 
u ehnwc  in  Fig.  ii.  In  the  first  test  a point  load  was  applied  opposite 
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to  the  longitudinal  seam  in  the  tin,  the  apeoimen  being  hall  bedded  iu 
wnd  aa  in  other  teete.  The  type  of  f&iluxo  ia  shown  in  Fig.  IS  and  the 
resulting  load-diaplaoemeut  curve  in  rig.  it.  ?oi  Email  inode  the  dent 
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outer  ellipse  ultimately  developed  into  a herrgrnal  figure  as  alio  »n  in 
Fig.  IS  and  at  ir:  Fig.  1C  {' p.  0). 

Toe  same  tin  was  tier,  turned  ;r.  the  sand  bed  and  auulicr  teat  inado, 
aw ay  front  the  seam.  The  tort  figures  are  shown  in  Fig.  1C  (Tin  1,  Test  3) 
and  failure  occurred  by  the  development  of  a circumferential  spin.  at  the 
centre  of  tbs  cylinder  on  the  minor  aria  of  tf»  urnoilar  ellipse  ; that  split 
was  significant-  ;r;  the  tight  cf  results  to  be  described  later.  After  the  teei 
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-in  eliipticai  dent  was  found  on  the  previously  und.-.rjoged  mfv>r-eku-  o' 
the  specimen,  opposite  to  tLe  loading  point  and  is  shown  on  the  right  of 
(a)  it!  Fig.  IS ; the  split  wag  on  tho  far  side  of  the  cylinder  A ehool.  t™ 
wo:  mad=  c u the  second  c>!  tbs  snfiched  cylinders , the  results  were 
similar  and  are  shown  in  Fig.  If  (Tin  5)  and  at  (6)  in  Fig.  1C  (facing  « 6>. 
me  two  rejoining  reinforced  cylinders  were  deliberately  made  badly 

ft*  u 1 ! o ■■  r-.'irtO)  Put  net  o 3 1 a p ...  ...uiiuiu  m-  we  turns. 

In  one,  the  specimen  eventually  split  in  spit*  of  cruuiplinf  along  the 
minor  axis  of  the  dent  as  shown  at  (e)  in  Fig.  IS ; m the  other  the  d«Tibm*y 
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of  the  ends  was  sufficient  to  pwvont  splitting  as  shown  at  (d)  in  Fig.  ii. 
The  load  dispiseement  curve*  for  those  specimen*  ere  shown  in  Fig.  1~. 

TPs  results  of  teat*  oa  menially  prepared  si'-oci/neni  under  h/droetatio 
prssiure,  which  will  be  described  later,  led  to  the  production  of  a second 
par-::  model  by  Sir  Geoffrey  Taj  lor  vb;ch  shoirtd  that  the  type  of  failure 
obtained  could  also  occur  without  stretching  of  the  shell.  As  it  seemed 
likely  that  similar  distortion*  could  be  produced  by  statio  loading  dis- 
tributed along  a line  parallel  to  the  axis  of  the  specimen,  several  ozperi- 
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menta  were  made  vrth  the  lead  applied  through  bars  of  di.Toront  lengths 
and  diameter*,  the  coves  of  the  fins  on mg  soidenxi  into  position. 

The  gene:  si  result  was  the  same  ; the  best  ootcpioison  with  the  model 
vras  obtained  when  a rod  If-Inoii  ia  diameter  end  lj-iuou  ioug  was  a Bed, 
ids  end*  of  the  rod  being  rounded  to  prevent  local  damage  to  the  thin 
shell. 

The  complete  ’oed-dispucemeut  curve  for  that  case  is  shown  in  Fig.  !B 
and  the  deformed  specimen  at  fd)  hr  Fig.  (facing  p.  6}  which  also  tnclmlca 
Taylor’s  second  model. 

Dynimie  Uttn. — Tics  of  bm-b  type*  were  subjected  to  dynamic  londing. 
Th,/  u-ers  half  bedded  in  Band  »s  in  previoss  f tatic  tc^ta  end  steel  Iw'1-  of 
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different  weight*  were  dropped  iwi  them  from  a height  of  23  feet.  Each 
specimen  rw  subjected  tc  one  impact  only  end  the  rrJiuN/-  are  given  in 
Table  I.  A typical  specimen  after  test  ia  eh  awn  at  (e)  in  Fig.  2. 

In  tint  seiie;  of  testr  the  depth  of  the  dern.  and  the  length  of  groove 

* 

were  measured  in  eacii  oae*  ecu  the  coUecpoiuiijg  of  ^ EM  ~ 

(p.  4,  ante)  are  plotted  in  Figt  to. 


tip  *0. 


The  respite  from  tho  static  testa  previously  described  are  ehown  plotted 
in  tne  same  figures  and  for  comparison  the  theoretical  auivo  connecting 
these  patauivMua  it  nisc  aiijwu.  The  closeness  of  agreement  between  the 
experimental  and  theoretical  result*  is  romui'uable  and  justifies  the 
acceptance  uf  Taylsi's  theory  of  the  form  of  distortion  which  occurs. 


ty.  *J. 


Covriatsoo  or  Tnst  P-wurra  with  Tancs’s  Ouavm. 


Although  Taylor’s  hypothesis  is  rot  strictly  applicable  to  the  <*se 
previously  described  in  which  the  load  was  difit— batci  & line,  1 « VC, 

interesting  to  note  tho  close  MT+r.-rfim  between  the  test  figures  and  his 
theoretical  ourvn  u shown  in  F%g.  Hi, 
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Tutt  undtr  hy,iTatta!ic  pressure. — T ens  wore  a’so  made  on  houar 
icK  milk  tin*  under  hydrostatic  pressure.  The  test,  specimens  v-  ere 
filled  with  molten  lead  up  to  a ditmetral  pl_ne  to  stubilizo  that  portion 
ngainst  failure,  and  the  team  and  cover  wore  catefuUv  soldered  to  make  the 
whole  shell  watertight.  They  were  then  immeriec.  in  water  in  n pleasure 
chamber.  In  tho  loot  ieei,  pressure  wi*  raised  con‘--"v‘>u»!v.  Collapse 
occurred  suddenly  at  50  lb.  per  square  mob,  fti-d  woo,  in  that  respect  so 
unlike  the  failure  observed  under  steadily  inoieaeuitt  static  loads  that  a 
•“tend  «p*cm>«n  was  subjected  to  5 lb.  increments  of  p"":’_re  and  Wi-s 
removed  for  inspection  after  each  increase.  Up  to  ho  it.  pur  square  inch 
so  effect  war  discernible  but  at  27  lb.  per  square  inch  a slight  fiioker  of 
the  pressure  gauge  gave  warning  of  a eoliapso.  On  removal  from  the 
chamber  :s  elliptioal  dent  with  a double  margin  was  found  in  the  shell 
os  shown  in  Pig.  22.  That  dent  extended  the  whole  length  of  the  specimen. 


Iibkt  Fomtao  n muro  Hroito.re.int  T»st 
on  Its  wren  Unumrroaost-  Fans. 

The  test  was  continued  5-nd  dickers  of  tho  gauge  were  acted  at  21  lb.  per 
square  inch  and  24  lb.  pet  square  inch  but  the  specimen  was  not  removed 
until  at  oO  lu.  imi  square  inch  it,  was  found  impossible  to  the 

pressure.  Ccmulete  ivillapso  similar  to  that  in  the  first  test  had  ocourred  ; 
this  ia-shown  at  (c)  in  Pig.  19  (faoing  p.  5)  which  dearly  indicates  the  double 
margin.  Agreement  with  Taylor’s  model  shown  at  (c)  in  l'ig.  IS  is  again 
striking. 

Hodmens  with  *ti.<r  »nH«  »«  on.v'nuslv  described  (Pig  it)  were  next 
b&lf-fillod  with  lead  and  tub;  cored  to  hydrostatic  pressure.  The  prersare 
was  slowly  increased  tr>  38-5  lb.  pel  square  inch  when  » iliuirer  of  the 
gauge  indicated  that  collapse  had  oco  tried.  A email  elliptical  d int  about 
2-8  inches  long  (the  free  length  between  reieforeieg  disks)  and  0-95  inch 
wide  had  formed.  Its  position  is  shewn  on  the  developed  surface  of  the 
specimen  at  (oj  in  Pigs  23.  Tho  opeduiun  was  rcj/lscel  and  the  pressure 
again  rsiend  until  the  gauge  molested  further  failure ; inspection  was  then 
made.  That  process  was  repeated  and  the  hle'-orv  of  the  collapse  deter- 
mined. At  42  lb.  per  square  iaeh  a second  slightly  umtymmcirical  ellip- 
tical dent  iorraed  sdjacer.r  to  the  6rst  at  shown  at  (6)  >n  Pigs  23,  That 
wax  aim  i-6  .cn'hea  iuug  and  i'00  inches  vide  ; the  dimensions  of  the  amt 
dent  were  unchanged.  At  48  lb.  per  square  inch  a click  was  heard  bat 
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there  waa  no  flickot  of  tin-.  Sni  i;e  unlit  49  lb.  per  square  iacb  wm  rcWied. 
A third  dent  had  then  'brief'd  .ii.  } inch  from  the  nepoml  ; that  was  »|w> 
slightly  ti  i.iyumietric'.l  and,  with  me  recontl  '.lent-,  lormeri  a left  sud  nght 
haul  pair  e*  shown  at  (c)  in  JSigj  2i‘.  The  area  between  those  two  showed 
4 slight  bu'.gp.  The  next  collapse  oeourred  at  62  lb.  -per  etiuare  inch  wbeu 

«i  ■•»<?  i •>•**»!.  •>«*»  t j r p ■■.liln’Inol  dnnt  d.iti.ilnr'n.-l  * 4i«ol  <rn*  «f  tha 
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flame  length  la  the  earlier  onea  but  vas  only  0*0  inch  vride.  In  addition 
the  second  and  third  dents  had  become  hexagonal  in  outline  as  aho^a 

.i  t J'  T'  , ne  n*  n ■ <!■  - _ • c\  . * -V  . f.  .1  f , 

““  (U ) X1  iy.  au-  J--.  oliu  ii  5 i.uu  nuut  Ujij,,, 

er>eciiiiea. 

Those  experiments  indicated  that  a cylinder  under  extreme  hydrostatic 
pleasure  will  mil  by  llie  iunu^l-iun  of  a single  dent  if  the  ends  are  tiexible 
out  \ji  tllcii  j"  - U iuc  uiUb  a*;C  ireilUi'ri  Ottiatt  l*y  iltuin  j>*6 

f losing.  a*  the  ends  podeetw  » email  degree  cf  stmutw  il  is  probable 


PIPPARD  AKD  CUITTY  OK  BIPBRIKHNT8  OK  TO? 


i i 


! I 


that  Jsilurr.  will  start  by  tho  dcvolupmeut  of  uiidfiple  lobiog  out  that  the 
’,Li«  vf  iuo  nn<">»  subsequently  will  o.ia*c  Mm  iobee  to  merge  into  » 
single  deal  showing  the  boundary  between  tho  in.  tint  lobes  an  a ridge. 
Th«t  effect  is  shown  at  (o)  in  Fuj.  19,  and  later  evidence  obtained  from 
explosive  experiments  clearly  indicates  that  >t  does  ooour, 

T*«T8  OK  liAltOC  CvUNDSM. 

As  stated  in  the  beginning  of  this  Paper,  the  original  object  of  the 
investigation  was  to  determine  the  behaviour  of  the  cylinders  shown  in 
Fiat  4 The  work  originally  contemplated,  however,  wns  extended  on 
account  of  the  results  obtained  from  the  small  cylindrical  tins  which  have 
been  deecribsd  in  preceding  pages.  One  resalt  of  those  emeU-scsIo  teste 
was  to  emphasize  the  importance  of  the  stiffness  of  the  ends  and  a few 
cylinders  were  therefore  made  with  very  stiff  end  diets  connected  by  etcel 

Tc.au  II. — Schtoota  ur  Terra  on  ucnuE  ctrzjWD.tae. 
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i Ttat  Ka. 

Description  of  nolindcr. 

Teat  ccnditiaoa- 

0 

I OA 

i fthsU  and  thre*  only 

(m>c  o). 

Pcir.t  iced  st  oentml  ring. 

OB 

Ditto. 

i ^ . 

1 

\A 

As  in  Fiji  4. 

I Point  load  at  ring. 

~8  ..  i 

As  mfigt4.  1 

| Point  load  betwetn  ring*. 

2 ! 

8 ! 

A*  in  tigs  S.  with  ] 

nc  end 

j Psist  !;sd  at  central  ih» 

3 

3 

As  * 

Puiui  load  between  ring*'. 

ii 

II A 

Aa  in  Figs  0.  j 

| Point  load  between  ring*. 

in* 

Aa  'ui  Figs  €.  | 

Point  load  between  ring*. 

rods  as  shown  h.  i'iys  9.  Some  cf  those,  aa  wed  as  some  of  the  original 
design,  were  nct-d  for  tests  under  explosive  loads,  but  cna  of  them  was 
toated  »'■*♦»/** iio  ?►*  »'»'?  d?5c.r:bcd  c-*aliai. 

Table  I!  In  a tchsd.de  of  &iie  cyLintiers  tested  as  described  in  this 
Paper ; evch  one  was  given  a reierenoe  number  and  whet  it  was  possible 
to  make  two  teats  0u  one  cylinder  they  Me  distinguished  by  lettore  after 
the  number. 

The  method  of  testing  has  already  been  desorbed.  Before  the  cylinders 
were  embedded  in  tho  sand,  lines  4ivi>ling  ih«  snriaoc  into  l inen  squares 
were  cam  any  scribed  upon  times.  Those  linoo  servo!  as  a vefereuoe  {frid. 
for  plotting  contours  of  the  dents  obtained.  The  contours  wore  actually 
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plotted  on  the  outface  of  tha  foiled er  by  the  following  method.  \ brass 
ft  migl'l-edga  «u  corrod  lor  iue  whole  length  of  tha  cylinder  irotn  tilt 
« platen,  that  rdaight  edge  coinciding  with  «.»ch  of  th*  “*'11  grid  li..e» 
in  turn.  A depth  gauge  Get  to  a definite  reading  eras  moved  along  fs 

etraighiredg  ■ until  it*  point  just 
touched  th*  dist/wted  cylinder;  the 
point  of  contact  vraa  marked  and  gave 

«aa!l!e«.  il.e  t «HI 

"oo  jruwuuu  nu  ■ tAMlM'Ufi  X1MS 

cvntouri  were  finally  drawn  in  whit* 
paint  and  the  cylinder  w*s  j.,boi-o- 
Kraphod.  The  grid  vu  then  >i&ed 
to  the  contour?  on  the  piene 
development  cf  the  surface,  and  those 
contour*  are  shown  in  a number  of  the 
Sgruea  to  follow.  Tho  first  testa 
were  made  on  the  incomplete  specimen 
0,  the  ends  of  which  were  supported 
by  wooden  disks  to  which  the  shell  was 
screwed.  The  Ioarl-diap1*cement  curve 
obtained  in  Test  OA  is  shown  in  fij. 
Hi.  Tho  test  data  for  this  carve  nr* 
ccn  lainec'  in  Table  III.  These  are  given 
as  an  example  of  tha  records  kept  for  etch  test,  but  the  remainder  are 
not  reproduced. 
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Kani  dis* 
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inches. 

Load: 
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When  tlifi  load  was  removed  and  then  replaced  a*  *f  P,  Q,  eUi.,  the 
looping  s«  negligible.  Id  the  region  PQ  the  load  wee  applied  in  five 
inoretnenia,  hut  the  regions  QC  and  CD  each  -ccrcc .nt  a tingle  increment. 
He  displacement  at  1)  was  smaller  than  Trot  expected  and  suggested  some 
unaccoustenis  recovery  of  the  cylinder  between  0 and  D.  Xo  investigate 
the  rs«--i;  (•*?  ;!,e  cylinder  was  turned  over  in  the  ssnr.  bed  and  a 

second  tart  — as  made  on  the  undamaged  surface.  The  load-displacement 
onrvo  for  that  test  (OB)  is  sho\.n  in  fij.  26,  and  it  consists  of  a number  of 


* U/r 
T f~T 
\ i 

roooji j— 

H I 


m ’ ! 

|i  j 

In  ! 


Tier  i os  v>u»un  0. 

distinct  sections,  OB  was  » region  of  linear  ioad-ihaplacenicnt  and  the 
attains  were  practically  clastic.  At  B there  was  a narked  increase  in  the 
rale  of  disp!-  - at  with  load,  but  that  Has  followed  by  another  region  of 
linear  propjr  jonality,  BC.  The  slope  in  that  region,  however,  was  very 
much  flatlet  than  in  OB.  At  C the  alone  became  steeper  again  and  CD  was 
a third  region  of  comparatively  linear  proportionality.  At  D the  slope 
changed  once  more  and  f.  : the  short  length  HE  jv  was  vory  nearly  the 
same  as  for  BO.  At  E,  linear  proportionality  finally  broke  down.  The 
mtritntnri  iqsu  carried  was  jest  under  9,000  lb.  and  tho  depth  of  the 
pern  ant  ns  dean  was  about  i-7o  cm. 

The  explication  of  thv  shape  of  the  curve  appears  to  he  as  follows,  in 
the  region,  OB,  the  central  :ing  and  its  attached  shell  resisted  the  loads 
without  plastic  deformation.  Ai  3 the  limit  of  p*  vpcr,!orel'ty  nf  ot»c«i 
was  exceeded  in  tne  .uwleriai  of  thr  ring  upH  an  appreciable  deni  Joveleped 
in  the  shell  iu  the  range  reprmco^ti  by  BC.  Load  was  t'oeu  transit  me  J 
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<o  the  two  rings  adjacent  to  the  central  one  tbrcugii  tno  medium  of  the 


shell,  and  piastio  detormatioc  oi  tne  centre!  nog  wis  acconicanicd  by 


elastic  deformation  of  those  adjacent  to  it.  At  D,  ali  three  rings  were  iu 

liit  ran^i  of  picetsc  C'-lcrmalior.  and 

ultimately  complete  collapse  occurred  pi-j. 
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Thin  explanation  surest.’  ttai  J | e ^ ’ j 

>n  ihe  uiiiy  .»unen«xt  cviiiidcro  tun  » / . 

jKjRfcttc^  oi  iurther  rivtgi*  wfttii'i  g v<»  _ / \\  J 

mure  sections  of  the  curve  similar  to  ; ‘”1  / “ f ! 

CD  and  DB.  ‘iris  was  borne  out  j / ; 

law  1 V a TutAe  An  • "1  ««  a!  a O "w  / , 

MJ  «Q'»  lUiA.*  UM  ‘-'J  iuttsso  *Sv.  mf  - / | , 

although  the  efficacy  of  the  remaining  M"  + ‘ 

rli.fra  war  smalt  compared  with  that.  I ' 

of  thoeo  adiecsnfc  to  the  load  point.  I 

THe  appearance  of  cylinder  No.  0 » ^ . ^ ( 

•Per  test  OB  is  shown  in  Fig.  27  rah  duaaci.-ini  ihcho 

(feeing  p.  16).  *****  a *►*  Ciururr  rjo.  i. 

Teat  No.  1A  war.  the  first  made  on 

r.  complete  cylinder  and  the  results  are  shown  in  Fig.  28.  Tim  maximum 
load  carried  was  only  6,600  lb.  co—  pared  with  9, Of/)  lb.  by  the  incomplete 
cylinder  No.  0,  which  had  only  tLree  stiffening  rings  and  very  inadequate 
end  {date*  compared  with  those  in  the  standard  cylinder.  That  result  was 
surprising  untii  cho  load  waa  removed  and  the  surface  oi  the  cylinder 
exposed.  It  was  found  that  a circumferential  split  bad  developed  in  the 
shell  against  the  centre!  ring  urJ„i  the  loading  ram.  Thu  split  -fun  a 
(hr.iactorisUo  tensile  fracture  and  left  no  room  for  doubt  that  the  end 
plates  had  restrained  the  tree  distortion  of  the  shell  sufficiently  to  produce 
large  tensile  stresses  in  ths  shell  plate.  That  was  consistent  with  tests 
siready  described  which  were  made  on  email  cylinders. 

When  cylinder  No.  1 warn  turned  over  in  tne  snnd  bed  and  tfc«  un- 
damaged surfse?  loaded  'Test-  No.  IB),  no  split  developed ; ooeeibly 
because  the  split  from  the  previous  test  gave  sufficient  flexibility  to  reliove 
the  longitudinal  tensile  stresees.  The  load-displsceiucnt  curve  for  Test 
*.  u.  iB  is  show.-,  in  F u. . 22  nod  the.  two  er.ts  of  contours  c?  the  damaged 
ear  fanes  in  Fyj*  80  end  31.  Figs  32  (Faciny  p,  17)  show  cylinder  No.  1 
after  tests,  with  the  contours  painted  on  it. 

Jllniug  tun  jjiujjiLM  ui  icu  tlw.  IB,  tlin  aUenftliuii  111  uvcrvll  irugth  of 
vie  top  generator  of  the  ey’iuder  was  tneaiared  it  intervals ; tbc  maximum 
sDurtenmg  was  al>out  0-20  inch. 

.Vo  a ieoiilf  of  thotn  L«in  it  was  decided  ihat  cylinder  No.  — eaould  be 
Modified  so  that  the  ends  were  entirely  ur**l?foned  and  the  end  disho 
were  therefore  removed.  The  load-displacement  curve  is  shown  in  Fig.  33 
and  exhibits  no  new  features  Very  largo  disUubions  were  obtained 
w.tbout  any  sign  of  cracking  in  the  she'd,  «lthc-ugb  one  or  two  of  :h“  spot- 
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welds  cone  toting  tLe  stiff'iniug  lings  to  it  failed.  Those  failures,  however, 
vliu  uot  appear  to  affect  iLo  k-au  ourryiisg  capacity  of  the  cylinder  tc  sny 
significant  extent.  The  overall  shortening  of  the  cylinder  was  greater 
than  in  the  earlier  teats  and  Fig.  34  shows  its  amount  at  vn.riou*  sieges. 
The  maximum  shortening  was  about  0-3  inch  instead  of  0-i  inch  obtained 
in  Test  No.  IB.  The  rnrle-rs  ..t  tb?  dnreaged  s^rfacA  are  show'll  in  Fig.  .15 
and  tfcc  rimse«tr.se  of  the  deni  at  hr)  in  Fig:  36  (facing  p.  171. 

The  absence  of  end  plate*  allowed  the  cylinder  to  flatten  And  the  end 
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sections  at  the  conclusion  of  th>  tee*  were  ovals  having  maior  aud  minor 
exes  of  17  inches  and  16  inches  respectively  instead  ol  orroles  of  16J  inches 
diameter,  in  view  of  that  distortion  a second  test  on  the  cylinder  would 
have  been  of  no  value.  The  distortion  affects  the  abeehite  accuracy  of 
the  contours  which,  as  mentioned  previously,  we r:-.  baaed  neon  the  fined 
sr,d  piatfr.  as  datum  lines.  Tot  obtelnir,?  the  ohape  of  the  sections  of  **•« 
•'“lit  ttloux  the  ajua  of  ibe  cylinder  iliey  are  reliable  , in  tl  case  of  cilR'IlQ* 
fsreatial  soeliens,  however,  slight  distortion  is  produced. 

Test  No.  3 was  mede  ou  a uoiunlete  cylinder  under  the  same  conditions 
or  Test  No.  IB,  that  is  to  sav,  with  the  load  applied  mid-way  bitweeD  t wo 
rings.  In  ihut  ter.t  the  load  wss  steadily  inrmosed  to  the  maximum  value 
that  it  would  sustain,  there  being  no  removal  ..til  ro-appiirari,,,,  of  h~ds 


IRMISittifttilli  jg! 


rt.\3T;c  /AiL'jRg;  ov  ctiniWJ.  saitLia. 


23 


l 

l 


i 


et  i:<  earlier  t«t£.  At  11,75c  lb,  which  sppjir*d  to  be  the  m»*iiEUC: 
T.'ldyt  t «iM  be  renal  <*d,  the  load  »r  nsmivci  to  eusur;  that  the  -set  wm 
wo  Iuar  nropeilf . Ev'Ttiiuft  was  found  to  he  in  order  ana  on  re-ioading 
the  cylinder  it  wm  fouu«l  impossible  to  increase  that  load  of  11,75011. 
1’laeiie  straining,  however,  continued  for  acme  time  and  ultimately  a split 
occurred  1o  the  shell , the  depth  of  dent  w us  tbeu  3 0 iuchuo.  That  split 
in  “win  at.  1 3)  in  t tyi  3G,  the  contours  being  at  interval*  or  u 2 inch,  i be 
iuau-denaiion  curve,  which  is  shown  iu  F%y.  ST,  calls  tor  no  speci"!  com- 
ment, as  it  i«  sunnier  iu  its  features  to  those  obtained  iu  earlier  testa.  The 
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shortening  of  the  cylinder  in  shnnn  in  Fin.  34,  and  thn  plotted  contours  in 

Fk.  18. 

Two  teats  wc  e mad*  -.u  „he  stiff-ended  cylinder  No.  11  and  the  ioad- 
dispiacemr’it  curves  foi.  those  arc  given  la  Fii.  8y.  In  Test  No  11 A tue 
mr  TU  iim.  load  carried  vm  practically  ideut::«!  with  that  in  Test  No.  3 on 
a cylinder  with  normal  ends,  bnt  the  depth  of  dec*,  produced  wua  ouly  l-5 
inch  at  compared  iv;tn  3-f  mouse.  Fa'iuro  ocouticd  by  a tensile  traotuiu 
vf  the  olds  as  shown  on  the  'jontonr  drawini;  if  the  'ir.al  dent  in  Figt  40 
and  41  (facing  p.  IV)  At  a loading  «i  !0.  t.%e  ovaraS:  idmr  teeing  vf 
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Uuvee  deduced  from  the  -tynannc  tosta  on  the  email  cylinder*  mo  ako 
shown  in  Fig.  42.  Those  opecizot-.v  were  deformed  b_  balk-  of  various 
weights  dropped  from  s height  </  22  foot.  TV..  blight  of  robauad  css 
deduct'd  iium  that  sud  the  difhuent.e  gave  the  effective  hevhtnf  drop 
■-f'icii  osused  denting,  ineeo  curves  are  also  reasonably  smooth,  bat  the 
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enerrJ  required  to  prodnoo  s given  dent  is  gicster  then  when  the  dent  ie 
p rod  coed  by  statio  desd  loading  in  spite  of  the  similarity  of  the  deforms- 
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Fig.  43  sbo«s  results  obtained.  from  ststio  tests  on  the  lsige  cylinders. 
These  points  stir,  lie  very  fairly  on  » smooth  curve  and  expianstoiy  notes 
on  the  diagiam  indicate  the  main  features.  The  higher  point  for  No.  3 
was  eidluiated  front  the  test  curve  obtained  nf»i  the  luul  ~ — ~ «prli-- 

nsd  plastic  strains  allowed  to  develop  tiulii  a tensile  fracture  oeenrrcd 
(see  p.  25).  The  energy  absorbed  when  the  marimnivt  load  was  reached 
end  immediately  before  it  w««  removed  is  given  by  the  lover  point  for 


m prfPAju?  an;>  s.imi  on  T.xpgEittErTTB  on  te* 

N<\  3.  The  curvj  ton* a the  iaoroaa:  is  ecargy-abeo thing  capacity  of  thit 
cylinder  oorapar.*!  with  the  substantially  end-etiffonM  cylinder  No.  li. 


T»«io  on  Sttttinino  Rraos. 

Taste  were  made  on  a single  ring  used  for  atiffening  ‘he  atandnrd 
cylinders  and  aleo  on  each  • ring  with  * ? incu-wide  sU.p  v,f  the  eheii 
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epcit- welded  in  petition.  Tbs  latter  wee  cat  from  an  undamaged  section 
near  one  end  of  a cylinder  after  ihj  main  vest  had  her-  made. 

The  conditions  of  test  wore  at  nearly  tLo^e  of  the  cylinders  as  we* 
pmvuuaU*.  la  thr  c'--  />«  Hu.  single  ring,  support  vtas  given  to  one-bclf 
«u  il  uy  • three  oit  cradle  and  » similar  cradle  of  heavier  conitmotioa  war 
reed  roi  the  -ir.g  with  tte  attached  shell.  Those  otadles  represented  the 
support,  given  by  the  aand  bod. 
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Peis:  lotua  ware  applied  to  the  single  ring  bp  dead  T/eirhi-e.  *h=>  «p.«d- 
•nen  being  supported  in  a br.sicnnuu  pcsit'or.  on  e lathe  bed  re  ehowo  in 
Fig*  44,  Pltbi  1. 

ito  ring  with  it*  ‘linch  attached  and)  ws  teeted  vorUctUy  in.  a 10- Inn 
Backlog  tetiiog  machine  at  shown  in  Fig«  45.  T>lat«  2,  lateral  iwfeb'lihy 
being  prevented  by  light  onid'e  which  ottered  no  restraint  >io  movements 
ta  the  plane  nf  the  r in*. 

r-  46.  
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At  sucecjavh  loads  the  contours  of  the  deformed  rings  wen  traced 
directly  on  sheets  of  paper  mounted  behind  the  specimens  and  the  teenies 
given  in  Figs  44,  Plate  1,  and  Fig.  45,  flats  2. 

A feature  of  both  of  those  tests  is  the  eridenco  of  two  well  defined  point* 
in  each  ring  wh.ob  goffered  no  redial  <3>*p!r.ie^;ont.  These  do  not  onmeiJ.n 
vntu  the  in  comically  oaleelated  peri' ions  of  uan  radial  dispiaotaejii  for 
elastic  strain  a,  the  dsorepaeny  apparently  being  due  to  a alight  spread  of 
tho  hocisoatal  diameter  of  the  test  rings  which  we*  assumed  in  tho  calr.a- 
istion  to  bo  completely  restrained.  This  feature  raay  be  imp  jrisnt  ir, 
iiinplifyica  an  annlTbcil  t.reetmtst  cf  the  plastic  distortion  of  rings. 

Cournot  Tests  ok  Matscuxal. 

b e*c  •pecStSesi  »>•  i '.a  material  usm  ror  the  sbell  were  provided  by  the 
ami. fare  of  the  oylindert.  The  curves  obtained  in  tensilo  tests  on  Specimens 
of  Vineb  psnee-le’.gth  sre  siucra  in  itj.  46. 
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There  mt  a difference  in  nltim»(e  strength  between  tha  material.  for 
lao  vWu  batohw  of  v;iiuuu0  (Noe.  0 ic  6 and  Koc.  I to  11  respectively). 
The  lint  batch  gave  approximately  33  tons  per  square  inoh  and  the  second 
batch  spntnzimateiy  *16  tore  per  equam  inch. 

Adi  tpctiroins  give  a “ • 'in-  nf  "iuungs  fuuuuicj  si  i*/JUU  vous  per 
square  inch,  ar  ultimate  es  >«..rion  of  14  to  lh  per  cent.,  And  a reduction 
in  area  at  bactura  ui'  40  per  cant. 


OwfCivncas. 

At  indicated  oailttr  the  inveetitsation  was  -nude  primarily  to  tuppie- 
n>ev.t  research  into  the  behaviou-  of  submarine  shells  subjected  to  under- 
water "TpJoaiaot,  but  the  following  general  cooriscioas  upon  the  plastic 
f»‘crc  of  cylindrical  shells  may  oe  drawn  from  the  reaults  of  the  experi- 
auont*. 

1.  The  effect  of  removing  the  load  from  » cylindtr  under  tat  and  than 
o-Vw/ting  it  was  »ory  slight.  There  was  little  or  no  looping  of  the  loai- 
dispucement  diagvam  either  :a  the  aiaril  eyiirdem  or  the  large  Btifienwl 
ehdk._ 

8.  'ine  stiffness  of  the  end  platee  had  a marked  effect  on  the  type  of 
distortion.  When  those  platee  had  negligible  rcattr.roe  to  bending  out 
of  their  piano  the  testa  itrongly  supported  the  hypothesis  advanced  by 
Taylor.  The  reeeniblaaoe  of  his  models  to  the  aoctuti  deformed  shells  was 
striking  and  that  visual  t videnoe  was  confirmed  by  the  quantitative 
agreement  of  the  experimental  reaults  wrtir  oakniiavicna  based  on  hi* 
hypothesis.  The  agreemer"  held  for  cylinders  deformed  either  by  static 
or  dynamic  iuauiug. 

3.  The  st.iffn.jss  ef  the  end  plate-  rleo  governed  the  type  of  ilidcSins 
resulting  from  hydiosietin  tee's  ou  cylinders  stabilised  against  failure  ever 
one-half  of  their  depth,  Wne.c  the  ends  were  flexible  failure  occurred  by 
the  development  of  a single  dait,  but  when  they  could  resist  bending  out 
of  their  origins]  planes,  failure  was  mtilti-lobed.  The  lobes  dsvelopea 
enooessively — not  simultaneously.  Thais  is  evidence  (supported  lotur  by 
testa  under  e iptoeive  forces),  for  afcuiming  that  if  the  ends  are  not  com- 
pletely flexible,  bet  an  capable  of  resisting  some  degree  of  bending  out 
of  their  planes,  failure  begins  by  mrlu-iobed  dctormsuuu,  >>m  subsequent 
bending  of  the  and*  teade  to  the  incipient  Icb.e  merging  into  a singlo  dent 
showing  the  boundary  between  initial  lotfes  as  ridge*. 

4.  In  cylinders  with  flexible  ends  no  actual  fracturaa  of  the  aheu 
occurred,  but  with  stiff  ends  longitudinal  stresses  wens  induced  sufEriant 
to  cause  such  fractal  w.  They  were  drcumferential  and  were  charaoter- 
•etioaHy  cerodle. 

5.  The  loed-diaplaeement  curves  for  the  internally  stiffened  cylinders 
chewed  evidence  of  the  progressive  extension  of  the  region  of  plastic 
atmnirg  from  the  loaded  ring  to  the  adjoining  sheet  anil  then  to  rings 
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iurthe; ; ornoved  from  tus  "xideU  point.  Th at  appears  to  be  the  explanation 
*or  t-ns  .'..ccescion  ot  & vro  p... a u ve ij.  gupu - uiA. . mch  v.p  . L. 

curves 

0.  A discrepancy  between  the  energy  required  to  deform  an  mwiifTmicd 
e.wir.t  ±-~~  ™ sttt'v  and  dynamic  test*  ”*•  not  repeated  wh-n  « 
copper  cylinder  wit  subjected  to  the  earns  teste  In  the  latter  race  the 
oerqiea  were  near.y  the  came  and  the  distorted  shape*  were  practically 
identical.  Van  auggoate  that  tin:  time  factor  >u  or  come,  importance  in 
tb.*.  case  of  the  steel  bn*  not  of  etr.  ccpper  drum.  That  -lew  was  atrength- 
cncd  by  the  remits  of  tret*  on  email  steel  cylinders  in  which  the  same 
amount  of  energy  produced  smaller  dents  «•  non  applied  dynamically  than 
whet  applied  statically. 

^ ) 7.  In  teats  on  single  ring*  two  points  remained  undisplaced  whatever 

the  magnitude  of  the  applied  kid.  That  may  bo  of  importance  in  a 
simplified  us'.hemetical  approach  to  the  treatment  ot  the  problem  hero 
examined  experimentally. 


Aoaaowut.'iiaaHT. 

The  Anthori  wish  t,>  thank  the  Dir*«tor  of  SdentiSo  B jaearoh,  Ad- 
miralty. for  whom  the  work  was  dona,  for  pennicsion  to  publish  the  results 
in  this  fcn.xt. 


Tbs  TPi.per  la  anrompanied  by  thiliv  sheet:  of  drawings  aud  thirteen 
uhotfigripif,  from  some  ef  which  Plater  1 end  2.  the  half-tone  page  plates, 
and  tbs  Figures  in  the  text  ha-’e  Uum  prepared. 
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Original  <t*$%en, 

T*»  1 ?*  ^3u0«. 

Oob  til  tna  «orl i c*’  device*  for  me  v as*: r-r.cn t 6*  the  es,iaa'*c  -‘•••rlfc'.Cy  ■:■ f irScr^it.r 
Ckplrsir/.t  *«l*  thu  copper  DiapnraTi  Ceujc.  its  first  riconed  um  was  in  Mining  SCtonl* 
for!:Tiojth  {now  AWJwi  rai  ty  Mining  (.M  act  i wwnt.  Mtvont)  r»K  wno.*C  It  was  originally  dtslgnt-a 
to  indicate  if  a series  Of  nominally  epuil  eherg**  o> 0 in  fntt  develop  the  saro  power  as  estlnetud 
0/  tut  si 2*  of  the  indent- tion  at  any  gt yen  di stance.  f.upcri--fnt,  however,  snowed  that  thfl 
diaphragm  «vre  cftp*olc  o*  giving  approximate  nosoluio  measures  of  cortnln  physical  quantities 
connected  *>lh  the  w'^'i'A 

under  static  present  the  distorts  to  a jpne.-lcat  fun«  *:»  '.parly  as  C>n  oe 

-Twa-jored,  »1  a sf.tii.  r ;it>rotio*>  wis  *>wc  » that  th?  wjrk  done  in  distorting  •*»  oinpnragn  could 
tc  expressed  *&  ...  function  either  qf  the  woliav  change,  the  Surfacr  a,cn  Change  or  tha  csnt'Al 
depression.  und:r  tho  Influonr-j  of  rmloslon  prossuro  tee  diaphragm  distort*  tn  o r*Mr*"*lr 
nwooth  fon-;  v*>ien.  r.QW.-vTr,  . •„  nr*.  z Cut  e .c.ionni »->  h.*r»*-M  * r».  >«n  * *»**•*-» 

it  was  aiavm:  t hi",  tn*  ✓*«.  jare  D>  t«-v  e**>fo»iofi  bsjc  in  producing  a jivan  volu-setric  distortion 
is  the  S **-n  as  that  dono  by  a urn 'on*  *ut«c  pressure  in  producing  an  equal  volusKliic  distortion, 
t*O:i0h  It  "Ms  W*itt*5  th.n*  • *»,;  .^.^ctitlvn  mi  rsl  strictly  corrupt. 

The  dicphrajus  originally  mn*i**rv  of  C--»  .•  fully  -wviBilcd  copper  pi  cits,  0,0s*  in 
**•''“**•:  as.  The.  • r within  flang't  ,t  |h"  yjuj  u?  - circular  St  .»  c.  linorlcal  dnri, 

so  that  thp  mposad  araa  or  each  di  Vrsy*  w*j  a eirryiwr  plat*  n*  in  radius* 

Actual  exrerirswnt  sosn  demonstrated  that  the  relst'onsh'' 
w « oprstant  r*  Ed1 

*0'*  5pffcxilr.-!iely  #or  •--lA.-rr.  -i  li.  s/,-S  J50  to,  T.h.7,  wicu  « • weigrn  or  cnerge; 

{ • energy  iosoroed  Oy  jhig,’  wd  d « distwee  qf  the  gauge  frtm  the  charge.  The  quart: V 7 
wav  nctwmincd  by  static  CH|inr,.lo<,  rjip  it  ^s  fcavj  that  the  value  tised  on  the  vqtv»'  eslloate 
was  ^jre  cwr.s- stent  thsn  t.-n  dc»cn:.lr.«d  oo  sn  increase  in  ire*  oasis.  The  volute  sitia..'  u.’« 
tharafbre,  adopted  a the  basis  of  i^«SuMwent.  Since  tho  energy  is  roughly  proporrictal  to 
the  s^ar-'  of  the  depraasion  (6),  the  appm*i»4t«  relation 

A » Const  sr.t  t \f  / d 

is  also  ^»pl leapt o. 

Tho  original  -^o^ition  fnr  thl « type  of  n\.,r-9  w A.?  n^Ir*!y  tr  “r*  f.*r 
{Cnlar  T*chn:cal  tdvl^er)  and  to  f-%  f.  pic«ford  cf  » ,m.  Min'ng  School,  ions  the  .:»et*ntoo 
;*.;.t->%r.Ptica'  onaly^is  -ts  d-jn  *f  Or.  C.w.  WaUer  (Chijf  Scientist} . fur-  rwvirti.  ..  - 

rpregolng  paragraphs  ar.  I^rgoly  ouotod, 

Standard  d^s i fq. 

ihL  e»  G^;a  -. 

o-'*^r*  O'  ur.  wntfccr  r.  iOIi,  .to  further  att*^l  rtS  rade  i?  df.relop  the 
"iw'V  *«">■-  v *->  •w**'*1'-  "••••''  •*  t=  :r  fvjic;.r  cf  t'.c  p.f.au.»  pui^.  m.>  ! f. 
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was  extanslsoly  usrd  as  tn  empirical  gauge  fc 
of  nomplnteness  of  dotcnation  and  of  primer  4 
consldereoly  (noli  fled. 

The  original  12s  Pierrot  ;r  kiljc;,  ucs' 
could  not  Be  .hod  it  ranges  less  thm  75  feet 
a diaphragm  0.7*  thick  and  6*  effective  dlsmct 
continuous  use  ever  since 
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ier.cy  of  eharir 
-i(.  < ts  assign  *.*. 


•us  dujectlor  they 
Kidardi  se<5  des'nn  *•".  tr 
"ch  has  Bob'  *n 


A photograph  of  the  standard  gauge  is  r«  ■ 
Mounting.  The  Body  of  the  gauge  or  'pot*  eonai- 
10*  long  and  with  wide  flanges  10*  diameter.  I 
circular  fillet  of  hard  stesl  Is  inserted  -it  esc 
provide  a Bearing  ring  round  t"e  effective  clrcui 
slightly  to  prevent  shearing  of  the  diaphragm. 

The  utmost  care  was  taken  to  select  unite' 
electrolytic  copper.  even  with  these  precaution* 
with  different  Batches  of  copper  and  In  ell  later  1 
Vickers  diemono  hardness  test.  it  was  found  that 
elltiln  the  Vickers  dlarond  hardness  rm>»  »5  to  V. 
diopusgns  with  the  sane  hardnnss  numbs  re  wro  sly  • 

This  gouge  could  Be  used  at  rangus  close  '•  - 
bursting  the  diaphragm,  but  at  this  range  the  aoa: 
ranges  wore  preferred. 

The  static  energy  and  pressure  calibrator 
Siiniier  curves  odtuined  independently  after  a taps  ■ 
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is  ;!>s  r „ 
' .jr*. 


•■£  tf»  nietnoi1  rf 
steel  or  cast  • ny> 
lylin-ler  is  6*  and  1 
of  the  flange  t? 
fll’dt  Is  i vrded 


he  purest 

tMTkt.Alfc  , ? 

,»"•  r.ad  b> 

:•*,  r •'  .cipt'C..:.-  lay 

es  of  trials. 


, Charge  withc-.'t 
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odicic  In  Figure 
Sly  ifferrat. 


, It  was  wan  uitehllshcd  that  ' a volumo  of 
,*r/d  and  as  ueosuremonts  Kctami' at&d  the  relation  » 


jreximststy  tr. 


it  nAS  uuser'ed  that  me  depression  did  not 
that  oriented  dlructly  away  from  tho  charge  having 


e d'apn.Mgu:, 
:np 


In  addition  to  the  «•  gauge,  smaller  gauges 
Sonn  of  these  gn»e  such  consistent  reading  is  the  6 
noticed,  however,  that  the  depression  tended  to  vary 
charges,  suggesting  that  the  snail  gauge  Measures  a 
Might  be  expected  from  Its  dimensions  relattvs  to  tnv 

Until  ms  the  gauge  had  bean  used  entirety  . 
•us  mado  te  determine  tho  p.irometur  of  the  ( ressura  ; , 


some;  lines  peer, 
eiy  i»  was 
: large 

r« " - ,«• 


An  atteapt  was  th.cn  >.wda  by  Jr.  7.H.  Fux  >tnd  •< 
snicr  nignt  oe  expected  in  : oi«"hra^n  n*»ge  rrm  » 1 • 
on  this  calculation  was  Issued  In  the  report  Tlr.dwx  c 
out  th»»  the  larger  discrepancy  Between  calculated  an 
dsprsssion,  although  rend»ri:,g  tho  gauge  of  littlo  vi- 
parameter:,  docs  nc‘.  I ' ' . ■ .•!  lid..  ,h«  i«o; 

Whs  originally  dovisort  nod  for  which  It  ha«  orevad  so 
years. 


~{- 


J 


Ai 


- A 


(>*)  ; y D»  tra  X2.  ffuu*  aaoro,  encrmo  p,*  i* 


I J /TK 

r ; ■; 

1 . 

."  ' '"•••' B 

f r i 

U.  • ’•  -AdSg 

1/ 

■ : ^ . - y >-.g 

| • V_'J 

■ JV  H 

■,  fl  lAI'ERAQa  StCTIOtfE  70  SHOP  tlBHISQ. 
PTOTO*  1. 

i A5DASE  6"  COPPSP.  DIAPHRAGM  GAUSS* 


5*CtR»E 


■VC* 


. 


IN  REPLY  REFER  TO 

5510/6 
Ser  43/655 
4 Sep  03 

From:  Chief  of  Naval  Research 

To:  Commanding  Officer,  Naval  Research  Laboratory  (NRL  5996.3) 

Subj : PUBLIC  RELEASE  APPROVAL 
Ref:  (a)  Your  e-mail  to  me  of  14  Jul  2003 

Enel:  (1)  Underwater  Explosion  Research,  Volume  I - The  Shock  Wave,  1950  (AD  006  841) 

(2)  Underwater  Explosion  Research,  Volume  II  - The  Gas  Globe,  1950  (AD  037  466) 

(3)  Underwater  Explosion  Research,  Volume  III  - The  Damage  Process,  1950 
(AD  037  467) 

1 . In  response  to  reference  (a),  enclosures  (1),  (2)  and  (3)  are  approved  for  public  release; 
distribution  is  unlimited.  They  are  returned  for  your  use. 

2.  Questions  may  be  directed  to  the  undersigned  on  (703)  696-4619. 


DEPARTMENT  OF  THE  NAVY 

OFFICE  OF  NAVAL  RESEARCH 
800  NORTH  QUINCY  STREET 
ARLINGTON,  VA  22217  5660 


PEGGY  LAMBERT 
By  direction 


Copy  to: 

DTIC-OCQ  (Larry  Downing) 


